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Preface to the Third Edition

It is always the latest song
that an audience applauds the most.

Homer, Odyssey

During the World Congress on Computational Intelligence {(Orlando, 27 June ~
2 July 1994), Ken De Jong, one of the plenary speakers and the current editor-
in-chief of Evolutionary Computation, said that these days a large majority of
implementations of evolutionary techniques used non-binary representations. It
seems that the general concept of an evolutionary method (or evolutionary al-
gorithm, evolution program, etc.) was widely accepted by most practitioners in
the field. Consequently, in most applications of evolutionary techniques, a pop-
ulation of individuals is processed, where each individual represents a potential
solution to the problem at hand, ard a selection process introduce some bias:
better individuals have better chances to survive and reproduce. In the same
time, a particular representation of the individuals and the set of operators
which alter their genetic code are often problem-specific. Hence, there is really
little point in arguing any further that the incorporation of problem-specific
knowledge, by means of representation and specialized operators, may enhance
the performance of an evolutionary system in a significant way. On the other
hand, many successful implementations of such a hybrid system [89)]:

“... had pushed the application of simple GAs well beyond our initial
theories and understanding, creating a need to revisit and extend
them.”

I believe this is one of the most challenging tasks for researchers in the field
of evolutionary computation. Some recent results support the experimental de-
velopments by providing some theoretical foundations (see, for example, the
work of Nick Radcliffe [315, 316, 317] on formal analysis and respectful recom-
binations). However, further studies on various factors affecting the ability of
evolutionary techniques to solve optimization problems are necessary.

Despite this change in the perception of evolutionary techniques, the origi-
nal organization of the book is left unchanged in this edition; for example, the
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Introduction is kept almost without any alternation (with an argument for a de-
parture from binary-coded genetic algorithms towards more complex, problem-
specific systems). The book still consists of three parts, which discuss genetic
algorithms (the best known technique in the area of evolutionary computation),
numerical optimization, and various applications of evolution programs, respec-
tively. However, there are several changes between this and the previous edition
of the book. Apart from some minor changes, corrections, and modifications
present in most chapters (including Appendix A}, the main differences can be
summarized as follows:

e due to some new developments connected with constrained optimization
in numerical domains, Chapter 7 was totally rewritten:

e Chapter 11 was modified in a significant way, several new developments
were included;

e there is a new Chapter 13 which discusses the original evolutionary pro-
gramming techniques and quite recent paradigm of genetic programming;

o Chapter 14 incorporates material from Conclusions of the second edition;

o Chapter 15 provides a general overview on heuristic methods and con-
straint handling techniques in evolutionary methods;

o Conclusions were rewritten to discuss the current directions of research
in evolutionary techniques; because of this change, it was necessary to
change also the citation used at the beginning of this chapter;

e Appendices B and C contain a few test functions (unconstrained and
constrained, respectively) which might be used in various experiments
with evolutionary techniques; and

o Appendix D discusses a few possible projects; this part might be useful if
the book is adopted as a text for a project-oriented course.

I do hope that these changes would further enhance the popularity of the text.

As with the first and second editions, I am pleased to acknowledge the as-
sistance of several co-authors who worked with me during the last two years;
many results of this collaboration were included in this volume. The list of
new co-authors (not listed in the prefaces to the previous editions) include
(in alphabetical order): Tom Cassen, Michael Cavaretta, Dipankar Dasgupta,
Susan Esquivel, Raul Gallard, Sridhar Isukapalli, Rodolphe Le Riche, Li-Tine
Li, Hoi-Shan Lin, Rafic Makki, Maciej Michalewicz, Mohammed Moinuddin,
Subbu Muddappa, Girish Nazhiyath, Robert Reynolds, Marc Schoenauer, and
Kalpathi Subramanian. Thanks are due to Sita Raghavan, who improved the
simple real-coded genetic algorithm included in the Appendix A, and Girish
Nazhiyath, who developed a new version of the GENOCOP III system (de-
scribed in Chapter 7) to handle nonlinear constraints. I thank all the individu-
als who took their time to share their thoughts on the text with me; they are
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primarily responsible for most changes incorporated in this edition. In partic-
ular, I express my gratitude to Thomas Back and David Fogel, which whom I
have been working on a volume entitled Handbook of Evolutionary Computa-
tion [17], to the executive editor at Springer-Verlag, Hans Wassner, for his help
throughout the project, and to Gabi Fischer, Frank Holzwarth, and Andy Ross
at Springer-Verlag for all their efforts on this project. I would like also to ac-
knowledge a grant (IRI-9322400) from the National Science Foundation, which
helped me in preparing this edition. I was able to incorporate many results (re-
vision of Chapter 7, new Chapter 15) obtained with the support of this grant. I
greatly appreciate the assistance of Larry Reeker, Program Director at National
Science Foundation. Also, I would like to thank all my graduate students from
UNC-Charlotte, Universidad Nacional de San Luis, and Linképing University,
who took part in my courses offered during 1994/95; as usual, I enjoyed each
offering and found them very rewarding.

Charlotte Zbigniew Michalewicz
October 1995
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As natural selection works solely

by and for the good of each being,

all corporeal and mental endowments
will tend to progress toward perfection.

Charles Darwin, Origin of Species

The field of evolutionary computation has reached a stage of some maturity.
There are several, well established international conferences that attract hun-
dreds of participants (International Conferences on Genetic Algorithms—ICGA
[167, 171, 344, 32, 129], Parallel Problem Solving from Nature—PPSN (351,
251], Annual Conferences on Evolutionary Programming—EP [123, 124, 378]);
new annual conferences are getting started (IEEE International Conferences
on Evolutionary Computation [275, 276]). Also, there are tens of workshops,
special sessions, and local conferences every year, all around the world. A new
journal, Evolutionary Computation (MIT Press) [87], is devoted entirely to evo-
lutionary computation techniques; many other journals organized special issues
on evolutionary computation (e.g., [118, 263]). Many excellent tutorial papers
[28, 29, 320, 397, 119] and technical reports provide more-or-less complete bib-
liographies of the field [161, 336, 297]. There is also The Hitch-Hiker’s Guide to
FBvolutionary Computation prepared by Jorg Heitkotter [177] from University
of Dortmund, available on comp.ai.genetic interest group (Internet).

This trend prodded me to prepare the second, extended edition of the book.
As it was the case with the first edition, the volume consists mostly of arti-
cles I published over the last few years—because of that, the book represents
a personal overview of the evolutionary computation area rather than a bal-
anced survey of all activities in this field. Consequently, the book is not really
a textbook; however, many universities used the first edition as a text for an
“evolutionary computation” course. To help potential future students, I have
incorporated a few additional items into this volume (an appendix with a simple
genetic code, brief references to other developments in the field, an index, etc.).
At the same time, I did not provide any exercises at the end of chapters. The
reason is that the field of evolutionary computation is still very young and there
are many areas worthy of further study—these should be easy to identify in the
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text, which still triggers more questions than provides answers. The aim of this
volume is to talk about the field of evolutionary computation in simple terms,
and discuss their simplicity and elegance on many interesting test cases. Writing
an evolution program for a given problem should be an enjoyable experience;
the book may serve as a guide in this task.

I have also used this opportunity to correct many typos present in the first
edition. However, I left the organization of the book unchanged: there are still
twelve chapters, apart from the introduction and conclusions, but some chapters
were extended in a significant way. Three new subsections were added to Chap-
ter 4 (on contractive mapping genetic algorithms, on genetic algorithms with
varying population size, and on constraint handling techniques for the knapsack
problem). Some information on Gray coding was included in Chapter 5. Chapter
7 was extended by sections on implementation of the GENOCOP system. These
include a description of first experiments and results, a discussion on further
modifications of the system, and a description of first experiments on optimiza-
tion problems with nonlinear constraints (GENOCOP II). A brief section on
multimodal and multiobjective optimization was added to Chapter 8. In Chap-
ter 11, a section on path planning in a mobile robot environment was added.
The Conclusions were extended by the results of recent experiments, confirm-
ing a hypothesis that the problem-specific knowledge enhances an algorithm in
terms of performance (time and precision) and, at the same time, narrows its
applicability. Also, some information on cultural algorithms was included. This
edition has an Index (missing in the first edition) and an Appendix, where a
code for a simple real-coded genetic algorithm is given. This C code might be
useful for beginners in the field; the efficiency has been sacrificed for clarity.
There are also some other minor changes throughout the whole text: several
paragraphs were deleted, inserted, or modified. Also, this volume has over one
hundred added references.

As with the first edition, it is a pleasure to acknowledge the assistance of
several co-authors who worked with me during the last two years; many results
of this collaboration were included in this volume. The list of recent co-authors
include: Jaroslaw Arabas, Naguib Attia, Hoi-Shan Lin, Thomas Logan, Jan
Mulawka, Swarnalatha Swaminathan, Andrzej Szalas, and Jing Xiao. Thanks
are due to Denis Cormier, who wrote the simple real-coded genetic algorithm
included in the Appendix. I would like to thank all the individuals who took
their time to share their thoughts on the text with me; they are primarily
responsible for most changes incorporated in this edition. Also, I would like to
thank all my graduate students from UNC-Charlotte and North Carolina State
University who took part in the teleclass offered in Fall 1992 (and consequently
had to use the first edition of the book as the text); it was a very enjoyable and
rewarding experience for me.

Charlotte Zbigniew Michalewicz
March 1994
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‘What does your Master teach?’
asked a visitor.

‘Nothing,’ said the disciple.
‘Then why does he give discourses?’

‘He only points the way — he teaches
nothing.’

Anthony de Mello, One Minute Wisdom

During the last three decades there has been a growing interest in algorithms
which rely on analogies to natural processes. The emergence of massively par-
allel computers made these algorithms of practical interest. The best known
algorithms in this class include evolutionary programming, genetic algorithms,
evolution strategies, simulated annealing, classifier systems, and neural net-
works. Recently (1-3 October 1990) the University of Dortmund, Germany,
hosted the First Workshop on Parallel Problem Solving from Nature [351].

This book discusses a subclass of these algorithms — those which are based
on the principle of evolution (survival of the fittest). In such algorithms a popu-
lation of individuals (potential solutions) undergoes a sequence of unary (muta-
tion type) and higher order (crossover type) transformations. These individuals
strive for survival: a selection scheme, biased towards fitter individuals, selects
the next generation. After some number of generations, the program converges
— the best individual hopefully represents the optimum solution.

There are many different algorithms in this category. To underline the sim-
ilarities between them we use the common term “evolution programs”.

Evolution programs can be perceived as a generalization of genetic al-
gorithms. Classical genetic algorithms operate on fixed-length binary strings,
which need not be the case for evolution programs. Also, evolution programs
usually incorporate a variety of “genetic” operators, whereas classical genetic
algorithms use binary crossover and mutation.

The beginnings of genetic algorithms can be traced back to the early 1950s
when several biologists used computers for simulations of biological systems
(154]. However, the work done in late 1960s and early 1970s at the University
of Michigan under the direction of John Holland led to genetic algorithms as
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they are known today. The interest in genetic algorithms is growing rapidly —
the recent Fourth International Conference on Genetic Algorithms (San Diego,
13-16 July 1991) attracted around 300 participants.

The book describes the results of three years’ research from early 1989 at
Victoria University of Wellington, New Zealand, through late 1991 (since July
1989 I have been at the University of North Carolina at Charlotte). During this
time I built and experimented with various modifications of genetic algorithms
using different data structures for chromosome representation of individuals,
and various “genetic” operators which operated on them. Because of my back-
ground in databases [256], [260], where the constraints play a central role, most
evolution programs were developed for constrained problems.

The idea of evolution programs (in the sense presented in this book), was
conceived quite early [204], [277] and was supported later by a series of ex-
periments. Despite the fact that evolution programs, in general, lack a strong
theoretical background, the experimental results were more than encouraging:
very often they performed much better than classical genetic algorithms, than
commercial systems, and than other, best-known algorithms for a particular
class of problems.

Some other researchers, at different stages of their research, performed ex-
periments which were perfect examples of the “evolution programming” tech-
nique — some of them are discussed in this volume. Chapter 8 presents a survey
of evolution strategies — a technique developed in Germany by I. Rechenberg
and H.-P. Schwefel [319], [348] for parameter optimization problems. Many re-
searchers investigated the properties of evolution systems for ordering prob-
lems, including the widely known, “traveling salesman problem” (Chapter 10).
In Chapter 11 we present systems for a variety of problems including problems
on graphs, scheduling, and partitioning. Chapter 12 describes the construction
of an evolution program for inductive learning in attribute based spaces, de-
veloped by C. Janikow [200]. In the Conclusions, we briefly discuss evolution
programs for generating LISP code to solve problems, developed by J. Koza
[228], and present an idea for a new programming environment.

The book is organized as follows. The introduction provides a general discus-
sion on the motivation and presents the main idea of the book. Since evolution
programs are based on the principles of genetic algorithms, Part I of this book
serves as survey on this topic. We explain what genetic algorithms are, how they
work, and why (Chapters 1-3). The last chapter of Part I (Chapter 4) presents
some selected issues (selection routines, scaling, etc.) for genetic algorithms.

In Part IT we explore a single data structure: a vector in a floating point
representation, only recently widely accepted in the GA community [78]. We
talk only about numerical optimization. We present some experimental com-
parison of binary and floating point representations {Chapter 5) and discuss
new “genetic” operators responsible for fine local tuning (Chapter 6). Chapter
7 presents two evolution programs to handle constrained problems: the GENO-
COP system, for optimizing functions in the presence of linear constraints, and
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the GAFOC! system, for optimal control problems. Various tests cases are con-
sidered; the results of the evolution programs are compared with a commercial
system. The last chapter of this part (Chapter 8) presents a survey of evolution
strategies and describes some other methods.

Part 11T discusses a collection of evolution programs built over recent years
to explore their applicability to a variety of hard problems. We present further
experiments with order-based evolution programs, evolution programs with ma-
trices and graphs as a chromosome structure. Also, we discuss an application
of evolution program to machine learning, comparing it with other approaches.

The title of this book rephrases the famous expression used by N. Wirth
fifteen years ago for his book, Algorithms + Data Structures = Programs [406].
Both books share a common idea. To build a successful program (in particular,
an evolution program), appropriate data structures should be used (the data
structures, in the case of the evolution program, correspond to the chromosome
representation) together with appropriate algorithms (these correspond to “ge-
netic” operators used for transforming one or more individual chromosomes).

The book is aimed at a large audience: graduate students, programmers, re-
searchers, engineers, designers — everyone who faces challenging optimization
problems. In particular, the book will be of interest to the Operations Research
community, since many of the problems considered (traveling salesman, schedul-
ing, transportation problems) are from their area of interest. An understanding
of introductory college level mathematics and of basic concepts of programming
is sufficient to follow all presented material.
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Introduction

Again 1 saw that under the sun
the race is not to the swift,

nor the bittle to the strong,
nor bread to the wise,

nor riches to the intelligent,
nor favor to the man of skill;
but time and chance

happen to them all.

The Bible, Ecclesiastes, 9

During the last thirty years there has been a growing interest in problem solving
systems based on principles of evolution and hereditary: such systems maintain
a population of potential solutions, they have some selection process based on
fitness of individuals, and some “genetic” operators. One type of such systems
is a class of Evolution Strategies i.e., algorithms which imitate the principles of
natural evolution for parameter optimization problems [319, 348] (Rechenberg,
Schwefel). Fogel’s Evolutionary Programming [126] is a technique for searching
through a space of small finite-state machines. Glover’s Scatter Search tech-
niques [142] maintain a population of reference points and generate offspring
by weighted linear combinations. Another type of evolution based systems are
Holland’s Genetic Algorithms (GAs) [188]. In 1990, Koza [231] proposed an evo-
lution based systems, Genetic Programming, to search for the most fit computer
program to solve a particular problem.

We use a common term, Evolution Programs (EP), for all evolution-
based systems (including systems described above). The structure of an evolu-
tion program is shown in Figure 0.1.

The evolution program is a probabilistic algorithm which maintains a popu-
lation of individuals, P(t) = {z%,...,z!} for iteration t. Each individual repre-
sents a potential solution to the problem at hand, and, in any evolution program,
is implemented as some (possibly complex) data structure S. Each solution z}
is evaluated to give some measure of its “fitness”. Then, a new population (it-
eration ¢ + 1) is formed by selecting the more fit individuals (select step). Some
members of the new population undergo transformations (alter step) by means
of “genetic” operators to form new solutions. There are unary transformations
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procedure evolution program
begin
t—20
initialize P(t)
evaluate P(t)
while (not termination-condition) do
begin
t—t+1
select P(t) from P(t—1)
alter P(t)
evaluate P(t)
end
end

Fig. 0.1. The structure of an evolution program

m; (mutation type), which create new individuals by a small change in a sin-
gle individual (m; : S — S), and higher order transformations ¢; (crossover
type), which create new individuals by combining parts from several (two or
more) individuals (¢; : S x...x § — S). After some number of genera-
tions the program converges — it is hoped that the best individual represents
a near-optimum (reasonable) solution.

Let us consider the following example. Assume we search for a graph which
should satisfy some requirements (say, we search for the optimal topology of a
communication network accordingly to some criteria: cost of sending messages,
reliability, etc.). Each individual in the evolution program represents a poten-
tial solution to the problem, i.e., each individual represents a graph. The initial
population of graphs P(0) (either generated randomly or created as a result
of some heuristic process) is a starting point (¢ = 0) for the evolution pro-
gram. The evaluation function usually is given — it incorporates the problem
requirements. The evaluation function returns the fitness of each graph, distin-
guishing between better and worse individuals. Several mutation operators can
be designed which would transform a single graph. A few crossover operators
can be considered which combine the structure of two (or more) graphs into
one. Very often such operators incorporate the problem-specific knowledge. For
example, if the graph we search for is connected and acyclic (i.e., it is a tree),
a possible mutation operator may delete an edge from the graph and add a
new edge to connect two disjoint subgraphs. The other possibility would be to
design a problem-independent mutation and incorporate this requirement into
the evaluation function, penalizing graphs which are not trees.

Clearly, many evolution programs can be formulated for a given problem.
Such programs may differ in many ways; they can use different data struc-
tures for implementing a single individual, “genetic” operators for transforming
individuals, methods for creating an initial population, methods for handling
constraints of the problem, and parameters (population size, probabilities of
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applying different operators, etc.). However, they share a common principle:
a population of individuals undergoes some transformations, and during this
evolution process the individuals strive for survival.

As mentioned earlier, the idea of evolution programming is not new and
has been around for at least thirty years {126, 188, 348]. Many different evo-
lutionary systems have emerged since then; however, in this text we discuss
these various paradigms of evolutionary programs from the perspective of their
similarities. After all, the main differences between them are hidden on a lower
level. We will not discuss any philosophical differences between various evolu-
tionary techniques (e.g., whether they operate on the genotype or phenotype
level), but rather we discuss them from the perspective of building an evolu-
tionary program for a particular class of problems. Thus we advocate the use
of proper (possibly complex) data structures (for chromosome representation)
together with an expanded set of genetic operators, whereas, for example, clas-
sical genetic algorithms use fixed-length binary strings (as a chromosome, data
structure S) for its individuals and two operators: binary mutation and binary
crossover. In other words, the structure of a genetic algorithm is the same as the
structure of an evolution program (Figure 0.1) and the differences are hidden
on the lower level. In EPs chromosomes need not be represented by bit-strings
and the alteration process includes other “genetic” operators appropriate for
the given structure and the given problem.

This is not entirely a new direction. In 1985 De Jong wrote [84]:

“What should one do when elements in the space to be searched are
most naturally represented by more complex data structures such as
arrays, trees, digraphs, etc. Should one attempt to ‘linearize’ them
into a string representation or are there ways to creatively redefine
crossover and mutation to work directly on such structures. I am
unaware of any progress in this area.”

As mentioned earlier, genetic algorithms use fixed-length binary strings and
only two basic genetic operators. Two major (early) publications on genetic
algorithms {188, 82] describe the theory and implementations of such GAs. As
stated in [155]:

“The contribution of this work [82] was in its ruthless abstraction
and simplification; De Jong got somewhere not in spite of his simpli-
fication but because of it. [...] Holland’s book [188] laid the theoreti-
cal foundation for De Jong’s and all subsequent GA work by mathe-
matically identifying the combined role in genetic search of similarity
subsets (schemata), minimal operator disruption, and reproductive
selection. [...] Subsequent researchers have tended to take the the-
oretical suggestions in [188] quite literally, thereby reinforcing the
implementation success of De Jong’s neat codings and operators.”

However, in the next paragraph Goldberg [155] says:
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“[t is interesting, if not ironic, that neither man intended for his
work to be taken so literally. Although De Jong’s implementations
established usable technique in accordance with Holland’s theoreti-
cal simplifications, subsequent researchers have tended to treat both
accomplishments as inviolate gospel.”

It seems that a “natural” representation of a potential solution for a given
problem plus a family of applicable “genetic” operators might be quite useful
in the approximation of solutions of many problems, and this nature-modeled
approach (evolution programming) is a promising direction for problem solv-
ing in general. Apart from other paradigms of evolutionary computation (e.g.,
evolution strategies, evolutionary programming, genetic programming), some
researchers in genetic algorithms community have explored the use of other
representations as ordered lists (for bin-packing), embedded lists (for factory
scheduling problems), variable-element lists (for semiconductor layout). During
the last ten years, various application-specific variations on the genetic algo-
rithm were reported [73, 167, 171, 173, 278, 363, 364, 392]. These variations
include variable length strings (including strings whose elements were if-then-
else rules [363]), richer structures than binary strings (for example, matrices
[392]), and experiments with modified genetic operators to meet the needs of
particular applications [270]. In [285] there is a description of a genetic algo-
rithm which uses backpropagation (a neural network training technique) as an
operator, together with mutation and crossover that were tailored to the neu-
ral network domain. Davis and Coombs [65, 76| described a genetic algorithm
that carried out one stage in the process of designing packet-switching com-
munication network; the representation used was not binary and five “genetic”
operators (knowledge based, statistical, numerical) were used. These operators
were quite different to binary mutation and crossover. Other researchers, in
their study on solving a job shop scheduling problem [21}, wrote:

“To enhance the performance of the algorithm and to expand the
search space, a chromosome representation which stores problem
specific information is devised. Problem specific recombination op-
erators which take advantage of the additional information are also
developed.”

There are numerous similar citations available. It seems that most researches
modified their implementations of genetic algorithms either by using non-string
chromosome representation or by designing problem specific genetic operators
to accommodate the problem to be solved. In [228] Koza observed:

“Representation is a key issue in genetic algorithm work because the
representation scheme can severely limit the window by which the
system observes its world. However, as Davis and Steenstrup [74]
point out, ‘In all of Holland’s work, and in the work of many of his
students, chromosomes are bit strings.” String-based representations
schemes are difficult and unnatural for many problems and the need



Introduction 5

for more powerful representations has been recognized for some time
[84, 85, 86].”

Various nonstandard implementations were created for particular problems
— simply, the classical GAs were difficult to apply directly to a problem and
some modifications in chromosome structures were required. In this book we
have consciously departed from classical genetic algorithms which operate on
strings of bits: we searched for richer data structures and applicable “genetic”
operators for these structures for variety of problems. By experimenting with
such structures and operators, we obtained systems which were not genetic
algorithms any more, or, at least, not classical GAs. The titles of several reports
started with: “A Modified Genetic Algorithm ...” [271], “Specialized Genetic
Algorithms...” [201], “A Non-Standard Genetic Algorithm...” [278]. Also, there
is a feeling that the name “genetic algorithms” might be quite misleading with
respect to the developed systems. Davis developed several non-standard systems
with many problem-specific operators. He observed in [77]:

“] have seen some head-shaking about that system from other re-
searchers in the genetic algorithm field [...] a frank disbelief that the
system we built was a genetic algorithm (since we didn’t use binary
representation, binary crossover, and binary mutation).”

Additionally, we can ask, for example, whether an evolution strategy is a genetic
algorithm? Is the opposite true? To avoid all issues connected with classification
of evolutionary systems, we call them simply “evolution programs” (EPs).

Why do we depart from genetic algorithms towards more flexible evolution
programs? Even though nicely theorized, GA failed to provide for successful
applications in many areas. It seems that the major factor behind this failure
is the same one responsible for their success: domain independence.

One of the consequences of the neatness of GAs (in the sense of their domain
independence) is their inability to deal with nontrivial constraints. As mentioned
earlier, in most work in genetic algorithms, chromosomes are bit strings — lists
of 0s and 1s. An important question to be considered in designing a chromosome
representation of solutions to a problem is the implementation of constraints on
solutions (problem-specific knowledge). As stated in {74]:

“Constraints that cannot be violated can be implemented by im-
posing great penalties on individuals that violate them, by impos-
ing moderate penalties, or by creating decoders of the representa-
tion that avoid creating individuals violating the constraint. Each of
these solutions has its advantages and disadvantages. If one incor-
porates a high penalty into the evaluation routine and the domain is
one in which production of an individual violating the constraint is
likely, one runs the risk of creating a genetic algorithm that spends
most of its time evaluating illegal individuals. Further, it can happen
that when a legal individual is found, it drives the others out and the
population converges on it without finding better individuals, since
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the likely paths to other legal individuals require the production
of illegal individuals as intermediate structures, and the penalties
for violating the constraint make it unlikely that such intermediate
structures will reproduce. If one imposes moderate penalties, the
system may evolve individuals that violate the constraint but are
rated better than those that do not because the rest of the evaluation
function can be satisfied better by accepting the moderate constraint
penalty than by avoiding it. If one builds a “decoder” into the evalua-
tion procedure that intelligently avoids building an illegal individual
from the chromosome, the result is frequently computation-intensive
to run. Further, not all constraints can be easily implemented in this
way.”

