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- Problem da Mochi)a
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• subsequences Canum mais longa
• Multiplicities de Matrizes



Problema da Mahila NÑO Fraccionñria
=

• Problema da mochi /a nai fiaccioninia
- Com replicasat : dispomus de quantities i/imitates de cada item
- Sem rephrase : dispomusdemmagvantid.de/imitada de cada item

• Problem a da mochiknuo-fnacciona-niacomnepeh.cat

I_npt :
• Ñ [ 1

,
. . .

,
n ] : vector de pesos

• Ñ -11
,
.
.
.

,
n ] : vector de valores

output :
• K : Valor

que conseguimos transportan
na Mahila

.



Problema da Mahila NÑO Fraccionñria
=

• Problema da mochi /a nai fiaccioninia
- Com replicasat : dispomus de quantities i/imitates de cada item
- Sem rephrase : dispomusdemmagvantid.de/imitada de cada item

• Problem a da mochiknuo-fnacciona-niacomnepeh.cat

I_npt :
• Ñ [ 1

,
. . .

,
n ] : vector de pesos

• Ñ It
,
.
.
.

,
n ] : vector de valores Solosio Recursive :

Output : klw) = max {klw.vn ) + vk / ' ← k "
' J

- Wn ⇐ W
- K : Valor

que conseguimos transportan
na Mahila

. \
valor g- iouaguimos transporter
noma moohik com Kfar dede R



Problema da Mochi la Nño Fnaccioniria

• Problema da Mahila comrepetigao.mu
, , man. my, y, my

.im, gunny..hn ,
numa mochila com capacitate tf

"" " "" " """ + " " ""J

µExem# :

w ÷÷÷÷÷÷÷÷÷¥÷÷Item Peso Valor

a 6 30$

2 3 14 $

3 4 16 $
KI9)

4 2 9$

incomplete



Problema da Mochi la Nño Fnaccioniria

• Problema da Mochi/a con repeticao
- KIV ) : maior valor

que conseguimos transporter 0

numa mochila com capacitate tf

"" " "" " """ + " " ""J

Exem# :

w
Item Peso ✓aloz

"" " ⇐
÷÷÷÷÷÷÷÷¥÷÷÷÷÷a 6 30$

2 3 14$

3 4 16 $

4 2 9$

em DAG



Problema da Mochi la Nño FractionIria

• Problema da Mahila can repeticao - Implementuse naif

KIW ) = main { KIU- un) + Vr I was VJ
knapsack IV, E, Ñ , n )
let k=0

for it to n

i. if Jin ] ← ✓
i

'

: K : = max /k, knapsack ( V - w→[ i]
,
F
,
Ñ
, n )

return K



Problema da Mochi la Mat Fnaccioniria

• Problema da Mahila com repeticao - Implementuse naif
KIW ) = max { KIU- un) + Vr I was VJ

knapsack IV, E, Ñ , n )
let k=o Anñlise de Complex. dude
for it to n

i. if Jin ] ⇐ ✓ TIW) = { n ✗ TIW - 1) be Wso
'

:
'

: K := max /k, knapsack ( V - w→[ i]
,
F
,
Ñ
, n) Old se W=o

return K
^

. 011) 011 )

/¥4.01bOH
. .

. .
0 In )

Tlv)=±0V) w
on .%F¥

.

on 0M¥.ba#is.0li)OlnD

✓ any



Problema da Mochi la Nat Fnaccioniria

• Problema da Mochi/a com repetitive - Programa sat Dinamica
KIW ) = main { KIU- un) + Vr I was VJ

knapsack ( tf F. w→ , n)

let ñ to
. .

✓ ] be a new vector initialized to §

for ✓=\ to V.
for i :=i to u
it titi ] s w )
ÉIW] = max ( Kfw] , I [ w - Eti ]] + JED)



Problema da Mochi la Mat Fnaccioniria

• Problema da Mochi/a Sem repetitive - Programuse Dinamica
KIW ) = main { KIU- un) + Vr I was VJ

knapsack ( tf F. w→ , n)
Anilise de lomplexidcde

let Tito
. .