(An example of decoders and repair algorithms, together with several penalty
functions is given in section 4.5, where a knapsack problem is considered).

In evolution programming, the problem of constraint satisfaction has a dif-
ferent flavor. It is not the issue of selecting an evaluation function with some
penalties, but rather selecting “the best” chromosomal representation of so-
lutions together with meaningful genetic operators to satisfy all constraints
imposed by the problem. Any genetic operator should pass some characteris-
tic structure from parent to offspring, so the representation structure plays an
important role in defining genetic operators. Moreover, different representation
structures have different characteristics of suitability for constraint representa-
tion, which complicates the problem even more. These two components (repre-
sentation and operators) influence each other; it seems that any problem would
require careful analysis which would result in appropriate representation for
which there are meaningful genetic operators.

Glover in his study on solving a complex keyboard configuration problem [141]
wrote:

“Although the robust character of the GA search paradigm is well
suited to the demands of the keyboard configuration problem, the
bit string representation and idealized operators are not properly
matched to the [...] required constraints. For instance, if three bits
are used to represent each component of a simple keyboard of only
40 components, it is easy to show that only one out of every 10 ar-
bitrarily selected 120-bit structures represents a legal configuration
map structure.”

Another citation is from the work of De Jong [88], where the traveling salesman
problem is briefly discussed:

“Using the standard crossover and mutation operators, a GA will
explore the space of all combinations of city names when, in fact,
it is the space of all permutations which is of interest. The obvious
problem is that as N [the number of cities in the tour] increases,
the space of permutations is a vanishingly small subset of the space
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of combinations, and the powerful GA sampling heuristic has been
rendered impotent by a poor choice of representation.”

At early stages of Al the general problem solvers (GPSs) were designed as
generic tools for approaching complex problems. However, as it turned out, it
was necessary to incorporate problem-specific knowledge due to unmanageable
complexity of these systems. Now the history repeated itself: until recently
genetic algorithms were perceived as generic tools useful for optimization of
many hard problems. However, the need for the incorporation of the problem-
specific knowledge in genetic algorithms has been recognized in some research
articles for some time [10, 128, 131, 170, 370]. It seems that GAs (as GPS)
are too domain independent to be useful in many applications. So it is not
surprising that evolution programs, incorporating problem-specific knowledge
in the chromosomes’ data structures and specific “genetic” operators, perform
much better.

The basic conceptual difference between classical genetic algorithms and
evolution programs is presented in Figures 0.2 and 0.3. Classical genetic algo-
rithms, which operate on binary strings, require a modification of an original
problem into appropriate (suitable for GA) form; this would include mapping
between potential solutions and binary representation, taking care of decoders
or repair algorithms, etc. This is not usually an easy task.

Genetic
Algorithm

Modified
Problem

Fig. 0.2. Genetic algorithm approach

On the other hand, evolution programs would leave the problem unchanged,
modifying a chromosome representation of a potential solution (using “natural”
data structures), and applying appropriate “genetic” operators.

In other words, to solve a nontrivial problem using an evolution program,
we can either transform the problem into a form appropriate for the genetic
algorithm (Figure 0.2), or we can transform the genetic algorithm to suit the
problem (Figure 0.3). Clearly, classical GAs take the former approach, EPs the
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Genetic
Algorithm

Evolution
Program

Fig. 0.3. Evolution program approach

latter. So the idea behind evolution programs is quite simple and is based on
the following motto:

“If the mountain will not come to Mohammed, then Mohammed
will go to the mountain.”

This is not a very new idea. In [77] Davis wrote:

“It has seemed true to me for some time that we cannot handle most
real-world problems with binary representations and an operator set
consisting only of binary crossover and binary mutation. One reason
for this is that nearly every real-world domain has associated domain
knowledge that is of use when one is considering a transformation
of a solution in the domain [...] I believe that genetic algorithms
are the appropriate algorithms to use in a great many real-world
applications. I also believe that one should incorporate real-world
knowledge in one’s algorithm by adding it to one’s decoder or by
expanding one’s operator set.”

Here, we call such modified genetic algorithms “evolution programs”.

It is quite hard to draw a line between genetic algorithms and evolution pro-
grams. What is required for an evolution program to be a genetic algorithm?
Maintaining population of potential solutions? Binary representation of poten-
tial solutions? Selection process based on fitness of individuals? Recombination
operators? The existence of a Schema Theorem? Building-block hypothesis?
All of the above? Is an evolution program for the traveling salesman problem
with integer vector representation and PMX operator (Chapter 10) a genetic
algorithm? Is an evolution program for the transportation problem with matrix
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representation and arithmetical crossover operator (Chapter 9) a genetic algo-
rithm? In this book we will not provide answers for the above question, instead
we present some interesting results of using evolution programming techniques
on variety of problems.

As mentioned earlier, several researchers recognized potential behind various
modifications. In [78] Davis wrote:

“When I talk to the user, I explain that my plan is to hybridize the
genetic algorithm technique and the current algorithm by employing
the following three principles:

e Use the Current Encoding. Use the current algorithm’s encod-
ing technique in the hybrid algorithm.

e Hybridize Where Possible. Incorporate the positive features of
the current algorithm in the hybrid algorithm.

e Adapt the Genetic Operators. Create crossover and mutation
operators for the new type of encoding by analogy with bit
string crossover and mutation operators. Incorporate domain-
based heuristics as operators as well.

[...] T use the term hybrid genetic algorithm for algorithms created
by applying these three principles.”

It seems that hybrid genetic algorithms and evolution programs share a
common idea: departure from classical, bit-string genetic algorithms towards
more complex systems, involving the appropriate data structures (Use the Cur-
rent Encoding) and suitable genetic operators (Adapt the Genetic Operators).
On the other hand, Davis assumed the existence of one or more current (tra-
ditional) algorithms available on the problem domain — on the basis of such
algorithms a construction of a hybrid genetic algorithm is discussed. In our ap-
proach of evolution programming, we do not make any assumption of this sort:
all evolution systems discussed later in the book were built from scratch.

What are the strengths and weaknesses of evolution programming? It seems
that the major strength of EP technique is its wide applicability. In this book,
we try to describe a variety of different problems and discuss a construction of an
evolution program for each of them. Very often, the results are outstanding: the
systems perform much better than commercially available software. Another
strong point connected with evolution programs is that they are parallel in
nature. As stated in [154]:

“In a world where serial algorithms are usually made parallel through
countless tricks and contortions, it is no small irony that genetic
algorithms (highly parallel algorithms) are made serial through
equally unnatural tricks and turns.”

Of course, this is also true for any (population based) evolution program. On
the other hand, we have to admit the poor theoretical basis of evolution pro-
grams. Experimenting with different data structures and modifying crossover
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and mutation requires a careful analysis, which would guarantee reasonable
performance. This has not been done yet.

In general, Al problem solving strategies are categorized into “strong” and
“weak” methods. A weak method makes few assumptions about the problem
domain; hence it usually enjoys wide applicability. On the other hand, it can
suffer from combinatorially explosive solution costs when scaling up to larger
problems [90]. This can be avoided by making strong assumptions about the
problem domain, and consequently exploiting these assumptions in the problem
solving method. But a disadvantage of such strong methods is their limited
applicability: very often they require significant redesign when applied even to
related problems.

Evolution programs fit somewhere between weak and strong methods. Some
evolution programs (as genetic algorithms) are quite weak without making any
assumption of a problem domain. Some other programs (e.g., GENOCOP or
GENETIC-2) are more problem specific with a varying degree of problem de-
pendence. For example, GENOCOP (Chapter 7), like all evolution strategies
(Chapter 8), was build to solve parameter optimization problems. The sys-
tem can handle any objective function with any set of linear constraints, The
GENETIC-2 (Chapter 9) work for transportation problems. Other systems (see
Chapters 10 and 11) are suitable for combinatorial optimization problems (like
scheduling problems, traveling salesman problems, graph problems). An inter-
esting application of an evolution program for inductive learning of decision
rules is discussed in Chapter 12.

It is little bit ironic: genetic algorithms are perceived as weak methods; how-
ever, in the presence of nontrivial constraints, they change rapidly into strong
methods. Whether we consider a penalty function, decoder, or a repair algo-
rithm, these must be tailored for a specific application. On the other hand, the
evolution programs (perceived as much stronger, problem-dependent methods)
suddenly seem much weaker (we discuss further this issue in Chapter 14). This
demonstrates a huge potential behind the evolution programming approach.

All these observations triggered my interest in investigating the properties
of different genetic operators defined on richer structures than bit strings —
further, this research would lead to the creation of a new programming method-
ology (in [277] such a proposed programming methodology was called EVA for
“EVolution progrAmming”).! Roughly speaking, a programmer in such an en-
vironment would select data structures with appropriate genetic operators for
a given problem as well as selecting an evaluation function and initializing the
population (the other parameters are tuned by another genetic process).

However, a lot of research should be done before we can propose the basic
constructs of such a programming environment. This book provides just the first
step towards this goal by investigating different structures and genetic operators
building evolution programs for many problems.

'We shall return to the idea of a new programming environment towards the end of the
book (Chapter 14).



1. GAs: What Are They?

Paradoxical as it seemed, the Master

always insisted that the true reformer

was one who was able to see that everything
is perfect as it is — and able to

leave it alone.

Anthony de Mello, One Minute Wisdom

There is a large class of interesting problems for which no reasonably fast algo-
rithms have been developed. Many of these problems are optimization problems
that arise frequently in applications. Given such a hard optimization problem it
is often possible to find an efficient algorithm whose solution is approximately
optimal. For some hard optimization problems we can use probabilistic algo-
rithms as well — these algorithms do not guarantee the optimum value, but by
randomly choosing sufficiently many “witnesses” the probability of error may
be made as small as we like.

There are a lot of important practical optimization problems for which such
algorithms of high quality have become available [73]. For instance we can apply
simulated annealing for wire routing and component placement problems in
VLSI design or for the traveling salesman problem. Moreover, many other large-
scale combinatorial optimization problems (many of which have been proved
NP-hard) can be solved approximately on present-day computers by this kind
of Monte Carlo technique.

In general, any abstract task to be accomplished can be thought of as solving
a problem, which, in turn, can be perceived as a search through a space of
potential solutions. Since we are after “the best” solution, we can view this
task as an optimization process. For small spaces, classical exhaustive methods
usually suffice; for larger spaces special artificial intelligence techniques must
be employed. Genetic Algorithms (GAs) are among such techniques; they are
stochastic algorithms whose search methods model some natural phenomena:
genetic inheritance and Darwinian strife for survival. As stated in [74]:

“... the metaphor underlying genetic algorithms is that of natural
evolution. In evolution, the problem each species faces is one of
searching for beneficial adaptations to a complicated and chang-
ing environment. The ‘knowledge’ that each species has gained is
embodied in the makeup of the chromosomes of its members.”
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The idea behind genetic algorithms is to do what nature does. Let us take rabbits
as an example: at any given time there is a population of rabbits. Some of them
are faster and smarter than other rabbits. These faster, smarter rabbits are less
likely to be eaten by foxes, and therefore more of them survive to do what rabbits
do best: make more rabbits. Of course, some of the slower, dumber rabbits will
survive just because they are lucky. This surviving population of rabbits starts
breeding. The breeding results in a good mixture of rabbit genetic material:
gsome slow rabbits breed with fast rabbits, some fast with fast, some smart
rabbits with dumb rabbits, and so on. And on the top of that, nature throws
in a ‘wild hare’ every once in a while by mutating some of the rabbit genetic
material. The resulting baby rabbits will {(on average) be faster and smarter than
these in the original population because more faster, smarter parents survived
the foxes. (It is a good thing that the foxes are undergoing similar process —
otherwise the rabbits might become too fast and smart for the foxes to catch
any of them).

A genetic algorithm follows a step-by-step procedure that closely matches
the story of the rabbits. Before we take a closer look at the structure of a genetic
algorithm, let us have a quick look at the history of genetics (from [380]):

“The fundamental principle of natural selection as the main evo-
lutionary principle has been formulated by C. Darwin long before
the discovery of genetic mechanisms. Ignorant of the basic heredity
principles, Darwin hypothesized fusion or blending inheritance, sup-
posing that parental qualities mix together like fluids in the offspring
organism. His selection theory arose serious objections, first stated
by F. Jenkins: crossing quickly levels off any hereditary distinctions,
and there is no selection in homogeneous populations (the so-called
‘Jenkins nightmare’).

It was not until 1865, when G. Mendel discovered the basic princi-
ples of transference of hereditary factors from parent to offspring,
which showed the discrete nature of these factors, that the ‘Jenk-
ins nightmare’ could be explained, since because of this discreteness
there is no ‘dissolution’ of hereditary distinctions.

Mendelian laws became known to the scientific community after
they had been independently rediscovered in 1900 by H. de Vries,
K. Correns and K. von Tschermak. Genetics was fully developed by
T. Morgan and his collaborators, who proved experimentally that
chromosomes are the main carriers of hereditary information and
that genes, which present hereditary factors, are lined up on chromo-
somes. Later on, accumulated experimental facts showed Mendelian
laws to be valid for all sexually reproducing organisms.

However, Mendel’s laws, even after they had been rediscovered, and
Darwin’s theory of natural selection remained independent, unlinked
concepts. And moreover, they were opposed to each other. Not until
the 1920s (see, for instance the classical work by Cetverikov [61])
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was it proved that Mendel’s genetics and Darwin’s theory of natural
selection are in no way conflicting and that their happy marriage
yields modern evolutionary theory.”

Genetic algorithms use a vocabulary borrowed from natural genetics. We
would talk about individuals (or genotypes, structures) in a population; quite
often these individuals are called also strings or chromosomes. This might be
a little bit misleading: each cell of every organism of a given species carries
a certain number of chromosomes (man, for example, has 46 of them); how-
ever, in this book we talk about one-chromosome individuals only, i.e., haploid
chromosomes (for additional information on diploidy — pairs of chromosomes
— dominance, and other related issues, in connection with genetic algorithms,
the reader is referred to [154]; see also a very recent work by Greene [165] and
Ng with Wong [298]). Chromosomes are made of units — genes (also features,
characters, or decoders) — arranged in linear succession; every gene controls the
inheritance of one or several characters. Genes of certain characters are located
at certain places of the chromosome, which are called loci (string positions).
Any character of individuals (such as hair color) can manifest itself differently;
the gene is said to be in several states, called alleles (feature values).

Each genotype (in this book a single chromosome) would represent a po-
tential solution to a problem (the meaning of a particular chromosome, i.e.,
its phenotype, is defined externally by the user); an evolution process run on
a population of chromosomes corresponds to a search through a space of po-
tential solutions. Such a search requires balancing two (apparently conflicting)
objectives: exploiting the best solutions and exploring the search space [46].
Hillclimbing is an example of a strategy which exploits the best solution for
possible improvement; on the other hand, it neglects exploration of the search
space. Random search is a typical example of a strategy which explores the
search space ignoring the exploitations of the promising regions of the space.
Genetic algorithms are a class of general purpose (domain independent) search
methods which strike a remarkable balance between exploration and exploita-
tion of the search space.

GAs have been quite successfully applied to optimization problems like
wire routing, scheduling, adaptive control, game playing, cognitive modeling,
transportation problems, traveling salesman problems, optimal control prob-
lems, database query optimization, etc. (see [15, 34, 45, 84, 121, 154, 167, 170,
171, 273, 344, 129, 103, 391, 392]). However, De Jong [84] warned against per-
ceiving GAs as optimization tools:

“...because of this historical focus and emphasis on function opti-
mization applications, it is easy to fall into the trap of perceiving
GAs themselves as optimization algorithms and then being surprised
and/or disappointed when they fail to find an ‘obvious’ optimum in
a particular search space. My suggestion for avoiding this perceptual
trap is to think of GAs as a (highly idealized) simulation of a natural
process and as such they embody the goals and purposes (if any) of
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that natural process. | am not sure if anyone is up to the task of
defining the goals and purpose of evolutionary systems; however, I
think it’s fair to say that such systems are not generally perceived
as functions optimizers”.

On the other hand, optimization is a major field of GA’s applicability. In [348§]
(1981) Schwefel said:

“There is scarcely a modern journal, whether of engineering, eco-
nomics, management, mathematics, physics, or the social sciences,
in which the concept ‘optimization’ is missing from the subject in-
dex. If one abstracts from all specialist points of view, the recurring
problem is to select a better or best (according to Leibniz, optimal)
alternative from among a number of possible states of affairs.”

During the last decade, the significance of optimization has grown even further
— many important large-scale combinatorial optimization problems and highly
constrained engineering problems can only be solved approximately on present
day computers.

Genetic algorithms aim at such complex problems. They belong to the class
of probabilistic algorithms, yet they are very different from random algorithms
as they combine elements of directed and stochastic search. Because of this, GA
are also more robust than existing directed search methods. Another important
property of such genetic based search methods is that they maintain a popu-
lation of potential solutions — all other methods process a single point of the
search space.

Hillclimbing methods use the iterative improvement technique; the tech-
nique is applied to a single point (the current point) in the search space. During
a single iteration, a new point is selected from the neighborhood of the current
point (this is why this technique is known also as neighborhood search or local
search [233]). If the new point provides a better! value of the objective func-
tion, the new point becomes the current point. Otherwise, some other neighbor
is selected and tested against the current point. The method terminates if no
further improvement is possible.

It is clear that the hillclimbing methods provide local optimum values only
and these values depend on thé selection of the starting point. Moreover, there
is no information available on the relative error (with respect to the global
optimum) of the solution found.

To increase the chances to succeed, hillclimbing methods usually are exe-
cuted for a (large) number of different starting points (these points need not be
selected randomly — a selection of a starting point for a single execution may
depend on the result of the previous runs).

The simulated annealing technique [1] eliminates most disadvantages of the
hillelimbing methods: solutions do not depend on the starting point any longer
and are (usually) close to the optimum point. This is achieved by introducing

smaller, for minimization, and larger, for maximization problems.



1. GAs: What Are They? 17

a probability p of acceptance (i.e., replacement of the current point by a new
point): p = 1, if the new point provides a better value of the objective function;
however, p > 0, otherwise. In the latter case, the probability of acceptance p
is a function of the values of objective function for the current point and the
new point, and an additional control parameter, “temperature”, T. In general,
the lower temperature T is, the smaller the chances for the acceptance of a new
point are. During execution of the algorithm, the temperature of the system,
T, is lowered in steps. The algorithm terminates for some small value of T, for
which virtually no changes are accepted anymore.

As mentioned earlier, a GA performs a multi-directional search by maintain-
ing a population of potential solutions and encourages information formation
and exchange between these directions. The population undergoes a simulated
evolution: at each generation the relatively “good” solutions reproduce, while
the relatively “bad” solutions die. To distinguish between different solutions we
use an objective (evaluation) function which plays the role of an environment.

An example of hillclimbing, simulated annealing, and genetic algorithm
techniques is given later in this chapter (section 1.4).

The structure of a simple genetic algorithm is the same as the structure
of any evolution program (see Figure 0.1, Introduction). During iteration ¢, a
genetic algorithm maintains a population of potential solutions (chromosomes,
vectors), P(t) = {z},...,z.}. Each solution z! is evaluated to give some mea-
sure of its “fitness”. Then, a new population (iteration ¢ + 1) is formed by
selecting the more fit individuals. Some members of this new population un-
dergo alterations by means of crossover and mutation, to form new solutions.
Crossover combines the features of two parent chromosomes to form two simi-
lar offspring by swapping corresponding segments of the parents. For example,
if the parents are represented by five-dimensional vectors (ay, b1, ¢1,d;, 1) and
(ag, ba, 2, da, €2), then crossing the chromosomes after the second gene would
produce the offspring (a1, b1, 2, ds, e2) and (as, by, ¢, dy, e1). The intuition be-
hind the applicability of the crossover operator is information exchange between
different potential solutions.

Mutation arbitrarily alters one or more genes of a selected chromosome, by
a random change with a probability equal to the mutation rate. The intuition
behind the mutation operator is the introduction of some extra variability into
the population.

A genetic algorithm (as any evolution program) for a particular problem
must have the following five components:

e a genetic representation for potential solutions to the problem,
e a way to create an initial population of potential solutions,

e an evaluation function that plays the role of the environment, rating so- .
lutions in terms of their “fitness”,

e genetic operators that alter the composition of children,
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o values for various parameters that the genetic algorithm uses (population
size, probabilities of applying genetic operators, etc.).

We discuss the main features of genetic algorithms by presenting three ex-
amples. In the first one we apply a genetic algorithm for optimization of a simple
function of one real variable. The second example illustrates the use of a ge-
netic algorithm to learn a strategy for a simple game (the prisoner’s dilemma).
The third example discusses one possible application of a genetic algorithm to
approach a combinatorial NP-hard problem, the traveling salesman problem.

1.1 Optimization of a simple function

In this section we discuss the basic features of a genetic algorithm for optimiza-
tion of a simple function of one variable. The function is defined as

f(z) =z -sin(107 - ) + 1.0

and is drawn in Figure 1.1. The problem is to find z from the range [—1..2]
which maximizes the function f, i.e., to find zg such that

fzo) > f(z), for all z € [-1..2].
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Fig. 1.1. Graph of the function f(z) = z - sin(107 - z) + 1.0

It is relatively easy to analyse the function f. The zeros of the first derivative
f’ should be determined:
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f'(z) =sin(107 - ) + 107z - cos(10m - z) = 0;
the formula is equivalent to
tan(107 - ) = —107z.
It is clear that the above equation has an infinite number of solutions,

;= i + €, fori=1,2,...

20
Tog = 0
=% —¢, fori=—-1,-2,..,,

where terms ;s represent decreasing sequences of real numbers (for i = 1,2, ...,
and i = —1,—2,...) approaching zero.

Note also that the function f reaches its local maxima for z; if 7 is an odd
integer, and its local minima for z; if { is an even integer (see Figure 1.1).

Since the domain of the problem is z € [—1..2], the function reaches its
maximum for for x5 = g—g + €19 = 1.85+ €19, where f(z)9) is slightly larger than
f(1.85) = 1.85 - sin(187 + ) + 1.0 = 2.85.

Assume that we wish to construct a genetic algorithm to solve the above
problem, i.e., to maximize the function f. Let us discuss the major components
of such a genetic algorithm in turn.

1.1.1 Representation

We use a binary vector as a chromosome to represent real values of the variable
2. The length of the vector depends on the required precision, which, in this
example, is six places after the decimal point.

The domain of the variable z has length 3; the precision requirement implies
that the range [—1..2] should be divided into at least 3-1000000 equal size ranges.
This means that 22 bits are required as a binary vector (chromosome):

2097152 = 22! < 3000000 < 2% = 4194304.

The mapping from a binary string (ba1bgg. .. bo) into a real number z from
the range [—1..2] is straightforward and is completed in two steps:

e convert the binary string (ba1be . . . bp) from the base 2 to base 10:
({barbao . . . bo>)2 = (Z?io b; - 2i)lo =1,

e find a corresponding real number z:
T=—-10+2"" 5,

where —1.0 is the left boundary of the domain and 3 is the length of the
domain.

For example, a chromosome
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(1000101110110101000111)
represents the number 0.637197, since
z' = (1000101110110101000111), = 2288967

and

z = —1.0 + 2288967 - ——-— = 0.637197.

4194303

Of course, the chromosomes
(0000000000000000000000) and (1111111111111111111111)

represent boundaries of the domain, —1.0 and 2.0, respectively.

1.1.2 Initial population

The initialization process is very simple: we create a population of chromo-
somes, where each chromosome is a binary vector of 22 bits. All 22 bits for each
chromosome are initialized randomly.

1.1.3 Evaluation function

Evaluation function eval for binary vectors v is equivalent to the function f:

eval(v) = f(z),

where the chromosome v represents the real value z.

As noted earlier, the evaluation function plays the role of the environment,
rating potential solutions in terms of their fitness. For example, three chromo-
somes:

v, = (1000101110110101000111),
v, = (0000001110000000010000),
v, = (1110000000111111000101),

correspond to values z; = 0.637197, zo = —0.958973, and z3 = 1.627888,
respectively. Consequently, the evaluation function would rate them as follows:

eval(v,) = f(z,) = 1.586345,
eval(v,) = f(zg) = 0.078878,
eval(v,) = f(z3) = 2.250650.

Clearly, the chromosome v, is the best of the three chromosomes, since its
evaluation returns the highest value.
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1.1.4 Genetic operators

During the alteration phase of the genetic algorithm we would use two classical
genetic operators: mutation and crossover.

As mentioned earlier, mutation alters one or more genes (positions in a
chromosome) with a probability equal to the mutation rate. Assume that the
fifth gene from the v, chromosome was selected for a mutation. Since the fifth
gene in this chromosome is 0, it would be flipped into 1. So the chromosome v,
after this mutation would be

v," = (1110100000111111000101).

This chromosome represents the value z = 1.721638 and f(z}) = —0.082257.
This means that this particular mutation resulted in a significant decrease of the
value of the chromosome v;. On the other hand, if the 10th gene was selected
for mutation in the chromosome v, then

v, = (1110000001111111000101).

The corresponding value z7§ = 1.630818 and f(z}) = 2.343555, an improvement
over the original value of f(x3) = 2.250650.

Let us illustrate the crossover operator on chromosomes v, and v,. Assume
that the crossover point was (randomly) selected after the 5th gene:

v, = (00000/01110000000010000),
v, = (11100{00000111111000101).

The two resulting offspring are

v,’ = (00000|00000111111000101),
v, = (11100/01110000000010000).

These offspring evaluate to

Fv,) = F(~0.998113) = 0.940865,
flvy) = f(1.666028) = 2.459245.

Note that the second offspring has a better evaluation than both of its parents.

1.1.5 Parameters

For this particular problem we have used the following parameters: population
size pop.size = 50, probability of crossover p, = 0.25, probability of mutation
Pm = 0.01. The following section presents some experimental results for such a
genetic system.
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1.1.6 Experimental results

In Table 1.1 we provide the generation number for which we noted an improve-
ment in the evaluation function, together with the value of the function. The
best chromosome after 150 generations was '

Vmaee = (1111001101000100000101),

which corresponds to a value z,,,, = 1.850773.
As expected, Tpmgz = 1.85 + €, and f(Zmg,) is slightly larger than 2.85.

Generation | Evaluation
number function
1 1.441942

6 2.250003

8 2.250283

9 2.250284

10 2.250363

12 2.328077

39 2.344251

40 2.345087

51 2.738930

99 2.849246

137 2.850217

145 2.850227

Table 1.1. Results of 150 generations

1.2 The prisoner’s dilemma

.

In this section, we explain how a genetic algorithm can be used to learn a
sirategy for a simple game, known as the prisoner’s dilemma. We present the
results obtained by Axelrod [14].

Two prisoners are held in separate cells, unable to communicate with each
other. Each prisoner is asked, independently, to defect and betray the other
prisoner. If only one prisoner defects, he is rewarded and the other is punished.
If both defect, both remain imprisoned and are tortured. If neither defects, both
receive moderate rewards. Thus, the selfish choice of defection always yields a
higher payoff than cooperation — no matter what the other prisoner does —
but if both defect, both do worse than if both had cooperated. The prisoner’s
dilemma, is to decide whether to defect or cooperate with the other prisoner.
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The prisoner’s dilemma can be played as a game between two players, where
at each turn, each player either defects or cooperates with the other prisoner.
The players then score according to the payoffs listed in the Table 1.2.

Comment

Punishment for mutual defection
Temptation to defect and sucker’s payoff
Sucker’s payoff, and temptation to defect
Reward for mutual cooperation

Player 1 Player 2
Defect Defect
Defect Cooperate
Cooperate | Defect
Cooperate | Cooperate

w o ot =Y
O N ]

Table 1.2. Payoff table for prisoner’s dilemma game: P, is the payoff for Player i

We will now consider how a genetic algorithm might be used to learn a
strategy for the prisoner’s dilemma. A GA approach is to maintain a popula-
tion of “players”, each of which has a particular strategy. Initially, each player’s
strategy is chosen at random. Thereafter, at each step, players play games and
their scores are noted. Some of the players are then selected for the next gen-
eration, and some of those are chosen to mate. When two players mate, the
new player created has a strategy constructed from the strategies of its par-
ents (crossover). A mutation, as usual, introduces some variability into players’
strategies by random changes on representations of these strategies.

1.2.1 Representing a strategy

First of all, we need some way to represent a strategy (i.e., a possible sotution).
For simplicity, we will consider strategies that are deterministic and use the
outcomes of the three previous moves to make a choice in the current move.
Since there are four possible outcomes for each move, there are 4 x 4 x 4 = 64
different histories of the three previous moves.

A strategy of this type can be specified by indicating what move is to be
made for each of these possible histories. Thus, a strategy can be represented by
a string of 64 bits (or Ds and Cs), indicating what move is to be made for each
of the 64 possible histories. To get the strategy started at the beginning of the
game, we also need to specify its initial premises about the three hypothetical
moves which preceded the start of the game. This requires six more genes,
making a total of seventy loci on the chromosome.

This string of seventy bits specifies what the player would do in every possi-
ble circumstance and thus completely defines a particular strategy. The string of
70 genes also serves as the player’s chromosome for use in the evolution process.

1.2.2 Outline of the genetic algorithm

Axelrod’s genetic algorithm to learn a strategy for the prisoner’s dilemma works
in four stages, as follows:
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Choose an initial population. Each player is assigned a random string of
seventy bits, representing a strategy as discussed above.

Test each player to determine its effectiveness. Each player uses the strat-
egy defined by its chromosome to play the game with other players. The
player’s score is its average over all the games it plays.

Select players to breed. A player with an average score is given one mating;
a player scoring one standard deviation above the average is given two
matings; and a player scoring one standard deviation below the average
is given no matings.

The successful players are randomly paired off to produce two offspring per
mating. The strategy of each offspring is determined from the strategies
of its parents. This is done by using two genetics operators: crossover and
mutation.

After these four stages we get a new population. The new population will

display patterns of behavior that are more like those of the successful individuals
of the previous generation, and less like those of the unsuccessful ones. With each
new generation, the individuals with relatively high scores will be more likely
to pass on parts of their strategies, while the relatively unsuccessful individuals
will be less likely to have any parts of their strategies passed on.

1.2.3 Experimental results

Running this program, Axelrod obtained quite remarkable results. From a
strictly random start, the genetic algorithm evolved populations whose median
member was just as successful as the best known heuristic algorithm. Some
behavioral patterns evolved in the vast majority of the individuals; these are:

1.

Don'’t rock the boat: continue to cooperate after three mutual cooperations

(ie., C after (CC)(CC)(CC)?).

Be provokable: defect when the other player defects out of the blue
(i.e., D after receiving (CC)(CC)(CD)):

Accept an apology: continue to cooperate after cooperation has been re-
stored
(i.e., C after (CD)(DC)(CC)).

Forget: cooperate when mutual cooperation has been restored after an
exploitation (i.e., C after (DC)(CC)(CC)).

Accept a rut: defect after three mutual defections (i.e., D after (DD)(DD)
(DD)).

2The last three moves are described by three pairs (aib;)(azbhs)(asbhs), where the a’s are
this player’s moves (C for cooperate, D for defect) and the b’s are the other player’s moves.
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For more details, see [14]. The prisoner’s dilemma problem can be generalized
to more than two players; for details and interesting experimental results see
[413]. 3

1.3 Traveling salesman problem

In this section, we explain how a genetic algorithm can be used to approach
the Traveling Salesman Problem (TSP). Note that we shall discuss only one
possible approach. In Chapter 10 we discuss other approaches to the TSP as
well.

Simply stated, the traveling salesman must visit every city in his territory
exactly once and then return to the starting point; given the cost of travel
between all cities, how should he plan his itinerary for minimum total cost of
the entire tour?

The TSP is a problem in combinatorial optimization and arises in numerous
applications. There are several branch-and-bound algorithms, approximate al-
gorithms, and heuristic search algorithms which approach this problem. During
the last few years there have been several attempts to approximate the TSP by
genetic algorithms [154, pages 166-179]; here we present one of them.

First, we should address an important question connected with the chro-
mosome representation: should we leave a chromosome to be an integer vector,
or rather we should transform it into a binary string? In the previous two ex-
amples (optimization of a function and the prisoner’s dilemma) we represented
a chromosome (in a more or less natural way) as a binary vector. This allowed
us to use binary mutation and crossover; applying these operators we got legal
offspring, i.e., offspring within the search space. This is not the case for the trav-
eling salesman problem. In a binary representation of a n cities TSP problem,
each city should be coded as a string of [log, n] bits; a chromosome is a string
of n - [log,n] bits. A mutation can result in a sequence of cities, which is not a
tour: we can get the same city twice in a sequence. Moreover, for a TSP with
20 cities (where we need 5 bits to represent a city), some 5-bit sequences (for
example, 10101) do not correspond to any city. Similar problems are present
when applying crossover operator. Clearly, if we use mutation and crossover
operators as defined earlier, we would need some sort of a “repair algorithm”;
such an algorithm would “repair” a chromosome, moving it back into the search
space.

It seems that the integer vector representation is better: instead of using
repair algorithms, we can incorporate the knowledge of the problem into op-
erators: in that way they would “intelligently” avoid building an illegal indi-
vidual. In this particular approach we accept integer representation: a vector
vV = (i1i3...1,) represents a tour: from i to is, etc., from 4, 1 to i, and back
to i; (v is a permutation of {12 ... n}).

3See Chapter 13 and [120] for a discussion on evolutionary programming technique for this
problem.
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For the initialization process we can either use some heuristics (for example,
we can accept a few outputs from a greedy algorithm for the TSP, starting from
different cities), or we can initialize the population by a random sample of
permutations of (12 ...7n).

The evaluation of a chromosome is straightforward: given the cost of travel
between all cities, we can easily calculate the total cost of the entire tour.

In the TSP we search for the best ordering of cities in a tour. It is relatively
easy to come up with some unary operators (unary type operators) which would
search for better string orderings. However, using only unary operators, there is
a little hope of finding even good orderings (not to mention the best one) [160].
Moreover, the strength of genetic algorithms arises from the structured infor-
mation exchange of crossover combinations of highly fit individuals. So what
we need is a crossover-like operator that would exploit important similarities
between chromosomes. For that purpose we use a variant of a OX operator [71],
which, given two parents, builds offspring by choosing a subsequence of a tour
from one parent and preserving the relative order of cities from the other parent.
For example, if the parents are

(1234567891011 12) and
(731114125210968)

and the chosen part is
(4567),
the resulting offspring is
(111124567210983).

As required, the offspring bears a structural relationship to both parents. The
roles of the parents can then be reversed in constructing a second offspring.

A genetic algorithm based on the above operator outperforms random
search, but leaves much room for improvements. Typical (average over 20 ran-
dom runs) results from the algorithm, as applied to 100 randomly generated
cities, gave (after 20000 generations) a value of the whole tour 9.4% above
optimum.

For full discussion on the TSP, the representation issues and genetic oper-
ators used, the reader is referred to Chapter 10.

1.4 Hillclimbing, simulated annealing, and genetic
algorithms

In this section we discuss three algorithms, i.e., hillclimbing, simulated anneal-
ing, and the genetic algorithm, applied to a simple optimization problem. This
example underlines the uniqueness of the GA approach.

The search space is a set of binary strings v of the length 30. The objective
function f to be maximized is given as
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f(v) = |11 - one(v) — 150],

where the function one(v) returns the number of 1s in the string v.

For example, the following three strings

v; = (110110101110101111111011011011),
vy = (111000100100110111001010100011),
v3 = (000010000011001000000010001000),

il

would evaluate to

f(v1) = [11-22 = 150| = 92,
Flvy) = [11-15 — 150] = 15,
Fvs) = |11 6 — 150 = 84,

(one(v)) = 22, one(ve) = 15, and one(vs) = 6).

The function f is linear and does not provide any challenge as an optimiza-
tion task. We use it only to illustrate the ideas behind these three algorithms.
However, the interesting characteristic of the function f is that it has one global
maximum for

vy = (111111111111111111111111111111),

f(vg) =|11-30 — 150} = 180, and one local maximum for
v; = (000000000000000000000000000000),

flwy) =110 — 150| = 150.

There are a few versions of hillclimbing algorithms. They differ in the way
a new string is selected for comparison with the current string. One version of
a simple (iterated) hillclimbing algorithm (M AX iterations) is given in Figure
1.2 (steepest ascent hillclimbing). Initially, all 30 neighbors are considered, and
the one v, which returns the largest value f(v,) is selected to compete with the
current string v.. If f(v.) < f(v,), then the new string becomes the current
string. Otherwise, no local improvement is possible: the algorithm has reached
(local or global) optimum (local = TRUE). In a such case, the next iteration
(t « t + 1) of the algorithm is executed with a new current string selected at
random.

It is interesting to note that the success or failure of the single iteration
of the above hillclimber algorithm (i.e., return of the global or local optimum)
is determined by the starting string (randomly selected). It is clear that if the
starting string has thirteen 1s or less, the algorithm will always terminate in the
local optimum (failure). The reason is that a string with thirteen 1s returns a
value 7 of the objective function, and any single-step improvement towards the
global optimum, i e., increase the number of 1s to fourteen, decreases the value
of the objective function to 4. On the other hand, any decrease of the number
of 1s would increase the value of the function: a string with twelve 1s yields a
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procedure iterated hillclimber
begin
t—0
repeat
local — FALSE
select a current string v, at random
evaluate v,
repeat
select 30 new strings in the neighborhood of v,
by flipping single bits of v,
select the string v, from the set of new strings
with the largest value of objective function f
if f(ve) < f(wn)
then v, — v,
else local — TRUE
until local
t—1t+1
until t = MAX
end

Fig. 1.2. A simple (iterated) hillclimber

value of 18, a string with eleven 1s yields a value of 29, etc. This would push
the search in the “wrong” direction, towards the local maximum.

For problems with many local optima, the chances of hitting the global
optimum (in a single iteration) are slim.

The structure of the simulated annealing procedure is given in Figure 1.3.

The function random|0, 1) returns a random number from the range [0, 1).
The (termination-condition) checks whether ‘thermal equilibrium’ is reached,
i.e., whether the probability distribution of the selected new strings approaches
the Boltzmann distribution [1}. However, in some implementations [4], this re-
peat loop is executed just k times (k is an additional parameter of the method).

The temperature T is lowered in steps (g(T,t) < T for all ). The algorithm
terminates for some small value of T: the (stop-criterion) checks whether the
system is ‘frozen’, i.e., virtually no changes are accepted anymore.

As mentioned earlier, the simulated annealing algorithm can escape local
optima. Let us consider a string

v4 = (111000000100110111001010100000),

with twelve 1s, which evaluates to f(vy) = |11-12 — 150| = 18. For v, as the
starting string, the hillclimbing algorithm (as discussed earlier) would approach
the local maximum

v; = (000000000000000000000000000000),
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procedure simulated annealing
begin
t—20
initialize temperature T'
select a current string v, at random
evaluate v,
repeat
repeat
select a new string v,
in the neighborhood of v,
by flipping a single bit of v,
if f(ve) < f(vn)
then v, — v,
else if random|0, 1) < exp{(f(v,) — f(v.))/T}
then v, — v,
until (termination-condition)
T « g(T,t)
t—t+1
until (stop-criterion)
end

Fig.1.3. Simulated annealing

since any string with thirteen 1s (i.e., a step ‘towards’ the global optimum) eval-
uates to 7 (less than 18). On the other hand, the simulated annealing algorithm
would accept a string with thirteen 1s as a new current string with probability

p = exp{(f(va) — f(vc))/T} = exp{(7 - 18)/T},
which, for some temperature, say, T' = 20, gives

p=e % = 0.57695,
i.e., the chances for acceptance are better than 50%.

Genetic algorithms, as discussed in section 1.1, maintain a population of
strings. Two relatively poor strings

vs = (111110000000110111001110100000) and
vg = (000000000001101110010101111111)

each of which evaluate to 16, can produce much better offspring (if the crossover
point falls anywhere between the 5th and the 12th position):

v7 = (111110000001101110010101111111).
The new offspring v; evaluates to

Flvr) = |11-19 — 150| = 59.
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For a detailed discussion on these and other algorithms (various variants
of hillclimbers, genetic search, and simulated annealing) tested on several func-
tions with different characteristics, the reader is referred to [4]. Also, it is pos-
sible to construct hybrids which combine several techniques (including genetic
algorithms) — see, for example, dynamic hill climbing technique [92]. We con-
clude this section by citing a funny message which was presented recently on
the Internet (comp.ai.neural-nets [337]): it provides a nice comparison between
hill-climbing, simulated annealing, and genetic algorithm techniques:

“Notice that in all [hill-climbing] methods discussed so far, the kan-
garoo can hope at best to find the top of a mountain close to where
he starts. There’s no guarantee that this mountain will be Everest,
or even a very high mountain. Various methods are used to try to
find the actual global optimum.

In simulated annealing, the kangaroo is drunk and hops around ran-
domly for a long time. However, he gradually sobers up and tends
to hop up hill.

In genetic algorithms, there are lots of kangaroos that are parachuted
into the Himalayas (if the pilot didn’t get lost) at random places.
These kangaroos do not know that they are supposed to be looking
for the top of Mt. Everest. However, every few years, you shoot the
kangaroos at low altitudes and hope the ones that are left will be
fruitful and multiply”.

1.5 Conclusions

The three examples of genetic algorithms for function optimization, the pris-
oner’s dilemma, and the traveling salesman problem, show a wide applicability
of genetic algorithms. However, at the same time we should observe first signs
of potential difficulties. The representation issues for the traveling salesman
problem were not obvious. The new operator used (OX crossover) was far from
trivial. What kind of further difficulties may we have for some other (hard)
problems? In the first and third examples (optimization of a function and the
traveling salesman problem) the evaluation function was clearly defined; in the
second example (the prisoner’s dilemma) a simple simulation process would give
us an evaluation of a chromosome (we test each player to determine its effec-
tiveness: each player uses the strategy defined by its chromosome to play the
game with other players and the player’s score is its average over all the games
it plays). How should we proceed in a case where the evaluation function is not
clearly defined? For example, the Boolean Satisfiability Problem (SAT) seems
to have a natural string representation (the i-th bit represents the truth value
of the i-th Boolean variable), however, the process of choosing an evaluation
function is far from obvious [90].
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The first example of optimization of an unconstrained function allows us
to use a convenient representation, where any binary string would correspond
to a value from the domain of the problem (i.e., [~1..2]). This means that any
mutation and any crossover would produce a legal offspring. The same was true
in the second example: any combination of bits represents a legal strategy. The
third problem has a single constraint: each city should appear precisely once in
a legal tour. This caused some problems: we used vectors of integers (instead of
binary representation) and we modified the crossover operator. But how should
we approach a constrained problem in general? What possibilities do we have?

The answers are not easy; we explore these issues later in the book.
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To every thing there is a season,
and a time to every purpose under the heaven:

A time to be born and a time to die;
a time to plant, and a time to pluck up
that which is planted;

A time to kill, and a time to heal,
a time to break down, and a time to build up.

The Bible, Ecclesiastes, 3

In this chapter we discuss the actions of a genetic algorithm for a simple param-
eter optimization problem. We start with a few general comments; a detailed
example follows.

Let us note first that, without any loss of generality, we can assume maxi-
mization problems only. If the optimization problem is to minimize a function
f, this is equivalent to maximizing a function g, where g = —f, i.e,,

min f(z) = max g(z) = max{—f(z)}.

Moreover, we may assume that the objective function f takes positive values
on its domain; otherwise we can add some positive constant C, i.e.,

max g(z) = max{g(z) + C}.

Now suppose we wish to maximize a function of k variables, f(zy,...,z¢) :
R* — R. Suppose further that each variable z; can take values from a domain
D; = [a;,b]) € R and f(zy,...,7¢) > 0 for all z; € D;. We wish to optimize
the function f with some required precision: suppose six decimal places for the
variables’ values is desirable.

It is clear that to achieve such precision each domain D; should be cut into
(bi — a;) - 10° equal size ranges. Let us denote by m; the smallest integer such
that (b; — a;) - 108 < 2™ — 1. Then, a representation having each variable z;
coded as a binary string of length m; clearly satisfies the precision requirement.
Additionally, the following formula interprets each such string:

z; = 0; + decimal(1001...001,) - Bizai

2mi-1?
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where decimal(string,) represents the decimal value of that binary string.

Now, each chromosome (as a potential solution) is represented by a binary
string of length m = }:f:l m;; the first m; bits map into a value from the range
[a1,b1], the next group of m, bits map into a value from the range {ay, b2], and
so on; the last group of my bits map into a value from the range [ay, be).

To initialize a population, we can simply set some pop_size number of chro-
mosomes randomly in a bitwise fashion. However, if we do have some knowledge
about the distribution of potential optima, we may use such information in ar-
ranging the set of initial (potential) solutions.

The rest of the algorithm is straightforward: in each generation we evaluate
each chromosome (using the function f on the decoded sequences of variables),
select new population with respect to the probability distribution based on fit-
ness values, and alter the chromosomes in the new population by mutation and
crossover operators. After some number of generations, when no further im-
provement is observed, the best chromosome represents an (possibly the global)
optimal solution. Often we stop the algorithm after a fixed number of iterations
depending on speed and resource criteria.

For the selection process (selection of a new population with respect to the
probability distribution based on fitness values), a roulette wheel with slots
sized according to fitness is used. We construct such a roulette wheel as follows
(we assume here that the fitness values are positive, otherwise, we can use some
scaling mechanism — this is discussed in Chapter 4):

o Calculate the fitness value eval({v;) for each chromosome v; (i = 1,...,
pop_size).

e Find the total fitness of the population
F = Y0252 oyl (v;).

e Calculate the probability of a selection p; for each chromosome v; (i =
1,...,pop_size):

pi = eval(v;)/F.

e Calculate a cumulative probability g; for each chromosome v; (i =
- 1,...,pop_size):

%= E;=1pj-

The selection process is based on spinning the roulette wheel pop_size times;
each time we select a single chromosome for a new population in the following
way:

o Generate a random (float) number r from the range [0..1].

o If r < g, then select the first chromosome (v;); otherwise select the i-th
chromosome v; (2 < i < pop_size) such that ¢,_; <7 < q;.
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Obviously, some chromosomes would be selected more than once. This is in
accordance with the Schema Theorem (see next chapter): the best chromosomes
get more copies, the average stay even, and the worst die off.

Now we are ready to apply the recombination operator, crossover, to the
individuals in the new population. As mentioned earlier, one of the parameters
of a genetic system is probability of crossover p.. This probability gives us the
expected number p, - pop.size of chromosomes which undergo the crossover
operation. We proceed in the following way:

For each chromosome in the (new) population:

o Generate a random (float) number 7 from the range [0..1];
e If r < p,, select given chromosome for crossover.

Now we mate selected chromosomes randomly: for each pair of coupled
chromosomes we generate a random integer number pos from the range [1..m—1]
(m is the total length — number of bits — in a chromosome). The number pos
indicates the position of the crossing point. Two chromosomes

(bibz .. . bposbpost1 - - - by} and
(6162 -+ - CposCpos+1 - - - cm)

are replaced by a pair of their offspring:

(b1by . .. bposCpost1 - - - Cm) and
(0102 cee Cposbpos-H cee b‘m)~

The next operator, mutation, is performed on a bit-by-bit basis. Another
parameter of the genetic system, probability of mutation p,, gives us the ex-
pected number of mutated bits p,, - m - pop_size. Every bit (in all chromosomes
in the whole population) has an equal chance to undergo mutation, i.e., change
from 0 to 1 or vice versa. So we proceed in the following way.

For each chromosome in the current (i.e., after crossover) population and
for each bit within the chromosome:

o Generate a random (float) number r from the range [0..1];
e If r < p,,, mutate the bit.

Following selection, crossover, and mutation, the new population is ready for
its next evaluation. This evaluation is used to build the probability distribution
(for the next selection process), i.e., for a construction of a roulette wheel with
slots sized according to current fitness values. The rest of the evolution is just
cyclic repetition of the above steps (see Figure 0.1 in the Introduction).

The whole process is illustrated by an example. We run a simulation of
a genetic algorithm for function optimization. We assume that the population
size pop_size = 20, and the probabilities of genetic operators are p, = 0.25 and
P = 0.01.

Let us assume also that we maximize the following function:
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flz1,29) = 21.5 4 x, - sin(dwz;) + T2 - sin(20mx,),

where —3.0 < z; < 12.1 and 4.1 < zo < 5.8. The graph of the function f is
given in Figure 2.1.

2

Fig. 2.1. Graph of the function f(x),z2) = 21.5 + x, - sin(4nx,) + 2 - sin(20mzs)

Let assume further that the required precision is four decimal places for each
variable. The domain of variable x; has length 15.1; the precision requirement
implies that the range [—3.0,12.1] should be divided into at least 15.1 - 10000
equal size ranges. This means that 18 bits are required as the first part of the
chromosome:

217 < 151000 < 218,

The domain of variable z, has length 1.7; the precision requirement im-
plies that the range [4.1,5.8] should be divided into at least 1.7 - 10000 equal
size ranges. This means that 15 bits are required as the second part of the
chromosome:

2 < 17000 < 2'5.
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The total length of a chromosome (solution vector) is then m = 18415 = 33
bits; the first 18 bits code x; and remaining 15 bits (19-33) code zs.
Let us consider an example chromosome:

(010001001011010000111110010100010).
The first 18 bits,
010001001011010000,

represent ; = —3.0 + decimal(010001001011010000,) - 255=20 = —3,0 +
70352 « 5iids = —3.0 + 4.052426 = 1.052426.
The next 15 bits,

111110010100010,

represent zp = 4.1 + decimal(111110010100010,) - 38741 = 4.1 4 31906 - 745 =
4.1 4+ 1.655330 = 5.755330.
So the chromosome

(010001001011010000111110010100010)

corresponds to {1, Z,) = (1.052426,5.755330). The fitness value for this chro-
mosome is

£(1.052426, 5.755330) = 20.252640.

To optimize the function f using a genetic algorithm, we create a population
of pop_size = 20 chromosomes. All 33 bits in all chromosomes are initialized
randomly.