✓ ] be a new vector

for v⇒ to I ④ In .

V)
for i.= 1 to be

=

it titi ] s w )
ñIw] = max ( Kfw] , ñ[ w - Ffi ]] + JED)



Problema da Mochi la Mat Faaccioniria

Programa sat Dinamica versus Memorization

knapsack lhf F. w→ , n)
let Tito

. .

✓ ] be a new rector

* "" °

%
"""" * """""

for w=i to I - Construct Incremental

for i :=i to u databekdesoloso-esitlii.isw )
ÉIW] -- max ( Kfw] , ñ[ w - Ffi ]] + JED)

knapsack
'

/ K
,
E
,
I ,w→ , n )

if IÉII] # Wil) return KID
let Ri=O

for it to a } Memorization
if Ñ_it c- if - A tabeképneenchida
R ÷ man / R

, knapsack
'

II - Ñ[ i ]
,
E
,
F
,
E
, D + Pti]) in medidagvannos

LÉIW] :=R fnecisando des Valores
return R Respective.



Problema da Mochi la Nño FractionIria semRepetisao_
• Podemos usar Cada element exuctamente alma vez

k(W =

↳ Valor mixing podemos transpontine
numa mochi /a 4 capacitate K
vsando unicamente elements do

Conjunto { 1
,

. .
.

,
n } .

=



Problema da Mochi la Nño FractionIria semRepetisao_
• Podemos usar Cada element exuctamenk alma vez

" "J ) = Ymca / KIK, j -D , k( y - y. ,j→ ) + g. ) %
" ° ✓ " " °

Iz Wj
Khe - Wj , j - 1)

knapsack No Rep ( K, F , Ñ, n )
let ÑII -13 be a Yin array

for w=o toWIT
w
,
o] : = 0 § iniciaizasaofor i = 0 to n

Tito, i ] :=o



Problema da Mochi la Nño Fractiona-Ria semRepetisao_
• Podemos usar Cada element exactamenk alma vez

knapsack No Rep ( K, F , Ñ, n )
let ÑII -13 be a Yin array

for w=o to I

÷:::÷:
" 111.1¥for i -- o to n |

for i=i to n
for w = a to

if Ñ Ii] ± w
ÑIw, i] = max (Ñ[w,

i- it
,
ÉLW - Ñfi ]

,
;-) + Ffi])

else k→[w, i] = BTW
,
i-13

Return III. it
=



Problema da Mochi la Nño Fractiona-Ria semRepetisao_
• Podemos usar Cada element exactaureate alma vez

knapsack No Rep ( K, F , Ñ, n )
let ÑII -13 be a fkn array Anita de Complenitude
for w=o toWIT

w
,
o] : = 0 ④( n . V)

for i = 0 to n

Tito, i ] :=o

for i⇒ to n

for w = a to

if Ñ Ii] ± w
Ñ[w, i] = max (Ñ[w,

i- it
,
ÑTW - Ñfi ]

,
;-) + Ffi])

else Ñ[w, i] = BTW
,
i-13

Return III. n]
=



Maior Svbsegoéncia Comune

Definisao Tsvbsequincia I svbsequéncia
• Uma seguéniia

É - < 2-
, ,

. . .

,
2- n > éumasobsegoena 's de una

ovtnc sequincis ☒ = < ×
, ,

.
. -

,
✗m > se exists's umcseguéhcis

de indices < i
, ,

. . .

, ins Tal
que

:

< ✗
i , ,

. . .

/
✗
in
> = < Z

, ,
. . .

,
Zn >

• Dadas does sequin ñcs Ñ=< ×, , . .
.

, xn > e Y - <y , , . . . ,ym >
,

→

dizemos
que

2- = Lz
, ,

. . .

, Zk> évma subsequent comvm
de Ie P se É é ome

sobseguincic.de/TedeT?Exemplo:

• Ñ= < A
,
B
,
C
,
B
,
D
,
A
,
B>

• Ñ= < B
,
D
,
C
,
A
,
B
,
A >



Maior Svbseguéncia Conium

Definisao Tsvbsequéncia I svbsequéncia
• Uma seguéniia

É - < 2-
, ,

. . .