Assume that after the initialization process we get the following population:

v, = (100110100000001111111010011011111)
v, = (111000100100110111001010100011010)
vs = (000010000011001000001010111011101)
v, = (100011000101101001111000001110010)
vs = (000111011001010011010111111000101)
vg = (000101000010010101001010111111011)
v; = (001000100000110101111011011111011)
vg = (100001100001110100010110101100111)
vy = (010000000101100010110000001111100)
10 = (000001111000110000011010000111011)
vy, = (011001111110110101100001101111000)
v2 = (110100010111101101000101010000000)
vy3 = (111011111010001000110000001000110)
vy4 = (010010011000001010100111100101001)
v1s = (111011101101110000100011111011110)
v1e = (110011110000011111100001101001011)
v17 = (011010111111001111010001101111101)
v1s = (011101000000001110100111110101101)
v1e = (000101010011111111110000110001100)

( )

9o = (101110010110011110011000101111110
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During the evaluation phase we decode each chromosome and calculate the
fitness function values from (z;, x,) values just decoded. We get:

eval(v;) = f(6.084492, 5.652242) = 26.019600
eval(vy) = £(10.348434, 4.380264) = 7.580015
eval(vs) = f(—2.516603,4.390381) = 19.526329
eval(vy) = f(5.278638, 5.593460) = 17.406725
eval(vs) = f(—1.255173,4.734458) = 25.341160
eval(ve) = f(—1.811725,4.391937) = 18.100417
eval(vy) = f(—0.991471,5.680258) = 16.020812
eval(vs) = f(4.910618,4.703018) = 17.959701
cval(vy) = f(0.795406, 5.381472) = 16.127799
eval(vig) = f(—~2.554851, 4.793707) = 21.278435
eval(vy,) = £(3.130078, 4.996097) = 23.410669
eval(vya) = £(9.356179,4.239457) = 15.011619
eval(viz) = f(11.134646,5.378671) = 27.316702
eval(vig) = £(1.335944, 5.151378) = 19.876294
eval(vis) = £(11.080025, 5.054515) = 30.060205
eval(vis) = £(9.211598, 4.993762) = 23.867227
eval(viy) = f(3.367514, 4.571343) = 13.696165
eval(vig) = £(3.843020,5.158226) = 15.414128
eval(vig) = f(—1.746635, 5.395584) = 20.095903
eval(vy) = [(7.935098,4.757338) = 13.666016

It is clear, that the chromosome w5 is the strongest one, and the chromosome
V2 the weakest.

Now the system constructs a roulette wheel for the selection process. The
total fitness of the population is

F =32 cval(v;) = 387.776822.

The probability of a selection p; for each chromosome v; (i =1,...,20) is:

eval(vy)/F = 0.067099  p,
eval(vs)/F = 0.050355  py

eval(vs)/F = 0.019547
eval(vy)/F = 0.044889

D
D3
ps = eval(vs)/F = 0.065350  pg = eval(vg)/F = 0.046677
P = 61)0,l(’U7)/F = 0.041315 Pg = eval(’vg)/F = 0.046315
)
)

il
[

Do = eval(vg)/F = 0.041590 p1o = eval(v1p)/F = 0.054873
P11 = eval(vy)/F = 0.060372  pio = eval(v,g)/F = 0.038712
P13 = eval(viz)/F = 0.070444  pyy = eval(viy)/F = 0.051257
Pis = eval(vys)/F = 0.077519  p1g = eval(vis)/ F = 0.061549

(
(

P17 = eval(vir)/F = 0.035320 pig = eval(vis)/F = 0.039750

pro = eval(vye)/F = 0.051823 pyy = eval(vy)/F = 0.035244

The cumulative probabilities g; for each chromosome v; (i = 1,. .., 20) are:
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g = 0.067099 g = 0.086647 g3 = 0.137001
gs = 0.247240 gs = 0.293917 g7 = 0.335232
go = 0.423137 gy = 0.478009 g, = 0.538381
q13 = 0.647537 g1q = 0.698794 qy5 = 0.776314
qi7 = 0.873182 g5 = 0.912932 qy¢ = 0.964756
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gs = 0.181890
gs = 0.381546
q12 = 0.577093
q16 = 0.837863
g20 = 1.000000

Now we are ready to spin the roulette wheel 20 times; each time we select
a single chromosome for a new population. Let us assume that a (random)
sequence of 20 numbers from the range [0..1] is:

0.513870 0.175741
0.171736 0.702231
0.703899 0.389647
0.005398 0.765682

The first number r = 0.513870 is greater than qio

0.308652 0.534534
0.226431 0.494773
0.277226 0.368071
0.646473 0.767139

0.947628
0.424720
0.983437
0.780237

and smaller than ¢4,

meaning the chromosome vy, is selected for the new population; the second
number r = 0.175741 is greater than gz and smaller than ¢4, meaning the
chromosome wv4 is selected for the new population, etc.

Finally, the new population consists of the following chromosomes:

v} = (011001111110110101100001101111000) (v ,)
v}, = (100011000101101001111000001110010) (v,)
v = (001000100000110101111011011111011) (wr)
v} = (011001111110110101100001101111000) (v1,)
v} = (000101010011111111110000110001100) (1)
vg = (100011000101101001111000001110010) (wv4)
v}, = (111011101101110000100011111011110) (v15)
v, = (000111011001010011010111111000101) (vs)
vy = (011001111110110101100001101111000) (v1)
v}, = (000010000011001000001010111011101
v}, = (111011101101110000100011111011110

~o~

’03)
V1)
’09)
’05)
’Ug)

)
)
v, = (010000000101100010110000001111100)
v, = (000101000010010101001010111111011)
v, = (100001100001110100010110101100111)
v, = (101110010110011110011000101111110) (vsp)
vl = (100110100000001111111010011011111) (w,)
v, = (000001111000110000011010000111011) (v,0)
v, = (111011111010001000110000001000110) (v,3)
v}y = (111011101101110000100011111011110) (v;5)
v)o = (110011110000011111100001101001011) (wy6)

(
(
(
(
(
(
(
(

Now we are ready to apply the recombination operator, crossover, to the
individuals in the new population (vectors v}). The probability of crossover
p. = 0.25, so we expect that (on average) 25% of chromosomes (i.e., 5 out of
20) undergo crossover. We proceed in the following way: for each chromosome
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in the (new) population we generate a random number r from the range [0..1];
if 7 < 0.25, we select a given chromosome for crossover.
Let us assume that the sequence of random numbers is:

0.822951 0.151932 0.625477 0.314685 0.346901
0.917204 0.519760 0.401154 0.606758 0.785402
0.031523 0.869921 0.166525 0.674520 0.758400
0.581893 0.389248 0.200232 0.355635 0.826927

This means that the chromosomes v}, v},, v}z, and v} were selected for
crossover. (We were lucky: the number of selected chromosomes is even, so
we can pair them easily. If the number of selected chromosomes were odd, we
would either add one extra chromosome or remove one selected chromosome
— this choice is made randomly as well.) Now we mate selected chromosomes
randomly: say, the first two (i.e., v} and v,) and the next two (i.e., vi; and
v}s) are coupled together. For each of these two pairs, we generate a random
integer number pos from the range [1..32] (33 is the total length — number of
bits — in a chromosome). The number pos indicates the position of the crossing
point. The first pair of chromosomes is

v, = (100011000{101101001111000001110010)
v}, = (111011101|101110000100011111011110)

and the generated number pos = 9. These chromosomes are cut after the 9th
bit and replaced by a pair of their offspring:

vy = (100011000/101110000100011111011110)
v/, = (111011101|101101001111000001110010).

The second pair of chromosomes is

v'; = (00010100001001010100/1010111111011)
vy = (11101111101000100011|0000001000110)

and the generated number pos = 20. These chromosomes are replaced by a pair
of their offspring:

vfy = (00010100001001010100{0000001000110)

vl = (11101111101000100011{1010111111011).
The current version of the population is:

vy = (011001111110110101100001101111000)
vy = (100011000101110000100011111011110)
vy = (001000100000110101111011011111011)
v, = (011001111110110101100001101111000)
vy = (000101010011111111110000110001100)
vg = (100011000101101001111000001110010)
v, = (111011101101110000100011111011110)
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v = (000111011001010011010111111000101)
= (011001111110110101100001101111000)

[~
©
I

(000010000011001000001010111011101)
v/, = (111011101101101001111000001110010)
v}, = (010000000101100010110000001111100)
vy = (000101000010010101000000001000110)
v, = (100001100001110100010110101100111)
v}, = (101110010110011110011000101111110)
v/, = (100110100000001111111010011011111)
|, = (000001111000110000011010000111011)
(
(

<
=)
I

vy = (111011111010001000111010111111011)
v}y = (111011101101110000100011111011110)
vho = (110011110000011111100001101001011)

The next operator, mutation, is performed on a bit-by-bit basis. The prob-
ability of mutation p,, = 0.01, so we expect that (on average) 1% of bits would
undergo mutation. There are m X pop-size = 33 x 20 = 660 bits in the whole
population; we expect (on average) 6.6 mutations per generation. Every bit has
an equal chance to be mutated, so, for every bit in the population, we generate
a random number 7 from the range [0..1]; if 7 < 0.01, we mutate the bit.

This means that we have to generate 660 random numbers. In a sample
run, 5 of these numbers were smaller than 0.01; the bit number and the random
number are listed below:

Bit Random
position | number
112 0.000213
349 0.009945
418 0.008809
429 0.005425
602 0.002836

The following table translates the bit position into chromosome number and
the bit number within the chromosome:

Bit Chromosome { Bit number within
position number chromosome

112 4 13

349 11 19

418 13 22

429 13 33

602 19 8

This means that four chromosomes are affected by the mutation operator;
one of the chromosomes (the 13th) has two bits changed.

The final population is listed below; the mutated bits are typed in boldface.
We drop primes for modified chromosomes: the population is listed as new
vectors v;:
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v; = (011001111110110101100001101111000)
vy = (100011000101110000100011111011110)
vz = (001000100000110101111011011111011)
vy = (011001111110010101100001101111000)
vs = (000101010011111111110000110001100)
vg = (100011000101101001111000001110010)
vy = (111011101101110000100011111011110)
vg = (000111011001010011010111111000101)
vy = (011001111110110101100001101111000)
v = (000010000011001000001010111011101)
vy, = (111011101101101001011000001110010)
vy = (010000000101100010110000001111100)
w33 = (000101000010010101000100001000111)
v14 = (100001100001110100010110101100111)
v15 = (101110010110011110011000101111110)
v = (100110100000001111111010011011111)
v17 = (000001111000110000011010000111011)
vg = (111011111010001000111010111111011)
19 = (111011100101110000100011111011110)
v9o = (110011110000011111100001101001011)

We have just completed one iteration (i.e., one generation) of the while loop
in the genetic procedure (Figure 0.1 from the Introduction). It is interesting to
examine the results of the evaluation process of the new population. During the
evaluation phase we decode each chromosome and calculate the fitness function
values from (z1,z5) values just decoded. We get:

eval(vy) = £(3.130078,4.996097) = 23.410669

eval(vy) = f(5.279042,5.054515) = 18.201083
eval(vs) = f(—0.991471,5.680258) = 16.020812
eval(vy) = f(3.128235,4.996097) = 23.412613
eval(vs) = f(—1.746635,5.395584) = 20.095903
eval(vg) = f(5.278638,5.593460) = 17.406725
eval(vy) = f(11.089025,5.054515) = 30.060205
eval(vs) = f(—1.255173,4.734458) = 25.341160

eval(vy) = f(3.130078,4.996097) = 23.410669
eval(vig) = f(—2.516603,4.390381) = 19.526329
eval(vir) = f(11.088621, 4.743434) = 33.351874
eval(via) = £(0.795406, 5.381472) = 16.127799
eval(vis) = f(—1.811725,4.209937) = 22.692462
eval(vys) = f(4.910618,4.703018) = 17.959701
eval(vys) = £(7.935998,4.757338) = 13.666916
eval(vig) = £(6.084492, 5.652242) = 26.019600
eval(vyy) = f(—2.554851,4.793707) = 21.278435
eval(vig) = f(11.134646,5.666976) = 27.591064
eval(vig) = f(11.059532,5.054515) = 27.608441
eval(vy) = f(9.211598, 4.993762) = 23.867227
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Note that the total fitness of the new population F' is 447.049688, much
higher than total fitness of the previous population, 387.776822. Also, the best
chromosome now (w;;) has a better evaluation (33.351874) than the best chro-
mosorme (vis) from the previous population (30.060205).

Now we are ready to run the selection process again and apply the genetic
operators, evaluate the next generation, etc. After 1000 generations the popu-
lation is:

v, = (111011110110011011100101010111011)
v, = (111001100110000100010101010111000)
vy = (111011110111011011100101010111011)
vs = (111001100010000110000101010111001)

Vs 111011110111011011100101010111011)
Vs 111001100110000100000100010100001)
vy = (110101100010010010001100010110000)
Vg 111101100010001010001101010010001)

Vg
Vo =

= (
= (
(
= (
(111001100010010010001100010110001)
(111011110111011011100101010111011)
11 = (110101100000010010001100010110000)
v15 = (110101100010010010001100010110001)

(

(

(

(

(

(

(

vy3 = (111011110111011011100101010111011)
14 = (111001100110000100000101010111011)
v)5 = (111001101010111001010100110110001)
v16 = (111001100110000101000100010100001)

)

111001100110000100000101010111011
v1s = (111001100110000100000101010111001)
w19 = (111101100010001010001110000010001)
v = (111001100110000100000101010111001)

V7 =

The fitness values are:

eval(vy) = £(11.120940, 5.092514) = 30.298543
eval(vy) = f(10.588756, 4.667358) = 26.869724
eval(vy) = f(11.124627, 5.092514) = 30.316575
eval(vy) = £(10.574125,4.242410) = 31.933120
eval(vs) = f(11.124627,5.092514) = 30.316575
eval(vg) = f(10.588756,4.214603) = 34.356125
eval(vy) = £(9.631066,4.427881) = 35.458636

eval(vs) = f(11.518106, 4.452835) — 23.309078
eval(ve) = f(10.574816,4.427933) = 34.303820
eval(vio) = £(11.124627,5.092514) = 30.316575
eval(vy) = £(9.623693, 4.427881) = 35.477938

eval(vi) = £(9.631066,4.427933) = 35.456066

)
)
eval(vis) = f(11.124627,5.002514) = 30.316575
eval(via) = £(10.588756,4.242514) = 32.932098
eval(vis) = f(10.606555,4.653714) = 30.746768
eval(vig) = £(10.588814, 4.214603) = 34.359545
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eval(vi7) = £(10.588756, 4.242514) = 32.932098
eval(vys) = £(10.588756,4.242410) = 32.956664
eval(vip) = f(11.518106,4.472757) = 19.669670
eval(va) = £(10.588756,4.242410) = 32.956664

However, if we look carefully at the progress during the run, we may discover
that in earlier generations the fitness values of some chromosomes were better
than the value 35.477938 of the best chromosome after 1000 generations. For
example, the best chromosome in generation 396 had value of 38.827553. This
is due to the stochastic errors of sampling — we discuss this issue in Chapter
4.

It is relatively easy to keep track of the best individual in the evolution
process. It is customary (in genetic algorithm implementations) to store “the
best ever” individual at a separate location; in that way, the algorithm would
report the best value found during the whole process (as opposed to the best
value in the final population).
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Species do not evolve to perfection, but
quite the contrary. The weak, in fact,
always prevail over the strong, not only
because they are in the majority, but also
because they are the more crafty.

Friedrich Nietzsche, The Twilight of the Idols

The theoretical foundations of genetic algorithms rely on a binary string rep-
resentation of solutions, and on the notion of a schema (see e.g., [188]) — a
template allowing exploration of similarities among chromosomes. A schema is
built by introducing a don’t care symbol (*) into the alphabet of genes. A schema
represents all strings (a hyperplane, or subset of the search space), which match
it on all positions other than ‘x’.

For example, let us consider the strings and schemata of the length 10, The
schema (11110010 0) matches two strings

{(0111100100), (1111100100)},
and the schema (¥ 1411001 0 0) matches four strings:
{(0101100100), (0111100100), (1101100100), (1111100100)}.

Of course, the schema (1 0 0 1 1 1 0 0 0 1) represents one string only:
(1001110001), and the schema (x*x%**%**x) represents all strings of length 10.
It is clear that every schema matches exactly 2" strings, where r is the number
of don’t care symbols ‘+’” in a schema template. On the other hand, each string of
the length m is matched by 2™ schemata. For example, let us consider a string
(1001110001). This string is matched by the following 2!° schemata:

(1001110001)
(*001110001)
(1x01110001)
(10x1110001)

(100111000%)
(*x01110001)
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(x0x1110001)

(10011100%%)
(**%x1110001)

(Fxk *k* % &k %),

Considering strings of the length m, there are in total 3™ possible schemata.
In a population of size n, between 2™ and n - 2™ different schemata may be
represented.

Different schemata have different characteristics. We have already noticed
that the number of don’t care conditions x in a schema determines the number
of strings matched by the schema. There are two important schema properties,
order and defining length; the Schema Theorem will be formulated on the basis
of these properties.

The order of the schema S (denoted by o(S)) is the number of 0 and 1
positions, i.e., fired positions (non-don’t care positions), present in the schema.
In other words, it is the length of the template minus the number of don’t care
(x) symbols. The order defines the speciality of a schema. For example, the
following three schemata, each of length 10,

S1=(x*x+x001%110),
S = (****00%x0 %),
Ss=(11101%%001),

have the following orders:
O(Sl) = .6) 0(52) = 3, and 0(53) = 8)

and the schema S3 is the most specific one.

The notion of the order of a schema is useful in calculating survival proba-
bilities of the schema for mutations; we discuss it later in the chapter.

The defining length of the schema S (denoted by §(5)) is the distance be-
tween the first and the last fixed string positions. It defines the compactness of
information contained in a schema. For example,

6(51)210—426,5(Sg)=9—5=4,and5(53)=10—1=9

Note that the schema with a single fixed position has a defining length of zero.
The notion of the defining length of a schema is useful in calculating survival
probabilities of the schema for crossovers; we discuss it later in the chapter.
As discussed earlier, the simulated evolution process of genetic algorithms
consists of four consecutively repeated steps:

te—t+1

select P(t) from P(t —1)
recombine P(t)

evaluate P(t)
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The first step (¢ « ¢+ 1) simply moves the evolution clock one unit further;
during the last step (evaluate P(¢)) we just evaluate the current population. The
main phenomenon of the evolution process occurs in two remaining steps of the
evolution cycle: selection and recombination. We discuss the effect of these two
steps on the expected number of schemata represented in the population. We
start with the selection step; we illustrate all formulae by a running example.

Let us assume, the population size pop_size = 20, the length of a string
(and, consequently, the length of a schema template} is m = 33 (as in the
running example discussed in the previous chapter). Assume further that (at
the time ¢) the population consists of the following strings:

vy = (100110100000001111111010011011111)
vy = (111000100100110111001010100011010)
vs = (000010000011001000001010111011101)
v = (100011000101101001111000001110010)
vs = (000111011001010011010111111000101)
ve = (000101000010010101001010111111011)
vy = (001000100000110101111011011111011)
vs = (100001100001110100010110101100111
ve = (010000000101100010110000001111100
1o = (000001111000110000011010000111011
vy; = (011001111110110101100001101111000
v12 = (110100010111101101000101010000000)

(

(

N e e e

w13 = (111011111010001000110000001000110)
v14 = (010010011000001010100111100101001)
v15 = (111011101101110000100011111011110) .-
v16 = (110011110000011111100001101001011)
vy7 = (011010111111001111010001101111101)
v1g = (011101000000001110100111110101101)
v19 = (000101010011111111110000110001100)
vgo = (101110010110011110011000101111110)

Let us denote by £(S,t) the number of strings in a population at the time
t, matched by schema S. For example, for a given schema

So = (Fkkr1 1 1okookokokshknhkdsskkxkkkkkkxkxskkx),

&(Sp, t) = 3, since there are 3 strings, namely 0,3, v15, and v;6, matched by the
schema Sy. Note that the order of the schema Sy, 0(Sp) = 3, and its defining
length 6(Sp) =7—-5=2.

Another property of & schema is its fitness at time t, eval(S, t). It is defined
as the average fitness of all strings in the population matched by the schema
S. Assume there are p strings {v;,,...,;,} in the population matched by a
schema § at the time ¢. Then

eval(S,t) = Y5, eval(v;;)/p.
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During the selection step, an intermediate population is created: pop_size =
20 single string selections are made. Each string is copied zero, one, or more
times, according to its fitness. As we have seen in the previous chapter, in a
single string selection, the string v; has probability p; = eval(v;)/F(t) to be
selected (F(t) is the total fitness of the whole population at time t, F(t) =
T2, eval(v;)).

After the selection step, we expect to have £(S,t + 1) strings matched by
schema. S. Since (1) for an average string matched by a schema S, the probability
of its selection (in a single string selection) is equal to eval(S,t)/F(t), (2) the
number of strings matched by a schema S is £(S,¢), and (3) the number of
single string selections is pop_size, it is clear that

£(S,t+ 1) =¢(S,t) - pop_size - eval(S,t)/ F(t),

We can rewrite the above formula: taking into account that the average fitness
of the population F(t) = F(t)/pop-size, we can write:

£(S,t+ 1) = £(S,t) - eval(S, t)/FR). (3.1)

In other words, the number of strings in the population grows as the ratio
of the fitness of the schema to the average fitness of the population. This means
that an “above average” schema receives an increasing number of strings in
the next generation, a “below average” scheme receives decreasing number of
strings, and an average schema stays on the same level.

The long-term effect of the above rule is also clear. If we assume that a

schema S remains above average by €% (i.e., eval(S,t) = F(t) + ¢ - F(t)), then
5(5, t) = f(S, 0)(1 + 6)tv

and € = (eval(S,t) — F(t))/F(t) (e > 0 for above average schemata and ¢ < 0
for below average schemata).

This is a geometric progression equation: now we can say not only that an
“above average” schema receives an increasing number of strings in the next
generation, but that such a schema receives an exponentially increasing number
of strings in the next generations. -

We call the equation (3.1) the reproductive schema growth equation.

Let us return to the example schema, Sy. Since there are 3 strings, namely

V13, V15, and vy (at the time t) matched by the schema Sy, the fitness eval(Sp)
of the schema is

eval(Sp, t) = (27.316702 + 30.060205 + 23.867227)/3 = 27.081378.
At the same time, the average fitness of the whole population is
F(t) = =2, eval(v;) /pop-size = 387.776822/20 = 19.388841,

and the ratio of the fitness of the schema Sy to the average fitness of the popu-
lation is
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eval(So,t)/F(t) = 1.396751.

This means that if the schema Sy stays above average, then it receives an expo-
nentially increasing number of strings in the next generations. In particular, if
the schema Sy stays above average by the constant factor of 1.396751, then, at
time t + 1, we expect to have 3 x 1.396751 = 4.19 strings matched by Sy (i-e.,
most likely 4 or 5), at time ¢ + 2: 3 x 1.3967512 = 5.85 such strings (i.e., very
likely, 6 strings), etc.

The intuition is that such a schema Sy defines a promising part of the search
space and is being sampled in an exponentially increased manner.

Let us check these predictions on our running example for the schema Sy.
In the population at the time ¢, the schema Sy matched 3 strings, vis, v15, and
v16. In the previous chapter we simulated the selection process using the same
population. The new population consists of the following chromosomes:

v} = (011001111110110101100001101111000) (v11)

000111011001010011010111111000101) (wvs)

S
~oo™
I

v}, = (100011000101101001111000001110010) ()
v}, = (001000100000110101111011011111011) (v-)
v, = (011001111110110101100001101111000) (v1;)
v, = (000101010011111111110000110001100) (vy,)
v}, = (100011000101101001111000001110010) (vs)
vy = (111011101101110000100011111011110) (v,5)
( )
vy = (011001111110110101100001101111000) (vy,)
vl = (000010000011001000001010111011101) (vs)
v}, = (111011101101110000100011111011110) (v;5)
v}, = (010000000101100010110000001111100) (vo)
vl = (000101000010010101001010111111011) (vg)
vl = (100001100001110100010110101100111) (vs)
vl = (101110010110011110011000101111110) (v30)
v}; = (111001100110000101000100010100001) (v.)
v); = (111001100110000100000101010111011) (w10)
vl = (111011111010001000110000001000110) (v,3)
vl = (111011101101110000100011111011110) (v,5)

v} = (110011110000011111100001101001011) (v1g)

Indeed, the schema Sy now (time ¢+ 1) matches 5 strings: v%, v},, vig, vig, and
Vg

However, selection alone does not introduce any new points (potential solu-
tions) for consideration from the search space; selection just copies some strings
to form an intermediate population. So the second step of the evolution cycle,
recombination, takes the responsibility of introducing new individuals in the
population. This is done by two genetic operators: crossover and mutation. We
discuss the effect of these two operators on the expected number of schemata
in the population in turn.

Let us start with crossover and consider the following example. As discussed
earlier in the chapter, a single string from the population, say, v/g
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{111011111010001000110000001000110),

is matched by 2%° schemats; in particular, the string is matched by these two
schemata:

So = (%% kk L 1 1okokskkkokkkkkkk*&k*%xkkk**xx)and
S1=(111xkxnkkskkhkxkkhkkk*kkkkkxxkx*10).

Let us assume further that the above string was selected for crossover (as hap-
pened in Chapter 2). Assume further (according to experiments from Chapter
2, where v}g was crossed with v];) that the generated crossing site pos = 20. It
is clear that the schema Sy survives such a crossover, i.e., one of the offspring
still matches Sy. The reason is that the crossing site preserves the sequence ‘111’
on the fifth, sixth, and seventh positions in the string in one of the offsprings:
a pair

v = (11101111101000100011]0000001000110),
v)5 = (00010100001001010100]1010111111011),

would produce

vl = (11101111101000100011]1010111111011),
", = (00010100001001010100{0000001000110).

On the other hand, the schema S; would be destroyed: none of the offspring
would match it. The reason is that the fixed positions ‘111" at the beginning
of the template and the fixed positions ‘10’ at the end are placed in different
offspring.

It should be clear that the defining length of a schema plays a significant
role in the probability of its destruction and survival. Note, that the defining
length of the schema Sy was 6(Sp) = 2, and the defining length of the schema
S] was 6(S1) = 32.

In general, a crossover site is selected uniformly among m — 1 possible sites.
This implies that the probability of destruction of a schema S is

pa(S) = &5

m—1"'

and consequently, the probability of schema survival is
S
ps(S ) =1- %_—)1

Indeed, the probabilities of survival and destruction of our example schemata
SO and Sl are:

pd(SO) = 2/32, ps(So) = 30/32, pd(Sl) = 32/32 = 1, pd(Sl) = 0,

so the outcome was predictable.

It is important to note that only some chromosomes undergo crossover and
the selective probability of crossover is p.. This means that the probability of a
schema survival is in fact:
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ps(S)=1-p- 6;(5—1

Again, referring to our example schema Sy and the running example (p, = 0.25):
ps(So) =1-0.25- 3—22 = 63/64 = 0.984375.

Note also that even if a crossover site is selected between fixed positions
in a schema, there is still a chance for the schema to survive. For example, if
both strings v and v}, started with ‘111’ and ended with ‘10’, the schema S,
would survive crossover {however, the probability of such event is quite small).
Because of that, we should modify the formula for the probability of schema
survival:

5(S
ps(S) > 1—pc- m_)1~
So the combined effect of selection and crossover gives us a new form of the
reproductive schema growth equation:

£(S,t+1) > &(S,1) - eval(S,t)/F(t) [1 — Pe - %} . (3.2)

The equation (3.2) tells us about the expected number of strings matching
a schema S in the next generation as a function of the actual number of strings
matching the schema, relative fitness of the schema, and its defining length. It
is clear that above-average schemata with short defining length would still be
sampled at exponentially increased rates. For the schema Sy:

eval(So,t)/F(£) [1 — pe - 28] = 1.396751 - 0.984375 = 1.374927.

m—1

This means that the short, above-average schema Sy would still receive an ex-
ponentially increasing number of strings in the next generations: at time (¢ +1)
we expect to have 3 x 1.374927 = 4.12 strings matched by Sy (only slightly
less than 4.19 — a value we got considering selection only), at time (¢ + 2):
3 x 1.374927? = 5.67 such strings (again, slightly less than 5.85).

The next operator to be considered is mutation. The mutation operator
randomly changes a single position within a chromosome with probability p,.
The change is from zero to one or vice versa. It is clear that all of the fixed
positions of a schema must remain unchanged if the schema survives mutation.
For example, consider again a single string from the population, say, v/g:

(111011101101110000100011111011110)
and schema Sy:
So = (kxx kL L1 kkk ok k ok ok &k ok &k ok Kok ok k& kK Kk ok &k k).

Assume further that the string v}y undergoes mutation, i.e., at least one bit is
flipped, as happened in the previous chapter. (Recall also that four strings un-
derwent mutation there: one of these strings, v};, was mutated at two positions,
three other strings — including vy — at one.) Since v}y was mutated at the
8th position, its offspring,
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v’y = (111011100101110000100011111011110)

still is matched by the schema Sp. If the selected mutation positions were from
1 to 4, or from 8 to 33, the resulting offspring would still be matched by Sp.
Only 3 bits (fifth, sixth, and seventh — the fixed bit positions in the schema
So) are “important”: mutation of at least one of these bits would destroy the
schema Sy. Clearly, the number of such “important” bits is equal to the order
of the schema, i.e., the number of fixed positions.

Since the probability of the alteration of a single bit is p,,, the probability
of a single bit survival is 1 — p,,. A single mutation is independent from other
mutations, so the probability of a schema S surviving a mutation (i.e., sequence
of one-bit mutations) is

ps(S)=(1 _pm)o(s)-

Since p,, < 1, this probability can be approximated by:
ps(S) = 1 —0(8S) - pm.

Again, referring to our example schema Sy and the running example (p, =
0.01):

ps(So) &~ 1—3-0.01 =0.97.

The combined effect of selection, crossover, and mutation gives us a new form
of the reproductive schema growth equation:

(5,14 1) > €(S,1) - eval(,1)/F0) |1 = po- %

—o(S) - pm|. (3.3)
As in the simpler forms (equations (3.1) and (3.2)), equation (3.3) tells us about
the expected number of strings matching a schema S in the next generation as
a function of the actual number of strings matching the schema, the relative
fitness of the schema, and its defining length and order. Again, it is clear that
above-average schemata with short defining length and low-order would still be
sampled at exponentially increased rates.
For the schema Sy:

eval(So, t)/F(t) [1 = pe - 25 = 0(S0) - pm| = 1.396751 - 0.954375 =
1.333024.

This means that the short, low-order, above-average schema Sy would still re-
ceive an exponentially increasing number of strings in the next generations: at
time (¢ + 1) we expect to have 3 x 1.333024 = 4.00 strings matched by Sp
(not much less than 4.19 — a value we got considering selection only, or than
4.12 — a value we got considering selections and crossovers), at time (¢ + 2):
3 x 1.3330242 = 5.33 such strings (again, not much less than 5.85 or 5.67).
Note that equation (3.3) is based on the assumption that the fitness function
f returns only positive values; when applying GAs to optimization problems



3. GAs: Why Do They Work? 53

where the optimization function may return negative values, some additional
mapping between optimization and fitness functions is required. We discuss
these issues in the next chapter.

In summary, the growth equation (3.1) shows that selection increases the
sampling rates of the above-average schemata, and that this change is exponen-
tial. The sampling itself does not introduce any new schemata (not represented
in the initial ¢ = 0 sampling). This is exactly why the crossover operator is intro-
duced — to enable structured, yet random information exchange. Additionally,
the mutation operator introduces greater variability into the population. The
combined (disruptive) effect of these operators on a schema is not significant if
the schema is short and low-order. The final result of the growth equation (3.3)
can be stated as:

Theorem 1 (Schema Theorem.) Short, low-order, above-average schemata
recetve exponentially increasing trials in subsequent gemerations of a genetic
algorithm.

An immediate result of this theorem is that GAs explore the search space
by short, low-order schemata which, subsequently, are used for information ex-
change during crossover:

Hypothesis 1 (Building Block Hypothesis.) A genetic algorithm seeks
near-optimal performance through the juxtaposition of short, low-order, high-
performance schemata, called the building blocks.

As stated in [154]:

“Just as a child creates magnificent fortresses through the arrange-
ment of simple blocks of wood, so does a genetic algorithm seek near
optimal performance through the juxtaposition of short, low-order,
high performance schemata.”

We have seen a perfect example of a building block through this chapter:
So = (Fdkx 1 11 koo kokokk k& ko k ko ok ok ko k& & ok ok ok k).

So is a short, low-order schema, which (at least in early populations) was also
above average. This schema contributed towards finding the optimum.

Although some research has been done to prove this hypothesis [38], for
most nontrivial applications we rely mostly on empirical results. During the
last fifteen years many GAs applications were developed which supported the
building block hypothesis in many different problem domains. Nevertheless,
this hypothesis suggests that the problem of coding for a genetic algorithm is
critical for its performance, and that such a coding should satisfy the idea of
short building blocks.

Earlier in the chapter we stated that a population of pop_size individuals of
length m processes at least 2™ and at most 2PP-5i#¢ schemata. Some of them are
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processed in a useful manner: these are sampled at the (desirable) exponentially
increasing rate, and are not disrupted by crossover and mutation (which may
happen for long defining length and high-order schemata).

Holland [188] showed, that at least pop_size® of them are processed usefully
— he has called this property an implicit parallelism, as it is obtained without
any extra memory/processing requirements. It is interesting to note that in a
population of pop.size strings there are many more than pop_size schemata
represented.!

This constitutes possibly the only known example of a combinatorial explo-
sion working to our advantage instead of our disadvantage.

In this chapter we have provided some standard explanations for why genetic
algorithms work. Note, however, that the building block hypothesis is just an
article of faith, which for some problems is easily violated. For example, assume
that the two short, low-order schemata (this time, let us consider schemata of
the total length of 11 positions):

S1=(111xxxxx*%x)and
Sy = (xkkkkkrx*11)

are above average, but their combination
Sy=(111xk*xxxx11)

is much less fit than
Sy =(000*%x*xxxx00).

Assume further that the optimal string is so = (1111111111111) (S5 matches it).
A genetic algorithm may have some difficulties in converging to s, since it may
tend to converge to points like (00011111100). This pheniomenon is called decep-
tion [38], [154}: some building blocks (short, low-order schemata) can mislead
genetic algorithm and cause its convergence to suboptimal points.

A phenomenon of deception is strongly connected with the concept of epis-
tasis , which (in terms of genetic algorithms) means strong interaction among
genes in a chromosome.? In other words, epistasis measures the extent to which
the contribution to fitness of one gene depends on the values of other genes. For
a given problem, high degree of epistasis means that building blocks can not
form; consequently, the problem is deceptive.

Three approaches were proposed to deal with deception (see [155]). The
first one assumes prior knowledge of the objective function to code it in an
appropriate way (to get ‘tight’ building blocks). For example, prior knowledge
about the objective function, and consequently about the deception, might re-
sult in a different coding, where the five bits required to optimize the function
are adjacent, instead of being six positions apart.

'Recently, Bertoni and Dorigo [36] shown that the pop_size® estimate is correct only in
the particular case when pop_size is proportional to 2! and provided a more general analysis.

2Geneticists use the term epistasis for masking or switching effect: a gene is epistatic if its
presence suppresses the effect of a gene at another locus.
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The second approach uses the third genetic operator, inversion. Simple in-
version is (like mutation) a unary operator: it selects two points within a string
and inverts the order of bits between selected points, but remembering the bit’s
‘meaning’. This means that we have to identify bits in the strings: we do so by
keeping bits together with a record of their original positions. For example, a
string

s = ((1,0)(2,0)(3,0)1(4,1)(5,1)(6,0)(7, 1)|(8, 0)(9, 0)(10,0)(11, 1))
with two marked points, after inversion becomes
s' = ((1,0)(2,0)(3,0)|(7,1)(6,0)(5,1)(4, 1)|(8,0)(9,0)(10,0)(11, 1)).

A genetic algorithm with inversion as one of the operators searches for the best
arrangements of bits for forming building blocks. For example, the desirable
schema considered earlier

S3=(111x*xx*xx%11),
rewritten as

S = ((1,1)(2, 1)(3, 1)(4, 4)(5, %) (6, #)(7, #)(8, #)(9, %) (10, 1)(11, 1),
might be regrouped (after successful inversion) into

83 = ((1,1)(2,1)(3, 1)(11, 1) (10, 1)(9, %)(8, %)(7, %) (6, %)(5, %) (4, %)),
making an important building block. However, as stated in [155]:

“An earlier study [160] argued that inversion — a unary operator
— was incapable of searching efficiently for tight building blocks
because it lacked the power of juxtaposition inherent in binary op-
erators. Put another way, inversion is to orderings what mutation
is to alleles: both fight the good fight against search-stopping lack
of diversity, but neither is sufficiently powerful to search for good
structures, allelic or permutational, on its own when good structures
require epistatic interaction of the individual parts.”

The third approach to fight the deception was proposed recently [155, 159]: a
messy genetic algorithm (mGA). Since mGAs have other interesting properties
as well, we discuss them briefly in the next chapter (section 4.6).



4. GAs: Selected Topics

A man once saw a butterfly
struggling to emerge from

its cocoon, too slowly

for his taste, so he began

to blow on it gently. The

warmth of his breath speeded

up the process all right. But
what emerged was not a butterfly
but a creature with mangled
wings.

Anthony de Mello, One Minute Wisdom

GA theory provides some explanation why, for a given problem formulation, we
may obtain convergence to the sought optimal point. Unfortunately, practical
applications do not always follow the theory, with the main reasons being:

e the coding of the problem often moves the GA to operate in a different
space than that of the problem itself,

e there is a limit on the hypothetically unlimited number of iterations, and
e there is a limit on the hypothetically unlimited population size.

One of the implications of these observations is the inability of GAs, under
certain conditions, to find the optimal solutions; such failures are caused by
a premature convergence to a local optimum. The premature convergence is a
common problem of genetic algorithms and other optimization algorithms. If
convergence occurs too rapidly, then the valuable information developed in part
of the population is often lost. Implementations of genetic algorithms are prone
to converge prematurely before the optimal solution has been found, as stated
in [46):

“...While the performance of most implementations is comparable
to or better than the performance of many other search techniques,
it [GA] still fails to live up to the high expectations engendered by
the theory. The problem is that, while the theory points to sampling
rates and search behavior in the limit, any implementation uses a
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finite population or set of sample points. Estimates based on finite
samples inevitably have a sampling error and lead to search trajecto-
ries much different from those theoretically predicted. This problem
is manifested in practice as a premature loss of diversity in the pop-
ulation with the search converging to a sub-optimal solution.”

Eshelman and Schaffer [105] discuss a few strategies for combating premature
convergence; these include (1) a mating strategy, called incest prevention,! (2)
a use of uniform crossover (see section 4.6), and (3) detecting duplicate strings
in the population (similar to the crowding model; see section 4.1).

However, most of research in this area relates to:

e the magnitude and kind of errors introduced by the sampling mechanism,
and

e the characteristics of the function itself.

These two issues are closely related; however, we discuss them in turn (sections
4.1 and 4.2). Additional two sections present a result on the convergence of
a class of genetic algorithms (called contractive mapping genetic algorithms),
which is based on Banach fixpoint theorem (section 4.3), and the first results of
some experiments with genetic algorithms with varying population size (section
4.4). Section 4.5 discusses briefly a few constraint handling methods, and the
last section presents some additional ideas for enhancing the genetic search.

4.1 Sampling mechanism

It seems that there are two important issues in the evolution process of the
genetic search: population diversity and selective pressure. These factors are
strongly related: an increase in the selective pressure decreases the diversity of
the population, and vice versa. In other words, strong selective pressure “sup-
ports” the premature convergence of the GA search; a weak selective pressure
can make the search ineffective. Thus it is important to strike a balance be-
tween these two factors; sampling mechanisms are attempt to achieve this goal.

As observed by Whitley [395]:

“It can be argued that there are only two primary factors (and
perhaps only two factors) in genetic search: population diversity and
selective pressure [...] In some sense this is just another variation on
the idea of exploration versus exploitation that has been discussed
by Holland and others. Many of the various parameters that are used
to ‘tune’ genetic search are really indirect means of affecting selective
pressure and population diversity. As selective pressure is increased,
the search focuses on the top individuals in the population, but

1For additional information on an incest prevention technique applied to the TSP, see the
end of Chapter 10.
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because of this ‘exploitation’ genetic diversity is lost. Reducing the
selective pressure (or using larger population) increases ‘exploration’
because more genotypes and thus more schemata are involved in the
search.”

The first, and possibly the most recognized work, was due to DeJong [82]
in 1975. He considered several variations of the simple selection presented in
the previous chapter. The first variation, named the elitist model, enforces pre-
serving the best chromosome. The second variation, the ezpected value model,
reduces the stochastic errors of the selection routine. This is done by introduc-
ing a count for each chromosome v, which is set initially to the f(v)/f value
and decreased by 0.5 or 1 when the chromosome is selected for reproduction
with crossover or mutation, respectively. When the chromosome count falls be-
low zero, the chromosome is not available for selection any longer. In the third
variation, the elitist expected value model, the first two variations are combined
together. In the fourth model, the crowding factor model, a newly generated
chromosome replaces an “old” one and the doomed chromosome is selected
from those which resemble the new one.

In 1981 Brindle [49] considered some further modifications: deterministic
sampling, remainder stochastic sampling without replacement, stochastic tour-
nament, and remainder stochastic sampling with replacement. This study con-
firmed the superiority of some of these modifications over simple selection. In
particular, the remainder stochastic sampling with replacement method, which
allocates samples according to the integer part of the expected value of occur-
rences of each chromosome in a new population and where the chromosomes
compete according to the fractional parts for the remaining places in the popula-
tion, was the most successful one and adopted by many researchers as standard.
In 1987 Baker [23] provided a comprehensive theoretical study of these modifi-
cations using some well defined measures, and also presented a new improved
version called stochastic universal sampling. This method uses a single wheel
spin. This wheel, which is constructed in the standard way (Chapter 2), is spun
with a number of equally spaced markers equal to the population size as opposed
to a single one.

Other methods to sample a population are based on introducing artificial
weights: chromosomes are selected proportionally to their rank rather than ac-
tual evaluation values (see e.g., [22], [395]). These methods are based on a belief
that the common cause of rapid (premature) convergence is the presence of super
individuals, which are much better than the average fitness of the population.
Such super individuals have a large number of offspring and (due to the con-
stant size of the population) prevent other individuals from contributing any
offspring in next generations. In a few generations a super individual can elimi-
nate desirable chromosomal material and cause a rapid convergence to (possibly
local) optimum.

There are many methods to assign a number of offspring based on ranking.
For example, Baker [22] took a user defined value, MAX, as the upper bound for
the expected number of offspring, and a linear curve through MAX was taken
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such that the area under the curve equaled the population size. In that way
we can easily determine the difference between expected numbers of offspring
between “adjacent” individuals. For example, for MAX = 2.0 and pop_size =
50, the difference between expected numbers of offspring between “adjacent”
individuals would be 0.04.

Another possibility is to take a user defined parameter ¢ and define a linear
function, e.g.,

prob(rank) = g — (rank — 1)r,
or a nonlinear function, e.g.,
prob(rank) = g(1 — g)Tamk-1,

Both functions return the probability of an individual ranked in position rank
(rank = 1 means the best individual, rank = pop_size the worst one) to be
selected in a single selection.

Both schemes allow the users to influence the selective pressure of the algo-
rithm. In the case of the linear function, the requirement

pop-size
=1

prob(i) =1
implies, that
q = r(pop-size — 1)/2 + 1/pop-size.

If r = 0 (and consequently g = 1/pop-size) there is no selection pressure at
all: all individuals have the same probability of selection. On the other hand, if
g — (pop_size — 1)r = 0, then

r=2/(n(n - 1)), and ¢ = 2/n,

provide the maximum selective pressure. In other words, if a linear function
is selected to provide probabilities for ranked individuals, a single parameter
g, which varies between 1/pop_size and 2/pop_size can control the selective
pressure of the algorithm. For example, if pop_size = 100, and ¢ = 0.015,
then r = q/(pop-size — 1) = 0.00015151515 and prob(1) = 0.015, prob(2) =
0.0148484848, ... , prob(100) = 0.00000000000000000051.

For the nonlinear function, the parameter ¢ € (0..1) does not depend on
the population size; larger values of ¢ imply stronger selective pressure of the
algorithm. For example, if ¢ = 0.1 and pop-size = 100, then prob(1) = 0.100,
prob(2) = 0.1-0.9 = 0.090, prob(3) = 0.1 - 0.9-0.9 = .081, ... , prob(100) =
0.000003. Note that

PR prob(i) = TR (1 = )1 & 1.2

2Tt is easy to replace ~ by =; it is sufficient to define prob(i) = c- q(1 - ¢)*~!, where
1
C= T(T—q)ror—mize -
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Such approaches, though shown to improve genetic algorithm behavior in
some cases, have some apparent drawbacks. First, they put the responsibility
on the user to decide when to use these mechanisms. Second, they ignore the in-
formation about the relative evaluations of different chromosomes. Third, they
treat all cases uniformly, regardless of the magnitude of the problem. Finally,
selection procedures based on ranking violate the Schema Theorem. On the
other hand, as shown in some research studies [23], [395], they prevent scal-
ing problems (discussed in the next section), they control better the selective
pressure, and (coupled with one-at-a-time reproduction) they give the search a
greater focus.

An additional selection method, tournament selection [159], combines the
idea of ranking in very interesting and efficient way. This method (in a single
iteration) selects some number £ of individuals and selects the best one from
this set of k elements into the next generation. This process is repeated pop_size
number of times. It is clear, that large values of &k increase selective pressure of
this procedure; typical value accepted by many applications is & = 2 (so-called
tournament size). Here it is possible to add a flavor of simulated annealing by
considering Boltzmann selection , where two elements, ¢ and j, compete with
each other, and the winner is determined accordingly to the formula

1

OG0
14+e™ 7

where T is temperature and f(i) and f(j) are values of the objective function
for elements ¢ and j, respectively (the formula is for minimization problems).

In [16] Back and Hoffmeister discuss categories of selection procedures. They
divide selection procedures into dynamic and stetic methods — a static selec-
tion requires that selection probabilities remain constant between generations
(for example, ranking selection), whereas a dynamic selection does not have
such a requirement {e.g., proportional selection). Another division of selection
procedures is into extinctive and preservative methods — preservative selection
requires non-zero selection probability for each individual, whereas extinctive
selection does not. Extinctive selections are further divided into left and right
selections: in left extinctive selection the best individuals are prevented from
reproduction in order to avoid premature convergence due to super individuals
(right selection does not). Additionally, some selection procedures are pure in
the sense that parents are allowed to reproduce in one generation only (i.e., the
life time of each individual is limited to one generation only regardless of its
fitness). We shell return to extinctive, pure selections in Chapter 8, when we
discuss evolution strategies and compare them with genetic algorithms. Some
selections are generational in the sense that the set of parents is fixed until all
offspring for the next generation are completely produced; in selections on-the-
fly an offspring replaces its parent immediately. Some selections are elitist in
the sense that some (or all) of the parents are allowed to undergo selection with
their offspring — we have already seen such selection in the elitist model [82].



62 4. GAs: Selected Topics

In most of the experiments discussed in this volume, we used a new, two-step
variation of the basic selection algorithm. However, this modification is not just
a new selection mechanism; it can use any of the sampling methods devised so far
and is itself designed to decrease the (possible) undesirable influence of some
functions’ characteristics. It falls into the category of dynamic, preservative,
generational, and elitist selection.

The structure of the modified genetic algorithm (modGA) is shown in Fig-
ure 4.1. The modification with respect to the classical genetic algorithm is that
in the modGA we do not perform the selection step “select P(¢) from P(t—1)",
but rather we select independently r (not necessarily distinct) chromosomes
for reproduction and r (distinct) chromosomes to die. These selections are per-
formed with respect to the relative fitness of the strings: a string with a better
than average performance has a higher chance to be selected for reproduction;
strings with a worse than average performance have higher chances to be se-
lected to die. After the “select-parents” and “select-dead” steps of the modGA
are performed, there are three (not necessarily disjoint) groups of strings in the
population:

o 7 (not necessarily distinct) strings to reproduce (parents),
e precisely r strings to die (dead), and
e the remaining strings, called neutral strings.

The number of neutral strings in a generation (at least pop_size — 2r and at
most pop_size — r) depends on the number of selected distinct parents and on
the number of overlapping strings in categories “parents” and “dead”. Then a
new population P(¢ + 1) is formed, consisting of the pop_size — r strings (all
strings except these selected to die) and r offspring of the r parents.

procedure modGA
begin
{20
initialize P(t)
evaluate P(t)
while (not termination-condition) do
begin
t—t+1
select-parents from P(t — 1)
select-dead from P(t — 1)
form P(t): reproduce the parents
evaluate P(t)
end
end

Fig. 4.1. The algorithm modGA
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As presented, the algorithm has a potentially problematic step: how to select
the r chromosomes to die. Obviously, we wish to perform this selection in such
a way that stronger chromosomes have smaller chances of dying. We achieved
this by changing the method of forming the new population P(t + 1) to the
following one:

step 1: Select r parents from P(t). Each selected chromosome (or rather each
of selected copies of some chromosomes) is marked as applicable to exactly
one fixed genetic operation.

step 2: Select pop_size — r distinct chromosomes from P(t) and copy them to
P(t+1).

step 3: Let r parent chromosomes breed to produce exactly r offspring,.
step 4: Insert these r new offspring into population P(t + 1).

The above selections (steps 1 and 2) are done according to the chromosomes’
fitness (stochastic universal sampling method).

There are a few important differences between different selection routines
discussed earlier and the one described above. Firstly, both parent and offspring
have a very good chance to be present in a new generation: an above average
individual has a good chances to be selected as a parent (step 1) and, in the
same time, to be selected in a new population of pop_size — r elements (step 2).
If s0, one (or more) of its offspring would take some of the remaining r positions.
Secondly, we apply genetic operators on whole individuals as opposed to indi-
vidual bits (classical mutation). This would provide an uniform treatment of all
operators used in evolution program (an evolution program, GENOCOP, uses
several genetic operators; see Chapter 7). So, if three operators are used (e.g.,
mutation, crossover, inversion), some of the parents would undergo mutation,
some others crossover, and the rest inversion.