,
2- n > éumasobsegoena 's de una

ovtnc sequincis Ñ = < ×
, ,

.
. -

,
✗m > se exists's umc seguéhcis

de indices < i
, ,

. . .

, ins Tal
que

:

< ✗
i , ,

. . .

/
✗
in
> = < Z

, ,
. . .

,
Zn >

• Dadas does sequin ñcs Ñ=< ×, , . .
.

, xn > e 1--4 , ,
. . . ,ym >

,
→

dizemos
que

2- = Lz
, ,

. . .

, Zk> évma subsequent comvm
de I e T se É é ome

sobseguincic.de/TedeT?Exemplo:

• Ñ- < A
,
B
,
C
,
B
,
D
,
A
,
B>

• É = < B
,
C
,
A
,
B > ta : É "= < B, D, A ,

B>

• Ñ= < B
,
D
,
C
,
A
,
B
,
A >

• Ñ- < A
,
B
,
C
,
B
,
D
,
A
,
B> • É ' = < B

,
C
,
B
,
A>

• Ñ= < B
,
D
,
C
,
A
,
B
,
A >



Maior Svbsegoéncia Comune

SolosñRecvas

Input : Tita , . . . , n ]
I [ 1

,
- -

. im]

Output : Maior subseguéncia comuni entire
I
'

e P : É -11
,

. . .

,
he]

Cli ,j) : Tamanho da main subseguéncia
Lanvin eatne III. -; i] e Ffa , . . . ,j]

Clip =\



Maior Svbsegoéncia Comune

SolvsñRecvns

Input : Tita , . . . , n ]
I [ 1

,
- -

. im]

Output : Maior subseguéncia comuni entire
I
>

e P : É -11
,

. . . ,k]

Cli ,j) : Tamanho da Maior subseguéncia
Lanvin eatne III. ; i] e Ffa , . . . ,j]

Cli ,j ) =/
° be i -0 vj - o

Cli -1 , j - 1) +1 be Titi ]=j-j ]

maxlcli - i. j) , Cli , j -D) c. c.



Maior

svbsegoincialomumsolosao-Recvasiral.li
,j ) =/

° be i -0 vj - o

Cli -1 , j - 1) +1 be Titi ]=j-j ]

maxlcli - i. j) , Cli , j -D) c. c.

Lcs ( I , 5)
let n= Ñ . size 1)

let m = I. size 1)
" t "" ' " "" '" ""mtD"tlet BIJII be an nxm matrix

for i=o to n

Cfi
,
o] := 0

for j=o to a

Cfo,j ] :=O



Maior Svbsegoéncia Conium

solvsao-Recvasiraai.p.to • "oui "

i
C /ii. j - 1) +1 be Titi ]=j-j ]

maxlcli -1
, ;) , Cli , j -D) c. c.

Lcs / I , 5) > for i - i to n

let n= I. size 1)
, fn j=1 to m

let m = I. sized
, , if # Ii]==j[j ])
i

1 Cti,j ] :=C[ it ,j - 1) +9 ; Bti ,j ] :=
"

T
"" t "" ' " "" " """")"t , 1 else ifcc-n.jszc-i.j.gslet BIJII be an nxm matrix

for i=o to he 1
, Cli ,j ] :=C[i -1 ,j ] ; Bti ,j ]

"

T
"

C Ii
,
o] := 0 1

,

' else

for j=o ton 1 I cTi,j ] :=cti,j - if ;BIi,j ] :="← "

Cfo,j ] :=O return ¢
,
B)



Maior Svbsegoéncia Comune

SolusñRecvas Anihsedecomfleaidade

Cli ,j)=|
° be i -0 vj - o

C / it ,j - 1) +1 be Titi ]=j-j ]

maxlcli -1
, ;) , Cli , j -D) c. c.