The modified approach (modGA) enjoys similar theoretical properties as
the classical genetic algorithm. We can rewrite the growth equation (3.3) from
Chapter 3 as:

S(S,t-i-l) 2§(S,t)~ps(S)-pg(S), (4'1)

where p,(9) represents the probability of the survival of the schema S and
Pg(S) represents the probability of the growth of the schema S. The growth
of the schema S happens during the selection stage (growing phase) where
several copies of above-average schemata are copied into a new population. The
probability pg(S) of the growth of the schema S, p,(S) = ewval(S,t)/F(t), and
Pg(S) > 1 for better-than-average schemata. Then the selected chromosomes
must survive the genetic operators crossover and mutation (shrinking phase).
As discussed in Chapter 3, the probability ps(S) of survival of the schema S,

ps(S) =1 _pci_(f% —Pm - o(S) <L
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Formula (4.1) implies that for short, low-order schemata, p,(S) - ps(S) > 1;
because of this, such schemata receive an exponentially increasing number of
trials in subsequent generations. The same holds for the modified (modGA)
version of the algorithm. The expected number of chromosomes of the schema
S in the modGA algorithm is also a product of the number of chromosomes
in the old population £(S,t), the probability of survival (ps(S) < 1), and the
probability of the growth py(S) ~— the only difference is in interpretation of
growing and shrinking phases and their relative order. In the modGA version,
the shrinking phase is the first one: n — r chromosomes are selected for the new
population. The probability of survival is defined as a fraction of chromosomes
of the schema $ which were not selected to die. The growing phase is next and
is manifested in the arrival of r new offspring. The probability of the growth
pg(S) of the schema S is a probability that the schema S expands by a new
offspring generated from the r parents. Again, for short, low-order schemata,
ps(S)-pe(S) > 1 holds and such schemata receive exponentially increasing trials
in subsequent generations.

One of the ideas of the modGA algorithm is a better utilization of the
available storage resource: population size. The new algorithm avoids leaving
exact multiple copies of the same chromosome in the new populations (which
may still happen by accident by other means but is very unlike). On the other
hand, the classical algorithm is quite vulnerable to creation of such multiple
copies. Moreover, such multi-occurrences of super individuals create a possibility
for a chain reaction: there is an chance for an even larger number of such exact
copies in the next population, etc. This way the already limited population
size can actually represent only a decreasing number of unique chromosomes.
Lower space utilization decreases the performance of the algorithm; note that
the theoretical foundations of genetic algorithms assume infinite population
size. In the modGA algorithm we may have a number of family members for a
chromosome, but all such members are different (by a family we mean offspring
of the same parent).

As an example consider a chromosome with an expected value of appear-
ances in P(t + 1) equal p = 3. Also assume that the classical genetic algorithm
has probability of crossover and mutation p. = 0.3 and p,, = 0.003, a rather
usual scenario. Following the selection, ‘there will be exactly p = 3 copies of
this chromosome in P(¢t + 1) before reproduction. After reproduction, assuming
chromosome length m = 20, the expected number of exact copies of this chro-
mosome remaining in P(t + 1) will be p- (1 — p. — pr - m) = 1.92. Therefore,
it is safe to say that the next population will have two exact copies of such a
chromosome, reducing the number of different chromosomes.

The modification used in the modGA is based on the idea of the crowding
factor model [82], where a newly generated chromosome replaces some old one.
But the difference is that in the crowding factor model the dying chromosome
is selected from those which resemble the new one, whereas in the modGA the
dying chromosomes are those with lower fitness.



4.2 Characteristics of the function 65

The modGAs, for small values of the parameter 7, belong to a class of Steady
State GAs (SSGA) [394], [382]; the main difference between GAs and SSGAs is
that in the latter only few members of the population are changed (within each
generation). There is also some similarity between the modGA and classifier
systems (Chapter 12): a genetic component of a classifier system changes the
population as little as possible. In the modGA we can regulate such a change
using the parameter r, which determines the number of chromosomes to re-
produce and the number of chromosomes to die. In the modGA, pop_size —
chromosomes are placed in a new population without any change. In particu-
lar, for r = 1, only one chromosome is replaced in each generation. Recently,
Miihlenbein [289] proposed Breeder GAs (BGA), where r best individuals are
selected and mated randomly until the number of offspring is equal to the size
of the population. The offspring generation replaces the parent population and
the best individual found so far remains in the population.

4.2 Characteristics of the function

The modGA algorithm provides a new mechanism for forming a new population
from the old one. However, it seems that some additional measures might be
helpful in fighting problems related to the characteristic of the function being
optimized. Over the years we have seen three basic directions. One of them
borrows the simulated annealing technique of varying the system’s entropy,
(see e.g., [359], where the authors control the rate of population convergence by
thermodynamic operators, which use a global temperature parameter).

Another direction is based on allocation of reproductive trials according to
rank rather than actual evaluation values (as discussed in the previous section),
since ranking automatically introduces a uniform scaling across the population.

The last direction concentrates on trying to fix the function itself by intro-
ducing a scaling mechanism. Following Goldberg [154, pp. 122-124] we divide
such mechanisms into three categories:

1. Linear Scaling. In this method the actual chromosomes’ fitness is scaled
as

fl=axfi+bh

The parameters a,b are normally selected so that the average fitness is
mapped to itself and the best fitness is increased by a desired multiple
of the average fitness. This mechanism, though quite powerful, can in-
troduce negative evaluation values that must be dealt with. In addition,
the parameters a, b are normally fixed for the population life and are not
problem dependent.

2. Sigma Truncation. This method was designed as an improvement of linear
scaling both to deal with negative evaluation values and to incorporate



66 4. GAs: Selected Topics

problem dependent information into the mapping itself. Here the new
fitness is calculated according to:

fi=fi+(f-cro),

where ¢ is chosen as a small integer (usually a number from the range
1 and 5) and ¢ is the population’s standard deviation; possible negative
evaluations f' are set to zero.

3. Power Law Scaling. In this method the initial fitness is taken to some
specific power:

fi=fF,

with some k& close to one. The parameter k scales the function f; however,
in some studies [138] it was concluded that the choice of &k should be
problem dependent. In the same study the author used £ = 1.005 to
obtain some experimental improvements.

The most noticeable problem associated with the characteristic of the func-
tion under consideration involves differences in relative fitness. As an example
consider two functions: f1(z) and fa(z) = fi(z) + const. Since they are both ba-
sically the same (i.e., they share the same optima), one would expect that both
can be optimized with similar degree of difficulty. However, if const > fi(z),
then the function fo(z) will suffer from (or enjoy) much slower convergence
than the function f;(z). In fact, in the extreme case, the second function will
be optimized using a totally random search; such a behavior may be tolerable
during the very early life of the population but would be devastating later on.
Conversely, fi(z) might be converging too fast, pushing the algorithm into a
local optimum.

In addition, due to the fixed size of the population, the behavior of a GA
may be different from run to run — this is caused by errors of finite sampling.
Consider a function fi(z) with a sample zf € P(t) close to some local opti-
mum and f(z!) much greater than the average fitness f(z¢) (i.e., z} is a super
individual). Furthermore, assume that there is no z% close to the sought global
maximum. This might be the case for a highly non-smooth function. In such a
case, there is a fast convergence towards that local optimum. Because of that,
the population P(t+ 1) becomes over-saturated with elements close to that so-
lution, decreasing the chance of a global exploration needed to search for other
optima. While such a behavior is permissible at the later evolutionary stages,
and even desired at the very final stages, it is quite disturbing at the early ones.
Moreover, normally late populations (during late stages of the algorithm) are
saturated with chromosomes of similar fitness as all of those are closely related
(by the mating processes). Therefore, using the traditional selective techniques
the sampling actually becomes random. Such a behavior is exactly the opposite
of the most desirable one, where there is a decreased influence of relative chro-
mosomes fitness on the selection process during the initial stages of population
life and increased influence at late stages.
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One of the best known systems, GENESIS 1.2ucsd, uses two parameters
to control the search with respect to the characteristic of the function being
optimized: the scaling window and the sigma truncation factor. The system
minimizes a function: in such cases usually the evaluation function eval returns

eval(z) = F — f(x),

where F is a constant such that F' > f(z) for all z. As discussed earlier, a poor
choice of F' may have unfortunate effect on the search, moreover, F’ might be not
available a priori. The scaling window W of the GENESIS 1.2ucsd allows the
user to control how often the constant F' is updated: if W > 0, the system sets
F to the greatest value of f(z) which has occurred in the last W generations.
A value W = 0 indicates an infinite window, i.e., F = max{f(z)} over all
evaluations. If W < 0, the users can use another method discussed earlier:
sigma truncation.

It is important also to point out the significance of the termination condition
used in the algorithm. The simplest termination condition would check the
current generation number; the search is terminated if the total number of
generations exceeds a predefined constant. In terms of Figure 0.1 (Introduction),
such termination condition is expressed as “t > T for some constant 7. In many
versions of evolution programs, not all individuals need to be re-evaluated: some
of them pass from one generation to the next without any alteration. In such
cases it might be meaningful (for the sake of comparison with some other,
traditional algorithms) to count the number of function evaluations (usually,
such a number is proportional to the number of generations) and terminate
the search when the number of function evaluations exceeds some predefined
constant.

However, the above termination conditions assume user’s knowledge on the
characteristic of the function, which influence the length of the search. In many
instances it is quite difficult to claim that the total number of generations (or
function evaluations) should be, say, 10,000. It seems that it would be much
better if the algorithm terminates the search, when the chance for a significant
improvement is relatively slim.

There are two basic categories of termination conditions, which use the
characteristic of the search for making termination decisions. One category is
based on the chromosome structure (genotype); the other—on the meaning of
a particular chromosome (phenotype). Terminations conditions from the first
category measure the convergence of the population by checking the number
of converged alleles, where allele is considered converged if some predetermined
percentage of the population have the same (or similar—for non-binary repre-
sentations) value in this allele. If the number of converged alleles exceeds some
percentage of total alleles, the search is terminated. Terminations conditions
from the second category measure the progress made by the algorithm in a
predefined number of generations: if such progress is smaller than some epsilon
(which is given as a parameter of the method), the search is terminated.
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4.3 Contractive mapping genetic algorithms

The convergence of genetic algorithms is one of the most challenging theoret-
ical issues in the evolutionary computation area. Several researchers explored
this problem from different perspectives. Goldberg and Segrest [163] provided a
finite Markov chain analysis of genetic algorithm (finite population, reproduc-
tion and mutation only). Davis and Principe [80] investigated a possibility of
extrapolation of the existing theoretical foundation of the simulated annealing
algorithm onto a Markov chain genetic algorithm model. Eiben, Aarts, and Van
Hee [98] proposed an abstract genetic algorithm which unifies genetic algorithms
and simulated annealing; a Markov chain analysis on a such abstract genetic
algorithm is discussed and conditions implying that the evolution process finds
an optimum with probability 1 are given. Kingdon [224] investigated starting
points, convergence and the class of problems genetic algorithms find hard to
solve. The notion of competing schemata is generalized and the probability of
convergence of such schemata is given. Several researchers considered also vari-
ous definitions of deceptive problems [154]. Recently [334] Rudolph proved that
a classical genetic algorithm never converges to the global optimum, but mod-
ified versions, which maintain the best solution in the population (i.e., elitist
model) do.

One possible approach for explaining the convergence properties of genetic
algorithm might be based on Banach fixpoint theorem [386]. It provides an in-
tuitive explanation of a convergence of GAs (without elitist model); the only
requirement is that there should be an improvement in subsequent populations
(not necessarily improvement of the best individual). Banach fixpoint theorem
deals with contractive mappings on metric spaces. It states that any such a
mapping f has a unique fixpoint, i.e., an element = such that f(z) = z. Fix-
point techniques are generally accepted as a powerful tool for defining semantics
of computations. For example, the denotational semantics of a program or com-
putation is usually given as the least fixpoint of a continuous mapping defined
on a suitable complete lattice. However, unlike in the traditional denotational
semantics, we found that these are metric spaces that provide a very simple and
natural way to express the semantics of genetic algorithms. Genetic algorithms
can be defined as transformations between populations. Suppose now that we
are able to find such metric spaces, in which those transformations are contrac-
tive. In such a case we are given a semantics of genetic algorithms as fixpoints of
the underlying transformations. Since any such transformation has the unique
fixpoint, we get the convergence of genetic algorithms as a simple corollary.

Intuitively, a metric space is an ordered pair of a set and a function that
allows us to measure the distance between any pair of elements of the set.
A mapping f defined on elements of such a set is contractive if the distance
between f(z) and f(y) is less® than the distance between x and y.

3Actually, as we shall see later, the term less is a bit stronger than usual.
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Let us now define the basic notions more formally. Denote the set of real
numbers by R. A set S together with a mapping 6 : S x S — R is a metric
space if the following conditions are satisfied for any elements z,y € S

e 5(z,y) > 0and §(z,y) =0iff z =y
* 6(z,y) = 6(y, )
o 6(x,y)+6(y,2) = b8(z,2).

The mapping 0 is called a distance. We usually denote metric spaces by (S, 8).
Let (S, 6) be a metric space and let f:.S — S be a mapping. We shall say
that f is contractive iff there is a constant € € [0,1) such that for all z,y € S

8(f(2), f(¥) S ex6(x,y).

In order to formulate Banach theorem, we have to define the notion of
completeness of metric spaces. We say that the sequence pg, p1, ... of elements
of metric space (S, 6) is a Cauchy sequence iff for any ¢ > 0 there is k such that
for all m,n > k, 8(pm,Pn) < €. We say that a metric space is complete if any
Cauchy sequence g, pi, .- has a limit p = lim, o py.

We are now ready to formulate the Banach theorem. The proof of the the-
orem was for the first time given in [25] and can be found in most manuals on
topology (e.g., [94], p. 60).

Theorem. [25] Let (S, 8) be a complete metric space and let f: S — S bea
contractive mapping. Then there f has a unique fixpoint € S such that for
any rg € S,
r = lim f'(z),
1—00

where f(zo) = 2o and f*'(zo) = f(f*(20)).
The Banach theorem has a very intuitive application to the case of genetic al-
gorithms. Namely, if we construct the metric space S in such a way that its
elements are populations, then any contractive mapping f has unique fixpoint,
which by Banach theorem is obtained by iteration of f applied to an arbitrary
chosen initial population P(0). Thus if we find a suitable metric space in which
genetic algorithms are contracting, then we are able to show the convergence of
those algorithms to the same fixpoint independently of the choice of initial pop-
ulation. We shall show that such a construction is possible for a slightly modified
genetic algorithm, called Contractive Mapping Genetic Algorithm (CM-GA).

Without any loss of generality we assume that we deal with maximization
problems, i.e., problems for which a solution Z; is better than solution Z; iff
eval(T;) > eval(T;).

We assume, that the size of a population pop_size = n is fixed; every popu-
lation consists of n individuals, i.e., P = {Zi,...,7,}. Moreover, let us consider
an evaluation function Ewal for a population P; for example, we can assume

1
Eval(P) = = Z eval(T;),
" z.eP
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where eval returns the ‘fitness’ of an individual Z; from the population P. The
set S consists of all possible populations, P, i.e., any vector {Z;,...,ZTp} € S.

Now we define a mapping (distance) 6 : S x S — R and a contractive
mapping f : § — S in the metric space (S,8). The distance § in the metric
space S of populations can be defined as:

0 Zf Pl = PQ
6(P1,P2)= 11+M—E’Ual(P1)l+
|1+ M — Eval(P,)| otherwise

where M is the upper limit of the eval function in the domain of interest, i.e.,
eval(Z) < M for all individuals Z (consequently, Eval(P) < M for all possible
populations P). Indeed,

e §(P, P,) > 0 for any populations P, and P; moreover, §( Py, P,) = 0 iff
PI = P27

e §(P1, P) = 8(P,, P\), and

o 6(Py, Py)+6(Py, Py) = |14 M — Eval(P,)| +|1+M — Bval( P,)| + |1+ M —
Eval(P)|+1+M ~ Eval(P3)| > |1+M — Eval(Py)|+|1+ M —FEval(P;)| =
5(P17P3)7

and, consequently, (S, ) is a metric space.

Moreover, the metric space (S, 8) is complete. This is because for any Cauchy
sequence Py, Py, ... of populations there exist k such that forall n > k, P, = P.
It means that all Cauchy sequences P, have a limit for i — o0.4

Now we are ready to discuss the contractive mapping, f : S — §, which is
simply a single iteration of a run® of genetic algorithm (see Figure 4.3) provided,
that there was an improvement (in terms of function Eval) from population P(¢)
to population P(t+1). In such a case, f(P(¢)) = P(t+1). In other words, a ¢-th
iteration of a genetic algorithm would serve as a contractive mapping operator
fiff Eval(P(t)) < Eval(P(t+1)). If there is no improvement, we do not count
such iteration, i.e., we run selection and recombination process again.

The structure of such modified genetic algorithm (Contractive Mappimng
Genetic Algorithm—CM-GA) is given in Figure 4.2.

The modified iteration of the CM-GA indeed satisfies the requirement for
contractive mapping. It is clear that if an iteration f : P(t) — P(t + 1)
improves a population in terms of function Eval, i.e., if

Eval(Pi(t)) < Eval(f(Pi(t))) = Eval(P,(t + 1)), and
Eval(Py(¢)) < Eval(f(Py(8))) = Eval(Pa(t + 1)),

4Note that in the case of genetic algorithms we essentially deal with finite metric spaces,
as there is only a finite and bounded number of elements of all possible populations. Thus
Banach demand as to the completeness of metric spaces is in that case always satisfied. In
our case, however, (S,8) is complete for any set S.

5By a run we mean here any observable computation sequence.
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procedure CM-GA
begin
t=0
initialize P(%)
evaluate P(t)
while (not termination-condition) do
begin contractive mapping f(P(t)) — P(t+1)
t=t4+1
select P(t) from P(t —1)
recombine P(t)
evaluate P(t)
if Eval(P(t — 1)) > Eval(P(t))
thent=¢—-1
end
end

Fig. 4.2. Contractive mapping genetic algorithm

then

S(f(P1(t)), f(Pa(8)) = |1+ M — Eval(f(Py(£)))] + 1+ M = Eval(f(P(t)))] <

Moreover, as one always deals with a particular implementation of the algo-
rithms the improvement is not less than the smallest real number, given by the
implementation.

In summary, the CM-GA satisfies the assumptions of Banach fixpoint theo-
rem: the space of populations {5, §) is a complete metric space and the iteration
f: P(t) — P(t+1) (which improves a population in terms of evaluation func-
tion Ewval) is contractive. Consequently,

x __ 15 i
i.e., the CM-GA algorithm converges to population P*, which is a unique fix-
point in the space of all populations.

Obviously, P* represents the population which yields the global optimum.
Note that the Ewval function was defined as

Eval(P) = % > eval(Ts);

T;eP

it means that the fixpoint P* is achieved when all individuals in this population
have the same (global maximum) value. Moreover, P* does not depend on the
initial population, P(0).

An interesting problem appears when the evaluation function eval has more
than one maximum. In such a case contractive mapping genetic algorithm does
not really define contractive mapping, as for optimal populations P, Py,
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S(f(P), f(Py)) = 6(Py, B).

On the other hand, it can be shown in this case that CM-GA converges to one
of possible optimal populations. That follows from the fact that each run of the
algorithm converges to an optimal population.

At the first glance the result seems surprising: in case of contractive map-
ping genetic algorithms the choice of initial population may influence only the
convergence speed. The proposed contractive mapping genetic algorithm (on
the basis of the Banach theorem) would always converge to the global optimum
(in infinite time). However, it is possible that (at some stage of the algorithm)
no new population is accepted for a long time and the algorithm loops trying to
find a new population P(¢). In other words, mutation and crossover operators
applied to a particular sub-optimal population are unable to produce “better”
population and the algorithm loops trying to perform the next converging step.
The choice of the distance § between populations and the evaluation function
Eval were made just to make things as simple as possible. On the other hand,
such choices can have an influence on the convergence speed and seem to be
application dependent.

4.4 Genetic algorithms with varying population size

The size of the population is one of the most important choices faced by any
user of genetic algorithms and may be critical in many applications. If the
population size is too small, the genetic algorithm may converge too quickly; if
it is too large, the genetic algorithm may waste computational resources: the
waiting time for an improvement might be too long. As we discussed earlier
(section 4.1), there are two important issues in the evolution process of the
genetic search: population diversity and selective pressure. Clearly, both these
factors are influenced by the size of population.

Several researchers have investigated the size of population for genetic al-
gorithms from different perspectives. Grefenstette [169] applied a meta~-GA to
control parameters of another GA (including populations size and the selection
method). Goldberg [151, 153] provides a theoretical analysis of the optimal pop-
ulation size. A study on influence of the control parameters on the genetic search
(online performance for function optimization) is presented in [343]. Additional
experiments with population size were reported in [206] and [59]. Recently Smith
[362] proposed an algorithm which adjusts the population size with respect to
the probability of selection error.

In this section we discuss a Genetic Algorithm with Varying Population
Size (GAVaPS) [12]. This algorithm does not use any variation of selection
mechanism considered earlier (section 4.1), but rather introduces the concept
of “age” of a chromosome, which is equivalent to the number of generations the
chromosome stays “alive”. Thus the age of the chromosome replaces the concept
of selection and, since it depends on the fitness of the individual, influences the
size of the population at every stage of the process. It seems also that such
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approach is more “natural” than any selection mechanism considered earlier:
after all, the aging process is well-known in all natural environments.

It seems that the proposed method of variable population size is similar
to some evolution strategies (Chapter 8) and other methods where offspring
compete with parents for survival. However, an important difference is that the
in other methods the population size remain constant, whereas the size of the
population in GAVaPS varies over time.

Additional motivation for this work was based on the following observation:
a few researchers examined a possibility of introducing adaptive probabilities of
genetic operators in genetic algorithms [77], [115], [343], [367], [368]; other tech-
niques, like evolutionary strategies [349] already incorporated adaptive probabil-
ities for its operators some time ago (we discuss these aspects briefly in section
4.6 and Chapter 8). It seems reasonable to assume that at different stages of
the evolution process different operators would have different significance and
the system should be allowed to self-tune their frequencies and scope. The same
should be true for population sizes: at different stages of the evolution process
different sizes of the population may be ‘optimal’, thus it is important to exper-
iment with some heuristic rules to tune the size of the population to the current
stage of the search.

The GAVaPS algorithm at time ¢ processes a population P(¢) of chromo-
somes. During the ‘recombine P(t)’ step, a new auxiliary population is created
(this is a population of offspring). The size of the auxiliary population is propor-
tional to the size of the original population; the auxiliary population contains
AuzPopSize(t) = | PopSize(t) * p| chromosomes (we refer to parameter p as
a reproduction ratio). Each chromosome from the population can be chosen to
reproduce (i.e., to place the offspring in the auxiliary population) with equal
probability, independently of its fitness value. Offspring are created by applying
genetic operators (crossover and mutation) to selected chromosomes. Since the
selection of the chromosomes does not depend on their fitness values, i.e., there
is no selection step as such, we introduce the concept of age of the chromosome
and its lifetime parameter.

The structure of the GAVaPS is shown in Figure 4.3.

The lifetime parameter is assigned once for each chromosome during the
evaluation step (either after the initialization for all chromosomes or after the
recombination step for members of auxiliary population) and remains constant
(for a given chromosome) through the evolution process, i.e., from the birth
of the chromosome to its death. It means that for the ‘old’ chromosomes their
lifetime values are not re-calculated. The death of a chromosome occurs when
its age, i.e., the number of generations the chromosome stays alive (initially
set to zero), exceeds its lifetime value. In other words, a chromosome’s lifetime
determines the number of GAVaPS generations during which the chromosome
is kept in the population: after its lifetime expires, the chromosome dies off.
Thus the size of the population after single iteration is

PopSize(t + 1) = PopSize(t) + AuzPopSize(t) — D(t)

’
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procedure GAVaPS
begin
t=0
initialize P(t)
evaluate P(%)
while (not termination-condition) do
begin
t=1t+1
increase the age of each individual by 1
recombine P(t)
evaluate P(t)
remove from P(¢) all individuals
with age greater than their lifetime
end
end

Fig. 4.3. The GAVaPS algorithm

where D(t) is the number of chromosomes which die off during generation ¢.

There are many possible strategies of assigning lifetime values. Clearly, as-
signing a constant value {(greater than one) independently of any statistics of
the search would cause an exponential growth of the population size. More-
over, since there is no selection mechanism as such in the GAVaPS, no selective
pressure exists, so assigning a constant value for the lifetime parameter would
result in a poor performance of the algorithm. In order to introduce a selective
pressure, a more sophisticated lifetime calculation should be performed. The
lifetime calculation strategies should (1) reinforce the individuals with above-
average fitness, (and consequently, restrict the individuals with below-average
fitness), and (2) tune the size of the population to the current stage of the search
(in particular, prevent the exponential growth of the population and lower sim-
ulation costs). Reinforcement of fit individuals should result in above-average
allocation of their offspring in the auxiliary populations. Since there is an equal
probability for each individual to undergo the genetic recombination, the ex-
pected number of the individual’s offspring is proportional to its lifetime value
(since the lifetime determines number of generations of keeping the individual
in the population). So individuals having above-average fitness values should
be granted higher lifetime values. While calculating the lifetime, a state of the
genetic search should be taken under consideration. Because of that we use a
few measures of the state of the search: AvgFit, MaxFit and MinFit repre-
sent average, maximal and minimal fitness values, respectively, in the current
population, and AbsFitMax and AbsFitMin stand for maximal and minimal
fitness values found so far. It should be also noted that the lifetime calculation
should be computationally easy in order to spare the computational resources.