LCS ( I , 5) > for i - i to n

let n= I. size 1)
, fn j=1 to m

let m = I. size 1)
, , if # Ii]==j[j ])

let CHI } be an (n+D✗(mtD matrix
,

1 Cfi,j ) :=C[ it ,j - 1) +9 ; Bti ,j ] :=
"

T
"

at Bish be an n×mmat , 1 else ifcc-i.i.jszc-i.j.is
fn i=o to n 1

, ctiij ] :=C[i -1 ,j ] ; Bti ,j ]
"

T
"

C Ii
,
o] := 0 1

,

' else

for j=o ton 1 I cl-i.j3-c-i.j.it ; Bti,j ] :="← "

Cfo,j ] :=O return ¢
,
B)



Maior Svbsegoéncia Comune

SolvsñRecvns Anihsedecomfleaidade
④(nm )

( lij ) =/
° Be i -0 vj - o

=

Cli -1 ,j - 1) +1 be Titi ]=j-j ]

maxlcli -1 ,j) , Cli , j -D) c. c.

LCS ( I , 5) > for i - i to n

let n= I. size 1)
, fn j=1 to m

let m = I. sized
, , if # Ii]==j[j ])
i

1 Cti,j ) :=C[ it ,j - 1) + 9
;
Bti ,j ] :=

"

T
"" t "" ' " "" " "*")"t , 1 else ifcc-n.jszc-i.j.gslet BTJII be an nxm matrix

for i=o to n 1
, ctiij ] :=C[i -1 ,j ] ; Bti ,j ]

"

T
"

C Ii
,
o] := 0 1

,

' else

for j=o ton 1 I cl-i.j3-c-i.j.it ; Bti,j ] :="← "

Cfo,j ] :=O return ¢
,
B)



Maior Svbsegoéncia Comm

A 0HN#
D OT.it#:



Maior Svbsegoéncia Comm
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Mvltiptioasaideiktaizes

• A- ✗ Bxc /\
,

%)
11

.

1 AM.

axb
, b. ✗ bz bzxc

B C
A B%?g×c

A ✗ 1B ✗ c)

- Qvenemcs escolhen a coufigvnasao que
minimize o no de mulhplicagoes escalates .



Mvltiptioasaideiktaizes
• ( n ✗ m ) ✗ (m ✗ 0 ) : nxmxo

*
lustodamctniz :

• A- ✗ Bxc ① (A- ✗ B) ✗ C jcosto :11
.

I -

axb
, b. ✗ bz bzxc

② A ✗ (Bxc) ) Lusk :



Mvltiptioasaideiktaizes
• ( n ✗ m ) ✗ (m ✗ 0 ) : nxm ✗ o

n } °±↳ asbdeomaliuha

Costco da mctniz : nxmxo
=

in

• A- ✗ Bx C ⑨ (A- ✗ B) ✗ §
, ,
,

-1
Costco : a ✗ b) ✗bzt axbzxc

1 I 1 Iba
"

+a ✗ b, b
,
✗ bz bzxc

② A ✗ (B ✗C) ] Lusk : bixbzxc 1- a ✗ b. ✗ c
t
I

axb, b , ✗ C



Mvltiptioasaideiktaizes
Ñ =L Ag , . . - , An > ⇒ Queeemos Catalan A , × . . . ✗ An • Aix .

. . ✗ An ✗ Anti ✗ . .
- ✗ Aj

- -

Mi -1 ✗ Mk Mk ✗ Mj
( [ i,j ] : menu ask da multiplies⇐ Ai ✗ . .

. ✗ Aj

Hiii =\



Mvltiptioasaideiktaizes
Ñ
>

=L Ag , . . - , An > ⇒ Queeemcs Catalan A , × . . . ✗ An • Aix .
. . ✗ An ✗ Anti ✗ . .

- ✗ Aj
- -

Mi -1 ✗ Mk Mk ✗ Mj
( [ i,j ] : menu ask da multiplies⇐ Ai ✗ . .

. ✗ Aj

Cli,j ] = min { Cli ,k3tcfkH,j]t me , ✗ mhamj } Be jsoi
i. Kaj1. se i=j
I c. c.