Having in mind the above remarks, several lifetime calculation strategies
have been implemented and used for the experiments. The lifetime parameter for
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the i-th individual (lifetime/i/) can be determined by (as in the previous section,
we assume maximization problems with non-negative evaluation function):

(1) proportional allocation:

fitnessli]

min(MinLT + 9 AvgFit

yMazLT)

(2) linear allocation:

fitness|i] — AbsFitMin

MinLT + 2
bl + nAbsFitMam — AbsFitMin

(3) bi-linear allocation:

AvgFit—MinFit

$(MinLT + MaxLT) + n%% if AvgFit < fitness[i)

{ MinLT + plinesslil-MinFit if AvgFit > fitness|i]

where Max LT and MinLT stand for maximal and minimal allowable lifetime
values, respectively (these values are given as the GAVaPS parameters), and
n=3(MaxLT — MinLT).

The first strategy (proportional allocation) has come up from the idea of
roulette-wheel selection: the value of lifetime for particular individual is propor-
tional to its fitness (within limits MinLT and MaxLT). However, this strategy
has a serious drawback — it does not utilize any information about the “objec-
tive goodness” of the individual, which can be estimated by relating its fitness
to the best value found so far. This observation motivates the linear strategy.
In this strategy the lifetime value is calculated accordingly to the individual fit-
ness related to the best value at present. However, if many individuals have their
fitness equal or approximately equal to the best value, such strategy results in
allocating long lifetime values, thus enlarging the size of the population. Finally,
the bi-linear strategy attempts to make a compromise between the first two. It
sharpens the difference between lifetime values of nearly-the-best individuals
utilizing information about the average fitness value, however also taking into
consideration the maximal and minimal fitness values found so far.

The GAVaPS algorithm was tested on the following functions:

Gl: —zsin(l07z) + 1 -20<z<1.0
G2: integer(8z)/8 00<z<1.0
G3: =z -sgn(zx) -10<2<20
. sin? 24+42—0.
Ga: 05+ L(Hom’j(;ﬂyz‘;; ~100 < z,y < 100

The functions were chosen to cover the wide spectrum of possible function
types to be optimized. Functions G1 and G4 are multimodal functions with
many local maxima. Function G2 cannot be optimized by means of any gra-
dient technique, since there is no gradient information available. Function G3
represents a problem recognized as a “deceptive problem” [154]. While maxi-
mizing such function, two directions of growth can easily be recognized, but the
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boundaries are chosen in such way that only for one of them a global maximum
can be obtained. In case of gradient-based techniques with random sampling
this should result in frequent finding the local maximum.

GAVaPS performance has been tested and compared to the performance of
the Goldberg’s Simple Genetic Algorithm (SGA) [154]. Problem coding methods
as well as genetic operators were identical for the SGA and GAVaPS (a simple
binary coding has been used and two genetic operators: mutation and one-point
crossover),

For the experiments we have made the following assumptions. The initial
size of any population was 20. In case of the SGA, the size of initial population
remained constant through the entire simulation. Reproduction ratio p was set
to 0.4 (this parameter is meaningless in case of the SGA). Mutation ratio was
set to 0.015, and crossover ratio was set to 0.65. The length of chromosomes
was 20. Through all our experiments we assumed that minimal and maximal
lifetime values were constant and equal to Max LT = 7 and MinLT = 1.

To compare SGA with GAVaPS, two parameters have been chosen: cost of
the algorithm, represented by evalnum (the average of the number of function
evaluations over all runs) and performance, represented by avgmaz (the average
of the maximal values found over all runs). Both algorithms have the same
termination condition: they terminate if there is no progress in terms of the best
value found for consecutive conv = 20 generations. Population was initialized
at random, and there were 20 independent runs performed. Then, measures
of performance and cost were averaged over these 20 runs giving the reported
results. While testing the influence of a single parameter on the performance
and the cost, the values of the parameters reported above were constant except
the one which influence was tested.

Figure 4.4 shows the PopSize(t) and the average fitness of the population
for a single GAVaPS run for the function G4 with the bi-linear lifetime calcula-
tion (similar observations can be made for other functions and other strategies
for allocating lifetime values). The shape of the PopSize(t) curve seems very
interesting. At first, when the fitness variation is relatively high, the population
size grows. This means, that the GAVaPS makes a wide search for the optima.
Once the neighborhood of the optimum is located, the algorithm starts to con-
verge and the population size is reduced. However, there is still a search for
an improvement. When a possibility for a better result occurs, another “demo-
graphic explosion” takes place, which is followed by another convergence stage.
It seems that the GAVaPS incorporates a self-tuning process by choosing the
population size at each stage of the evolution process.

Figures 4.5-4.6 show the influence of the reproduction ratio on the perfor-
mance of the GAVaPS. For the SGA, this value has no meaning (since in this
case there is a total overlap of the old population by the new one). In case of
the GAVaPS, this value strongly influences the simulation cost, which can be
decreased by lowering the reproduction ratio, however without loss of accuracy
(see relevant values of avgmaz). Judging from the experiments, it seems that
the ‘optimal’ selection of p is approximately 0.4.
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Figures 4.7-4.8 show the influence of the initial population size on the per-
formance (avgmaz) and computation cost (evalnum) of the algorithms. In the
case of the SGA, the population size (for all runs) was constant and equal to
its initial value. As expected, for the SGA low values of population size implied

low cost and poor performance. Increasing population size

at first improves the

performance but also increases cost of computations. Then there is a stage of
“performance saturation”, while cost is still linearly growing. In case of the
GAVaPS, the initial population size has in practice no influence on both per-
formance (very good) and cost (reasonable and sufficient for the very good

performance).
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Fig. 4.5. Comparison of the SGA and GAVaPS: reproduction ratio versus number of evalua-

tions
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function G4

0.9 1

found maximum
°
(-]
)

0.7 1
------ proportional
............. bi_”near
linear
0.6 +—/——m————/———— 77T 7T
0.1 0.3 0.6 0.85

reproduction ratio
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Fig.4.7. Comparison of the SGA and GAVaPS: initial population size versus number of
evaluations

Similar observations can be made by analysing the cost and the performance
of both algorithms on remaining functions G1-G3. However, it is important to
note that the SGA has the optimal behavior (best performance with minimum
cost) for different values of the population size for all four problems. On the
other hand, GAVaPS adopts the population size to the problem at hand and the
state of the search. In the table below we report on performance and simulation
cost obtained from the experiments with all testbed functions G1-G4. The rows
‘SGA’, ‘GAVaPS (1), ‘GAVaPS (2)’, and ‘GAVaPS (3)’ contain the best value
found (V') and the number of function evaluations (E) for the SGA and GAVaPS
with proportional, linear, and bi-linear lifetime allocations, respectively. The
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Fig. 4.8. Comparison of the SGA and GAVaPS: initial population size versus average perfor-
mance

optimal population sizes for the SGA for test cases G1 — G4 were 75, 15, 75,
100, respectively.

Type Function
of the Gl G2 G3 G4
algorithm vV E |4 E v E |4 E
SGA 2.814 1467 | 0.875 345 | 1.996 1420 | 0.959 2186
GAVaPS(1) | 2.831 1708 10.875 970 [ 1.999 1682 | 0.969 2133
GAVaPS(2) | 2.841 3040 [ 0.875 1450 | 1.999 2813 | 0.970 3739
GAVaPS(3) | 2.813 1538 | 0.875 670 | 1.999 1555 0.972 2106

Table 4.1. Comparison between three strategies

The linear strategy (2) is characterized by the best performance and (un-
fortunately) the highest cost. On the other hand, the bi-linear strategy (3) is
the cheapest one, but the performance is not as good as in the linear case. Fi-
nally, the proportional strategy (1) provides the medium performance with the
medium cost. It should be noted, that the GAVaPS algorithm with any lifetime
allocation strategy (1)-(3) in most test-cases provides better performance than
the SGA. The cost of the GAVaPS (in comparison to the SGA) is higher, how-
ever, the results of the SGA were reported for the optimal sizes of populations.
If, for example, the population size for the SGA in the experiment with function
G2 was 75 (instead of the optimal 15), then the SGA simulation cost would be
1035.
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The knowledge about the proper selection of GA parameters is still only frag-
mentary and has rather empirical background. Among these parameters, the
population size seems to be the most important, since it has strong influence
on the GA simulation cost. It might be that the best way for its setting is to
let it to self-tune accordingly to the GA actual needs. This is the idea behind
the GAVaPS method: at different stages of the search process different sizes of
the population might be optimal. However, the reported experiments are pre-
liminary and the allocation of the lifetime parameter deserves further research.

4.5 Genetic algorithms, constraints, and the knapsack
problem

As discussed in the Introduction, the constraint-handling techniques for ge-
netic algorithms can be grouped into a few categories. One way of dealing with
candidates that violate the constraints is to generate potential solutions with-
out considering the constraints and then to penalize them by decreasing the
“goodness” of the evaluation function. In other words, a constrained problem
is transformed to an unconstrained one by associating a penalty with all con-
straint violations; these penalties are included in the function evaluation. Of
course, there are a variety of possible penalty functions which can be applied.
Some penalty functions assign a constant as a penalty measure. Other penalty
functions depend on the degree of violation: the larger violation is, the greater
penalty is imposed (however, the growth of the function can be logarithmic,
linear, quadratic, exponential, etc. with respect to the size of the violation).

Additional version of penalty approach is elimination of non-feasible solu-
tions from the population (i.e., application of the most severe penalty: death
penalty). This technique was used successfully in evolution strategies (Chap-
ter 8) for numerical optimization problems. However, such approach has its
drawbacks. For some problems the probability of generating (by means of stan-
dard genetic operators) a feasible solution is relatively small and the algorithm
spends a significant amount of time evaluating illegal individuals. Moreover, in
this approach non-feasible solutions do not contribute to the gene-pool of any
population.

Another category of constraint handling methods is based on application
of special repair algorithms to “correct” any infeasible solutions so generated.
Again, such repair algorithms might be computationally intensive to run and the
resulting algorithm must be tailored to the particular application. Moreover, for
some problems the process of correcting a solution may be as difficult as solving
the original problem.

The third approach concentrates on the use of speciai representation map-
pings (decoders) which guarantee (or at least increase the probability of) the
generation of a feasible solution or the use of problem-specific operators which
preserve feasibility of the solutions. However, decoders are frequently computa-
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tionally intensive to run [73], not all constraints can be easily implemented this
way, and the resulting algorithm must be tailored to the particular application.

In this section we examine the above techniques on one particular problem:
the 0/1 knapsack problem. The problem is easy to formulate, yet, the decision
version of it belongs to a family of NP-complete problems. It is an interesting
exercise to evaluate the advantages and disadvantages of constraint handling
techniques on this particular problem with a single constraint: the conclusions
might be applicable to many constrained combinatorial optimization problems.
It should be noted, however, that the main purpose of this section is to illustrate
the concept of decoders, repair algorithms, and penalty functions (discussed
briefly in the Introduction) on one particular example; by no means it is a
complete survey of possible methods. For that reason we do not provide the
optimum solutions for the test cases: we only make some comparisons between
presented methods.

4.5.1 The 0/1 knapsack problem and the test data

There is a variety of knapsack-type problems in which a set of entities, together
with their values and sizes, is given, and it is desired to select one or more
disjoint subsets so that the total of the sizes in each subset does not exceed
given bounds and the total of the selected values is maximized (252]. Many of
the problems in this class are NP-hard and large instances of such problems can
be approach only by using heuristic algorithms. The problem selected for these
experiments is the 0/1 knapsack problem. The task is, for a given set of weights
W i), profits P[i], and capacity C, to find a binary vector & = {(z[1],...,z[n]),
such that

Y i) Wi < C,
and for which
P(z) = T, z[d] - Pld]

is maximum.

As indicated earlier, in this section we analyse the experimental behavior
of a few GA-based algorithms on several sets of randomly generated test prob-
lems. Since the difficulty of such problems is greatly affected by the correlation
between profits and weights [252], three randomly generated sets of data are
considered:

o uncorrelated:
W/i] := (uniformly) random({1..v]), and
P[i] := (uniformly) random([1..v]).

o weakly correlated:

W{i] := (uniformly) random([1..v]), and
P[i] := W[i]+ (uniformly) random([—r..r]),
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(if, for some i, P[i] < 0, such profit value is ignored and the calculations
are repeated until P[] > 0).

e strongly correlated:

W{i] := (uniformly) random([1..v]), and
Pli] :==W[i] +r.

Higher correlation implies smaller value of the difference:
maxi=1.n{ P[]/ Wi} — minimy o { P[]/ W[i]};

as reported in [252], higher correlation problems have higher expected difficulty.

Data have been generated with the following parameter settings: v-= 10 and
r = 5. For the tests we used three data sets of each type containing n = 100,
250, and 500 items, respectively. Again, following a suggestion from [252], we
have taken under consideration two knapsack types:

e restrictive knapsack capacity

A knapsack with the capacity of C; = 2v. In this case the optimal solution
contains very few items. An area, for which conditions are not fulfilled,
occupies almost the whole domain.

e average knapsack capacity

A knapsack with the capacity C; = 0.53"% , W[i]. In this case about half
of the items are in the optimal solution.

As reported in [252], further increasing the value of capacity C does not signif-
icantly increase the computation times of the classical algorithms.

4.5.2 Description of the algorithms

Three types of algorithms were implemented and tested: algorithms based on
penalty functions (A,[i], where i is the index of a particular algorithm in this
class), algorithms based on repair methods (A.[i]), and algorithms based on
decoders (Agfz]). We discuss these three categories of algorithms in turn.

Algorithms A,[i]
In all algorithms in this category a binary string of the length n represents a
solution x to the problem: the i-th item is selected for the knapsack iff z[z] = 1.
The fitness eval(z) of each string is determined as:

eval(x) = Y0, zli] - P[i] — Pen(x),

where penalty function Pen(z) is zero for all feasible solutions @, i.e., solutions
such that 37, z[i] - W[i] < C, and is greater than zero, otherwise.

There are many possible strategies for assigning the penalty value. Here,
three cases only were considered, where the growth of the penalty function
is logarithmic, linear, and quadratic with respect to the degree of violation,
respectively:
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o Ap{l): Pen(z) = logy(1 4 p- (Eio zli]) - W[i] - ©)),
o Ap[2]: Pen(z) = p- (L1 zli} - Wi - C),
o A[3]: Pen(z) = (p- (XL, 2[i] - W[i] - C))*.

In all three cases, p = max;_,_o{P[i]/W[i]}.

Algorithms A,[i]
As in the previous category of algorithms, a binary string of the length n
represents a solution to the problem x: the i-th item is selected for the knapsack

iff zfi] = 1.
The fitness eval(x) of each string is determined as:
eval(x) =31, 2'[{] - P[],

where vector ' is a repaired version of the original vector .

There are two interesting aspects here. First, we may consider different re-
pair methods. Second, some percentage of repaired chromosomes may replace
the original chromosomes in the population. Such replacement rate may vary
from 0% to 100%; recently Orvosh and Davis [301] reported so-call 5% rule
which states that if replacing original chromosomes with a 5% probability, the
performance of the algorithm is better than if replacing with any other rate (in
particular, it is better than with ‘never replacing’ or ‘always replacing’ strate-
gies).

We have implemented and tested two different repair algorithms. Both al-
gorithms are based on the same procedure, shown in Figure 4.9.

procedure repair (x)
begin
knapsack-overfilled := false
=
ity i - Wi > C
then knapsack-overfilled := true
while (knapsack-overfilled) do
begin
i := select an item from the knapsack
remove the selected item from the knapsack:
ie., z2'[i}:=0
X7, o/l - Wii] < C
then knapsack-overfilled := false
end
end

Fig. 4.9. The repair procedure

The two repair algorithms considered here differ only in selection procedure
select, which chooses an item for removal from the knapsack:
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e A,[1] (random repair). The procedure select selects a random element
from the knapsack.

o A,[2] (greedy repair). All items in the knapsack are sorted in the decreas-
ing order of their profit to weight ratios. The procedure select chooses
always the last item (from the list of available items) for deletion.

Algorithms A4[i]

A possible decoder for the knapsack problem is based on integer representa-
tion.® Here we used the ordinal representation (see Chapter 10 for more details
on this representation) of selected items. Each chromosome is a vector of n
integers; the i-th component of the vector is an integer in the range from 1
to n — 4 + 1. The ordinal representation references a list L of items; a vector
is decoded by selecting appropriate item from the current list. For example,
for a list of items L = (1,2,3,4,5,6), the vector (4,3,4,1,1,1) is decoded as
the following sequence of items: 4, 3, 6 (since 6 is the 4-th element on the
current list after removal of 4 and 3), 1, 2, and 5. Clearly, in this method a
chromosome can be interpreted as a strategy of incorporating items into the
solution. Additionally, one-point crossover applied to any two feasible parents
would produce a feasible offspring. A mutation operator is defined in a similar
way as for the binary representation: if the i-th gene undergoes mutation, it
takes a value random value (uniform distribution) from the range [1..n — i+ 1].
The decoding algorithm is presented in Figure 4.10.

The two algorithms based on decoding techniques considered here differ only in
the procedure build:

e Ay[1] (random decoding). In this algorithm the procedure build creates
a list L of items such that the order of items on the list corresponds to
the order of items in the input file (which is random).

o Ay[2] (greedy decoding). The procedure build creates a list L of items
in the decreasing order of their profit to weight ratios. The decoding of
the vector @ is done on the basis of the sorted sequence (there are some
similarities with the A,[2] method). For example, z[i] = 23 is interpreted
as the 23-rd item (in the decreasing order of the profit to weight ratios)
on the current list L.

4.5.3 Experiments and results

In all experiments the population size was constant and equal to 100. Also,
probabilities of mutation and crossover were fixed: 0.05 and 0.65, respectively.

SThere are, of course, other possibilities. We can stay, for example, with binary represen-
tation, and interpret a string from the left to the right (i.e., from ¢ = 1 to n) in the following
fashion: take the i-th item if (1) i = 1, and (2) there is a room in the knapsack for this item.
Such interpretation always results in a feasible solution. Moreover, if items are sorted by the
profit to weight ratio, a solution of all 1’s correspond to the solution by the greedy algorithm.
An example of such decoder is given in section 15.3, part .



4.5 Genetic algorithms, constraints, and the knapsack problem 85

procedure decode (x)
begin
build a list L of items
i:=1
WeightSum =0
ProfitSum =0
while 1 < n do
begin
j = ali]
remove the j-th item from the list L
if WeightSum + W[j] < C then
begin
WeightSum = WeightSum + Weight|j]
ProfitSum := ProfitSum + Profit[j]
end
1=1+1
end
end

Fig. 4.10. The decoding procedure for the ordinal representation

As a performance measure of the algorithm we have collected the best solution
found within 500 generations. It has been empirically verified that after such
number of generations no improvement has been observed. The results reported
in the Table 4.2 are mean values of the 25 experiments. The exact solutions are
not listed there; the table compares only the relative effectiveness of different
algorithms. Note, that the data files were unsorted (arbitrary sequences of items,
not related to their P[i]/W[i] ratios). The capacity types C; and Cs, stand for
restrictive and average capacities (section 2), respectively.

Results for the methods A,[1] and A,[2] have been obtained using the 5% repair
rule. We have also examined whether the 5% rule works for the 0/1 knapsack
problem (the rule was discovered during experiments on two other combinato-
rial problems: network design problem and graph coloring problem [301]). For
the purpose of comparison we have chosen the test data sets with the weak
correlation between weights and profits. All parameters settings were fixed and
the value of the repair ratio varied from 0% to 100%. We have observed no
influence of the 5% rule on performance of the genetic algorithm. The results
(algorithm A,[2]) have been collected in the Table 4.3.

The main conclusions drawn from the experiments can be summarized as
follows:

e Penalty functions A,[i] (for all ) do not produce feasible results on prob-
lems with restrictive knapsack capacity (C;). This is the case for any
number of items (n = 100, 250, and 500) and any correlation.
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Correl. [No. of|{Cap. method
items | type|| A[1] [ Ap[2] [ Ap[3] [| A-[1] [ A-[2] [ Aa[1] | 4a[2]
none | 100 | C) * * * 629 [ 94.0 || 63.5 | 59.4
Cs i 398.1 | 341.3 | 342.6 |[ 344.6 | 371.3 || 354.7 | 353.3
250 | &y * * * 62.6 | 135.1 || 58.0 | 604
Cy |[919.6 | 837.3 | 825.5 || 842.2 | 894.4 || 867.4 | 857.5
500 | * * * 63.9 | 156.2 )| 61.0 | 61.4
C, |11712.2|1570.8/1565.1|[1577.4|1663.2((1602.8|1597.0
weak | 100 | C4 * * * 39.7 | 51.0 || 38.2 | 384
C, ]| 408.5 | 327.0 | 328.3 || 330.1 [ 358.2 || 333.6 | 332.3
250 | 4 * * * 43.7 | 74.0 || 42.7 | 44.7
Cs || 920.8 | 791.3 | 788.5 || 798.4 | 852.1 {| 804.4 | 799.0
500 | C4 * * * 44.5 | 93.8 || 43.2 | 445
Cy |[1729.0{1531.8/|1532.0{1538.61624.8(/1548.4(1547.1
strong| 100 | C4 * * * 61.6 | 90.0 || 59.5 | 59.5
Cy J| 741.7 | 564.5 | 564.4 || 566.5 | 577.0 || 576.2 | 576.2
250 | Cy * * * 65.5 | 117.0 {{ 65.5 | 64.0
C, (|1631.9{1339.5(1343.411345.81364.4|| 1366.4|1359.0
500 | C) * * * 67.5 {1200 || 67.1 | 64.1
Cy [|3051.6|2703.8(2700.8((2709.5]2748.1([2738.0|2744.0

Table 4.2, Results of experiments; symbol ‘*’ means, that no valid solution has been found
within given time constraints

o Judging only from the results of the experiments on problems with average
knapsack capacity (Cs), the algorithm A,[1] based on logarithmic penalty
function is a clear winner: it outperforms all other techniques on all cases
(uncorrelated, weakly and strongly correlated, with n = 100, 250, and 500
items). However, as mentioned earlier, it fails on problems with restrictive
capacity.

o Judging only from the results of the experiments on problems with re-
strictive knapsack capacity (C1), the repair method A4,[2] (greedy repair)
outperforms all other methods on all test cases.

These results are quite intuitive. In the case of restrictive knapsack capacity,
only very small fraction of possible subsets of items constitute feasible solutions;
consequently, most penalty methods would fail. This is generally the case for
many other combinatorial problems: the smaller the ratio between feasible part
of the search space and the whole search space, the harder it is for the penalty
function methods to provide feasible results. This was already observed in [332],
where the authors wrote:

“On sparse problems, [harsh penalty functions] seldom found solu-
tions. The solutions which it did occasionally manage to find were
poor. The reason fo- this is clear: with a sparse feasible region, an
initial population is very unlikely to contain any solutions. Since
[the harsh penalty function} made no distinction between infeasible
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correlation weak

no. of items 100 250 500

capacity type CTCz Cy l Cy Cy l C»

repair ratio
0 94.0/371.3}1134.1}895.0{/ 158.0/1649.1
5 94.0/371.7|(135.1/891.4]1155.8/1648.5
10 94.0{370.2(1135.1|889.5(|157.3|1640.3
15 94.0{368.3((135.3/{895.4{1156.6/1646.2
20 94.0(372.0{1135.6(/905.71/155.8/1643.6
25 94.0(370.2({135.1{894.0({155.8]1644.0
30 94.01367.2((135.1(895.7({157.3{1648.0
35 94.0]370.3(1136.1|896.5]/156.3|1643.3
40 94.0(368.6{[134.3(886.5(/156.1|1648.4
45 94.0{369.0]135.3{891.5]j156.6|1649.0
50 94.0|371.7({134.6/891.0{|156.1|1641.5
55 94.0(371.3|1135.0{895.7{/157.0|1647.0
60 94.0/369.6((135.0(894.0]156.1|1645.0
65 94.0/370.0{/135.1{893.2{|156.6(1642.8
70 94.0/367.6]{135.0/893.4}1156.1]|1640.9
75 94.0]367.7)1135.31895.7|{157.1]1648.1
80 94.01368.2(|134.3/898.5||155.8/1648.5
85 94.0{364.7((135.6(897.4}{156.1|1646.2
90 94.01368.7(/134.3(885.2(/156.1|1648.9
95 94.0{371.2(/135.0{890.5{,155.3|1642.3
100 94.0(370.2(j134.6(901.0(1156.3{1646.1

Table 4.3. Influence of the repair ratio on the performance of the algorithm A, [2}

solutions, the GA wandered around aimlessly. If through a lucky
mutation or strange crossover, an offspring happened to land in the
feasible region, this child would become a super-individual, whose
genetic material would quickly dominate the population and pre-
mature convergence would ensue”.

On the other hand, the repair algorithms perform quite well. In the case of aver-
age knapsack capacity, logarithmic penalty function method (i.e., small penal-
ties) is superior: it is interesting to note that the size of the problem does not
influence the conclusions.