Mvlhptioasaideiktaizes

• A
,

✗ Az ✗ As ✗ A 4

¥. I \
.

g. ✗ 3 \sxz

|
2×3

A
,

Az As A ↳



→Mvlhptioasaideiktaizes
- →⑤

• A
,

✗ Az ✗ As ✗ Ay 30

O O O O

¥. I \
. I2×3 A

,
Az As A- 4

3 ✗ z -

2×3

④ ( [2,4 ] ⇒ (A- ✗ A) ✗ AL,
• C [ 1,2 ] - 5×2×3=30 • ( [2,37+61-4,4] t 2×2×3 = 12+0+12--24

• C [2,33--2×3×2 = 12 • C [z, z ] t ( [ 3,4] + 2×3×3 = 0 1- 181-18=36

• ( [3/4] = 3×2 ✗ 3 = 18

⑤ CIT, 3] ⇒ Ai ✗ ( Aex As)
• ( [1,23+61-3,3] + 5×3×2 = 30+6+30--60

• C [ 1, I] t C [2,3] t 5×2×3 = 0 + 12+30--42



Mrlhptioasaideiktaizes
→

• A
,

✗ Az ✗ As ✗ At -

4

5×12 | | | 30 12 18

2×3 O O O O

3 ✗ z -

2×3 A
,

Az As A- 4
• ( [ q

,
z ] = 5×2×3 = 30

• C [2,33--2×3×2 = 12 ⑦
• CES, 43--3×2×3=18 (A) ✗ / Az ✗ As))× A- 4

• 421-522×3 = 72

⑤ CIT, 's] ⇒ Ai ✗ ( Anas) A , ✗ ✗ Az ✗ Ag) ✗ Aa)
42 • 24+5×2×3 = 54

④ ( [2/4] ⇒ (A- ✗ A) ✗ AL, (Ag ✗ Az) ✗ (Az ✗ A- 4)
24 • 30+187.5×3×3=9--3



Mvlhptioasaideilataizes

{
min { Cli,k3tc[kH,j]t mi, ✗ mhxmj } Be jsoi
i. Kaj

t.li/j1-Obei--j



Mvlhptioasai de Matrizes
min { Cli , it t CIK H

, j ] t mi . , ✗ mhxmj } Be js a-

{ " " I

t.li/j1=
0 be i - j

M Multiplication lost / in , n ) Hin to , .
.
.

,
n ] vector das dimensions

ii.
""

j
.

Z

3

↳
,

5



Mvltiptioasaideiktaizes
min { Cli,k3tcfkH,j]t mi, ✗ mhxmj } Be jsoi
i. Kaj

Cli,j1=| 0 be i - j

MAIL.ph:<hinlost / in ,n)Hñ-o , .
.
. ,n ] vector das dimensions

a.

"

let ( [ I
,
.
. . ,n;1 ,

. .,n] be a new nxh matrix Gs Ga Cs,

fail to a

ii.
""

i
"

.

( 22 (
33 (44 Css 'cfi.it :=o

fn 5=1 to n- i

for i. 1 to n - s

( [ i. its] :=mih{ Cfi,k]+c[ k, its]
1- ñi_it]×ñiTk]xÑi [ its] )i±kEits}

" T
"

✓
.

" ↳" ° ° /
3

i↳
,

5 J
,



Mvltiptioasaideiktaizes
min { Cli,k3tcfkH,j]t mi, ✗ mhxmj } Be jsoi
i. Kaj

Cli,j1=| 0 be i - j

MAIL.ph:< him lost / in ,n ) Hñ-o , .
.
. ,n ] vector das dimensions

9s .

C"

let c be a new nxh matrix Gs 44 Css

fail to a

ii.
""

i
"

.

"

22 (
33 444 Css 'C. 1-i. it :=o

fn 5=1 to n- i

for i. 1 to n - s

( [ i
,
its] := mihfcfi,k]+cIk, its]

1- wifi -1]×ñiTk]xñi [ its] / is befits}
" T

"

i.return C I f.3

Anilisedelompleaidade : 1ns) ↳
,

5 J
,