As indicated earlier, these experiments do not provide a complete picture
yet; many additional experiments are planned in the near future. In the category
of penalty functions, it might be interesting to experiment with additional for-
mulae. All considered penalties were of the form Pen(x) = f(x), where f was
logarithmic, linear, and quadratic. Another possibility would be to experiment
with Pen{x) = a + f(x) for some constant a. This would provide a minimum
penalty for any infeasible vector. Further, it might be interesting to experi-
ment with dynamic penalty functions, where their values depend on additional
parameters, like the generation number {this was done in [267] for numerical



88 4. GAs: Selected Topics

optimization for continuous variables) or characteristic of the search (see [360],
where dynamic penalty functions were used for the facility layout problem: as
better feasible and infeasible solutions are found, the penalty imposed on a
given infeasible solution will change). Also, it seems worthwhile to experiment
with self-adaptive penalty functions. After all, probabilities of applied opera-
tors might be adaptive (as in evolution strategies); some initial experiments
indicate that adaptive population sizes may have some merit (section 4.4); so
the idea of adaptive penalty functions deserves some attention. In its simplest
version, a penalty coefficient would be part of the solution vector and undergo
all genetic (random) changes (as opposed the idea of dynamic penalty functions,
where such penalty coefficient is changed on regular basis as a function of, for
example, generation number).

It is also possible to experiment with many repair schemes, including other
heuristics than the ratio of the profit and the weight. Also, it might be interesting
to combine the penalty methods with repair algorithms: infeasible solutions for
algorithms A,[] could have been repaired into feasible ones.

In the category of decoders it would be necessary to experiment with dif-
ferent (integer) representations (as it was done for the traveling salesman prob-
lem — Chapter 10): adjacency representation (with alternating-edges crossover,
subtour-chunks crossover, or heuristic crossover), or path representation (with
the PMX, OX, and CX crossovers, or even the edge recombination crossover). It
would be interesting to compare the usefulness of these representations and op-
erators for the 0/1 knapsack problem (as it was done for the traveling salesman
problem and scheduling [370]). It is quite possible, that some new problem-
specific crossover would provide with the best results.

4.6 Other ideas

In the previous sections of this chapter we have discussed some issues connected
with removing possible errors in sampling mechanisms. The basic aim of that
research was to enhance genetic search; in particular, to fight the premature
convergence of GAs. During the last few years there have been some other
research efforts in the quest for better schema processing, but using different
approaches. In this section we discuss some of them.

The first direction is related to the genetic operator, crossover. This oper-
ator was inspired by a biological process; however, it has some drawbacks. For
example, assume there are two high performance schemata:

S1=(001**x*x*xx%xx01)and
So = (k*xx]l Lokxkxxx*)

There are also two strings in a population, v; and v,, matched by S, and Ss,
respectively:

v; = (0010001101001) and
vy = (1110110001000).
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Clearly, the crossover cannot combine certain combinations of features en-
coded on chromosomes; it is impossible to get a string to be matched by a
schema

S3=(001%x11xxxxx01),

since the first schema will be destroyed.

Additional argument against the classical, one-point crossover is in some
asymmetry between mutation and crossover: a mutation depends on the length
of the chromosome and crossover does not. For example, if the probability of
mutation is p,, = 0.01, and the length of a chromosome is 100, the expected
number of mutated bits within the chromosome is one. If the length of a chro-
mosome is 1000, the expected number of mutated bits within the chromosome is
ten. On the other hand, in both cases, one-point crossover combines two strings
on the basis of one cross site, regardless the length of the strings.

Some researchers (see, e.g., [104] or [382]) have experimented with other
crossovers. For example, two-point crossover selects two crossing sites and chro-
mosomal material is swapped between them. Clearly, strings v; and v, may
produce a pair of offspring

v) = (001]01100/01001) and
v, = (111}00011|01000),

where v} is matched by
S3=(001%x11xk*xxx01),

which was not possible with one-point crossover.

Similarly, there are schemata that two-point crossover cannot combine. We
can experiment then with multi-point crossover [104], a natural extension of two-
point crossover. Note, however, that since multi-point crossover must alternate
segments (obtained after cutting a chromosome into s pieces) between the two
parents, the number of segments must be even, i.e., a multi-point crossover is
not a natural extension of single-point crossover.

Schaffer and Morishima [341] experimented with a crossover which adapts
the distribution of its crossover points by the same processes already in place
(survival of the fittest and recombination). This was done by introducing special
marks into string representation. These marks keep track of the sites in the
string where crossover occurred. The hope was that the crossover sites would
undergo an evolution process: if a particular site produces poor offspring, the site
dies off (and vice versa). Experiments indicated {341] that adaptive crossover
performed as well or better than a classical GA for a set of test problems.
Spears [367] experimented with adapting a particular crossover (two crossovers:
one-point and uniform crossovers were considered) by extending a chromosomal
representation by additional bit.

Some researchers [104] experimented with other crossovers: segmented cross-
over and shuffle crossover. Segmented crossover is a variant of the multi-point
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crossover, which allows the number of crossover points to vary. The (fixed)
number of crossover points (or segments) is replaced by a segment switch rate.
This rate specifies the probability that a segment will end at any point in the
string. For example, if the segment switch rate is s = 0.2, then, starting from the
beginning of a segment, the chances of terminating this segment at each bit are
0.2. In other words, with the segment switch rate s = 0.2, the expected number
of segments will be m/5, however, unlike multi-point crossover, the number of
crossover points will vary. Shuffle crossover should be perceived as an additional
mechanism which can be applied with other crossovers. It is independent of the
number of crossover points. The shuffle crossover (1) randomly shuffles the bit
positions of the two strings in tandem, (2) crosses the strings, i.e., exchanges
segments between crossover points, and (3) unshuffles the strings.

A further generalization of one-point, two-point, and multi-point crossover
is the uniform crossover [366], [382]: for each bit in the first offspring it decides
(with some. probability p) which parent will contribute its value in that position.
The second offspring would receive the bit from the other parent.

For example, for p = 0.5 (0.5-uniform crossover), the strings

v; = {0010001101001) and
v, = (1110110001000)

may produce the following pair of offspring:

'0/1 = (01011201121202110112010102) and
vl = (13121;020,0,1;05021,020,11),

where subscripts 1 and 2 indicate the parent (vectors v; and wvs, respectively)
for a given bit. If p = 0.1 (0.1-uniform crossover), two strings v; and vy may
produce

'Ull = (01011101120111110112010111) and
'U'Z = (1212120201 1202020211020202).

Since the uniform crossover exchanges bits rather than segments, it can
combine features regardless their relative location. For some problems [382]
this ability outweighs the disadvantage of destroying building blocks. However,
for other problems, the uniform crossover was inferior to two-point crossover.
Syswerda. [382] compared theoretically the 0.5-uniform crossover with one-point
and two-point crossovers. Spears and De Jong [366] provided an analysis of
p-uniform crossovers, i.e., crossovers which involve on average m - p crossover
points.

Eshelman [104] reports on several experiments for various crossover opera-
tors. The results indicate that the ‘loser’ is one-point crossover; however, there
is no clear winner. A general comment on the above experiments is that each
of these crossovers is particularly useful for some classes of problems and quite
poor for other problems. This strengthens our idea of problem dependent oper-
ators leading us towards evolution programs.
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Miihlenbein and Voigt [290] investigated the properties of a new recombi-
nation operator, called gene pool recombination, where the genes are randomly
picked from the gene pool defined by the selected parents. An interesting aspect
of this operator is that it allows so-called orgies: several parents in producing
an offspring. Such a multi-parent crossover was also investigated by Eiben et al.
[100], where several gene scanning techniques (which produce a single offspring
out of several parents) are considered. Renders and Bersini [324] experimented
with simplezr crossover for numerical optimization problems; this crossover in-
volves computing centroid of group of parents and moving from the worst indi-
vidual beyond the centroid point. Also, scatter search techniques [142] propose
the use of multiple parents.

Several researchers looked also at the effect of control parameters of a GA
(population size, probabilities of operators) on the performance of the system.
Grefenstette [169] applied a meta-GA to control parameters of another GA.
Goldberg [153] provides a theoretical analysis of the optimal population size.
A complete study on influence of the control parameters on the genetic search
(online performance for function optimization) is presented in [343]. The results
suggest that (1) mutation plays a stronger role than has previously been ad-
mitted (mutation is regarded as a background operator), (2) the importance of
the crossover rate is smaller than expected, (3) the search strategy based on
selection and mutation only might be a powerful search procedure even without
the assistance of crossover (like evolution strategies, presented in Chapter 8).
However, GAs still lack good heuristics to determine good values for their pe-
rameters: there is no single setting which would be universal for all considered
problems. It seems that finding good values for the GA parameters is still more
an art than a science.

Until this chapter we have discussed two basic genetic operators: crossover
(one-point, two-point, uniform, etc.) and mutation, which were applied to in-
dividuals or single bits at some fixed rates (probabilities of crossover p. and
mutation pn). As we have seen in the running example of Chapter 2, it was
possible to apply crossover and mutation to the same individual (e.g., v13). In
fact, these two basic operators can be viewed as one recombination operator,
the “crossover and mutation” operator, since both operations can be applied
to individuals at the same time. One possibility in experimenting with genetic
operators is to make them independent: one or the other of these operators will
be applied during the reproduction event, but not both [78]. There are & few
advantages of such separation. Firstly, a mutation will not be applied to the
result of the crossover operator any longer, making the whole process conceptu-
ally simpler. Secondly, it is easier to extend a list of genetic operators by adding
new ones: such a list may consist of several, problem dependent operators. This
is precisely the idea behind evolution programming: there are many problem
dependent “genetic operators”, which are applied to individual data structures.
Recall also, that for evolution programs presented in this book, we have devel-
oped a special selection routine modGA (previous section) which facilitates the
above idea. Moreover, we can go further. Each operator may have its own fitness
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which would undergo some evolution process as well. Operators are selected and
applied randomly, however, according to their fitness. This idea is not new and
has been around for some time [77], [115], [78], but it is getting a new meaning
and significance in the evolution programming technique.

Another interesting direction in search for a better schema processing, men-
tioned already in the previous chapter in connection with a deception problem,
was proposed recently {155], [159]: a messy genetic algorithm (mGA).

The mGAs differ from classical GAs in many ways: representation, oper-
ators, size of population, selection, and phases of the evolution process. We
discuss them briefly in turn.

First of all, each bit of a chromosome is tagged with its name (number) —
the same trick we used discussing inversion operator in the previous chapter.
Additionally, strings are of variable length and there is no requirement for a
string to have full gene complements. A string may have redundant and even
contradictory genes. For example, the following strings are legitimate chromo-
somes in mGA:

v, = ((77 1)(150));
U, = ((37 1)(9’ 0)(3’ 1)(37 1)v (3y 1))7
1)3 = ((27 1)(2’ 0)(47 1)(57 0)(67 O)(7> 1)(8a l))

The first number in each parenthesis indicate a position, the second number the
value of the bit. Thus the first string, v,, specifies two bits: bit 1 on the 7th
position and bit 0 on the 1st position.

To evaluate such strings, we have to deal with overspecification (string v,
where two bits are specified on the 2nd position) and underspecification (all
three vectors are underspecified, assuming 9 bit positions) problems. Overspec-
ification can be handled in many ways; for example, some voting procedure
(deterministic or probabilistic) can be used, or a positional precedence. Under-
specification is harder to deal with, and we refer the interested reader to the
source information [155], [158], [159].

Clearly, variable-length, overspecified or underspecified strings would influ-
ence the operators used. Simple crossover is replaced by two (even simpler)
operators: splice and cut. The splice operator concatenates two selected strings
(with the specified splice probability). For example, splicing strings v, with v,
we get,

vy = ((77 1)(17 0)(3’ 1)(9a 0)(3= 1)(3» 1)7 (3’ 1))

The cut operator cuts (with some cut probability) the selected string at a po-
sition determined randomly along its length. For example, cutting string v, at
position 4, we get

vy = ((2,1)(2,0)(4,1)(5,0)) and
Vg = ((61 0)(71 1)(8’ 1))

In addition, there is an unchanged mutation operator, which changes 0 to 1 (or
vice versa) with some specified probability.
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There are some other differences between GA and mGA. Messy genetic al-
gorithms (for reliable selection regardless of function scaling) use a form of tour-
nament selection [155]; they also divide the evolution process into two phases
(the first phase selects building blocks, and only in the second phase are genetic
operators invoked), and the population size changes in the process.

Messy genetic algorithms were tested on several deceptive functions with
very good results [155], [158]. As stated by Goldberg [155):

“A difficult test function has been designed, and in two sets of ex-
periments the mGA is able to find its global optimum. [...] In all
runs on both sets of experiments, the mGA converges to the test
function global optimum. By contrast, a simple GA using a random
ordering of the string is able to get only 256% of the subfunctions
correct.”

and in [158]:

“Because mGAs can converge in these worst-case problems, it is be-
lieved that they will find global optima in all other problems with
bounded deception. Moreover, mGAs are structured to converge in
computational time that grows only as a polynomial function of
the number of decision variables on a serial machine and as a log-
arithmic function of the number of decision variables on a parallel
machine. Finally, mGAs are a practical tool that can be used to
climb a function’s ladder of deception, providing useful and rela-
tively inexpensive intermediate results along the way.”

There were also some other attempts to enhance genetic search. A modi-
fication of GAs, called Delta Coding, was proposed recently by Whitley et al.
[400]. Schraudoph and Belew [347] proposed a Dynamic Parameter Encoding
(DPE) strategy, where the precision of the encoded individual is dynamically
adjusted. These algorithms are discussed later in the book (Chapter 8).
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Numerical Optimization



5. Binary or Float?

There were rules in the
monastery, but the Master
always warned against
the tyranny of the law.

Anthony de Mello, One Minute Wisdom

As discussed in the previous chapter, there are some problems that GA ap-
plications encounter that sometimes delay, if not prohibit, finding the optimal
solutions with the desired precision. One of the implications of these problems
was premature convergence of the entire population to a non-global optimum
(Chapter 4); other consequences include inability to perform fine local tuning
and inability to operate in the presence of nontrivial constraints (Chapters 6
and 7).

The binary representation traditionally used in genetic algorithms has some
drawbacks when applied to multidimensional, high-precision numerical prob-
lems. For example, for 100 variables with domains in the range [—500, 500]
where a precision of six digits after the decimal point is required, the length
of the binary solution vector is 3000. This, in turn, generates a search space of
about 10'°%, For such problems genetic algorithms perform poorly.

The binary alphabet offers the maximum number of schemata per bit of
information of any coding [154] and consequently the bit string representation
of solutions has dominated genetic algorithm research. This coding also facili-
tates theoretical analysis and allows elegant genetic operators. But the ‘implicit
parallelism’ result does not depend on using bit strings [9] and it may be worth-
while to experiment with large alphabets and (possibly) new genetic operators.
In particular, for parameter optimization problems with variables over contin-
uous domains, we may experiment with real-coded genes together with special
“genetic” operators developed for them.

In [157] Goldberg wrote:

“The use of real-coded or floating-point genes has a long, if contro-
versial, history in artificial genetic and evolutionary search schemes,
and their use as of late seems to be on the rise. This rising usage has
been somewhat surprising to researchers familiar with fundamental
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genetic algorithm (GA) theory ([154], (188]), because simple analy-
ses seem to suggest that enhanced schema processing is obtained by
using alphabets of low cardinality, a seemingly direct contradiction
of empirical findings that real codings have worked well in a number
of practical problems.”

In this chapter we describe the results of experiments with various modifica-
tions of genetic operators on floating point representation. The main objective
behind such implementations is {in line with the principle of evolution program-
ming) to move the genetic algorithm closer to the problem space. Such a move
forces, but also allows, the operators to be more problem specific — by utilizing
some specific characteristics of real space. For example, this representation has
the property that two points close to each other in the representation space
must also be close in the problem space, and vice versa. This is not generally
true in the binary approach, where the distance in a representation is normally
defined by the number of different bit positions. However, it is possible to reduce
such discrepancy by using Gray coding.

The procedures for converting a binary number b = (by,. .., b,) into Gray
code number g = (gi,...,gm) and vice versa are given in Figure 5.1; the pa-
rameter m denotes the number of bits in these representations.

procedure Binary-to-Gray
begin
g=2
for k=2 tom do
gk =br_) XOR by

end

procedure Gray-to-Binary

begin
value = ¢
b, = value
for k=2tomdo
begin
if g, = 1 then value = NOTwvalue
b, = value
end
end

Fig. 5.1. The Binary-to-Gray and Gray-to-Binary procedures

Table 5.1 lists the first 16 binary numbers together with the corresponding
Gray codes.

Note that the Gray coding representation has the property that any two
points next to each other in the problem space differ by one bit only. In other
words, an increase of one step in the parameter value corresponds to a change
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Binary | Gray
0000 | 0000
0001 | 0001
0010 | 0011
0011 | 0010
0100 | 0110
0101 | 0111
0110 | 0101
0111 | 0100
1000 | 1100
1001 | 1101
1010 | 1111
1011 | 1110
1100 | 1010
1101 1011
1110 |} 1001
1111 | 1000

Table 5.1. Binary and Gray codes

of a single bit in the code. Note also that there are other equivalent procedures
for converting binary and Gray codes. For example (case of m = 4), a pair of
matrices:

1000 1000
1100 L {1100
A4=10 11 0 AM=l1110

0011 1111

provides the following transformations:
g=Aband b= A"1lg,

where multiplication operations are done modulo 2.

However, we use a floating point representation as it is conceptually closest
to the problem space and also allows for an easy and efficient implementation
of closed and dynamic operators (see also Chapters 6 and 7). Subsequently, we
empirically compared a binary and floating point implementations using various
new operators on many test cases. In this chapter, we illustrate the differences
between binary and float representations on one typical test case of a dynamic
control problem. This is a linear-quadratic problem, which is a particular case of
a problem we use in the next chapter (together with two other dynamic control
problems) to illustrate the progress of our evolution program in connection with
premature convergence and local fine tuning. As expected, the results are better
than those from binary representation. The same conclusion was also reached
by other researchers, e.g., [78], [408].
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5.1 The test case

For experiments we have selected the following dynamic contro! problem:

N-1
min (rf\, + Y (=h+ ui)) ,
k=0
subject to
Tt = Ti + Ug, k=0,1,...,N—1,
where zq is a given initial state, 2 € R is a state, and u € R" is the sought
control vector. The optimal value can be analytically expressed as

J* = K().Tg,
where K} is the solution of the Riccati equation:
Ky=1+ Kk+1/(1 + Kk-f—l) and Ky = 1.

During the experiments a chromosome represented a vector of the control
states u. We have also assumed a fixed domain (—200,200) for each u; (ac-
tual solutions fall within this range for the class of tests performed). For all
subsequent experiments we used o = 100 and N = 45, i.e., a chromosome
u = {uy, ..., U4q), having the optimal value J* = 16180.4.

5.2 The two implementations

For the study we have selected two genetic algorithm implementations differing
only by representation and applicable genetic operators, and equivalent other-
wise. Such an approach gave us a better basis for a more direct comparison.
Both implementations used the same selective mechanism: stochastic universal
sampling [23].

5.2.1 The binary implementation

In the binary implementation each element of a chromosome vector was coded
using the same number of bits. To facilitate fast run-time decoding, each element
occupied its own word (in general it occupied more than one if the number of
bits per element exceeded the word size, but this case is an easy extension) of
memory: this way elements could be accessed as integers, which removed the
need for binary to decimal decoding. Then, each chromosome was a vector of N
words, which equals the number of elements per chromosome (or a multiple of
such for cases where multiple words were required to represent a desired number
of bits).

The precision of such an approach depends (for a fixed domain size) on
the number of bits actually used and equals (UB — LB)/(2" — 1), where UB
and LB are domain bounds and n is the number of bits per one element of a
chromosome.
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5.2.2 The floating point implementation

In the floating point (FP) implementation each chromosome vector was coded
as a vector of floating point numbers, of the same length as the solution vector.
Each element was forced to be within the desired range, and the operators were
carefully designed to preserve this requirement.

The precision of such an approach depends on the underlying machine, but
is generally much better than that of the binary representation. Of course, we
can always extend the precision of the binary representation by introducing
more bits, but this considerably slows down the algorithm (see section 5.4).

In addition, the FP representation is capable of representing quite large
domains (or cases of unknown domains). On the other hand, the binary repre-
sentation must sacrifice precision with an increase in domain size, given fixed
binary length. Also, in the FP representation it is much easier to design special
tools for handling nontrivial constraints: this is discussed fully in Chapter 7.

5.3 The experiments

The experiments were conducted on a DEC3100 workstation. All results pre-
sented here represent the average values obtained from 10 independent runs.
During all experiments the population size was kept fixed at 60, and the number
of iterations was set at 20,000. Unless otherwise stated, the binary representa-
tion used n = 30 bits to code one variable (one element of the solution vector),
making 30 - 45 = 1350 bits for the whole vector.

Because of possible differences in interpretation of the mutation operator,
we accepted the probability of chromosomes’ update as a fair measure for com-
paring the floating point and binary representations. All experimental values
were obtained from runs with the operators set to achieve the same such rate;
therefore, some number of iterations can be approximately treated interchange-
ably with the same number of function evaluations.

5.3.1 Random mutation and crossover

In this part of the experiment we ran both implementations with operators
which are equivalent (at least for the binary representation) to the traditional
ones.

Binary

The binary implementation used traditional operators of mutation and crossover.
However, to make them more similar to those of the FP implementation, we
allowed crossover only between elements. The probability of crossover was fixed
at 0.25, while the probability of mutation varied to achieve the desired rate of
chromosome update (shown in Table 5.2).
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Probability of chromosome’s update
implementation 0.6 0.7 0.8 0.9 0.95
Binary, pm 0.00047 | 0.00068 | 0.00098 | 0.0015 | 0.0021
FP, pmm 0.014 0.02 0.03| 0.045| 0.061

Table 5.2. Probabilities of chromosome’s update versus mutation rates

FP

The crossover operator was quite analogous to that of the binary implementation
(split points between float numbers) and applied with the same probability
(0.25). The mutation, which we call random, applies to a floating point number
rather that to a bit; the result of such mutation is a random value from the
domain (LB,UB).

Results

Probability of chromosome’s update | standard
implementation 0.6 0.7 0.8 09| 0.95 | deviation
Binary 42179 | 46102 | 29290 | 52769 | 30573 31212
FP 46594 | 41806 | 47454 | 69624 | 82371 11275

Table 5.3. Average results as a function of probability of chromosome’s update

The results (Table 5.3) are slightly better for the binary case; however, it
is rather difficult to judge them better as all fell well away from the optimal
solution (16180.4). Moreover, an interesting pattern emerged that showed the
FP implementation to be more stable, with much lower standard deviation.

In addition, it is interesting to note that the above experiment was not quite
fair for the FP representation; its random mutation behaves “more” randomly
than that of the binary implementation, where changing a random bit doesn’t
imply producing a totally random value from the domain. As an illustration let
us consider the following question: what is the probability that after mutation
an element will fall within 6% of the domain range (400, since the domain is
{—200, 200)) from its old value? The answer is:

FP: Such probability clearly falls in the range (6, 2-8). For example, for § = 0.05
it is in (0.05,0.1).

Binary: Here we need to consider the number of low-order bits that can be
safely changed. Assuming n = 30 as an element length and m as the
length of permissible change, m must satisfy m < n + log, 8. Since m
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is an integer, then m = |n + log, 8] = 25 and the sought probability is
m/n = 25/30 = 0.833, a quite different number.

Therefore, we will try to design a method of compensating for this drawback in
the following subsection.

5.3.2 Non-uniform mutation

In this part of the experiments we ran, in addition to the operators discussed
in section 5.3.1, a special dynamic mutation operator aimed at both improving
single-element tuning and reducing the disadvantage of random mutation in the
FP implementation. We call it a non-uniform mutation; a full discussion of this
operator is presented in the next two chapters.

FP

The new operator is defined as follows: if s{, = (vy,...,vn) is a chromosome (¢

is the generation number) and the element v, was selected for this mutation,
t+1

the result is a vector st*!' = (v;,...,v,..., Un), where
v k

o= et A, UB - v) if a random digit is 0,
71 v — A(t, v — LB)  if a random digit is 1,

and LB and UB are lower and upper domain bounds of the variable v,. The
function A(t,y) returns a value in the range [0,y] such that the probability
of A(t,y) being close to 0 increases as t increases. This property causes this
operator to search the space uniformly initially (when t is small), and very
locally at later stages; thus increasing the probability of generating the new
number closer to its successor than a random choice. We have used the following
function:

Aty) =y- (1-r7"),

where 7 is a random number from [0..1], T is the maximal generation number,
and b is a system parameter determining the degree of dependency on iteration
number (we used b = 5).

Binary

To be more than fair to the binary implementation, we modeled the dynamic
operator into its space, even though it was introduced mainly to improve the
FP mutation. Here, it is analogous to that of the FP, but with a differently
defined v}

v, = mutate(ve, V(¢,n)),

where n = 30 is the number of bits per one element of a chromosome;
mutate(vg, pos) means: mutate value of the k-th element on pos bit (0 bit is the
least significant), and
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Vit n) = |A(t,n)] if a random digit is 0,
(t,m) = [A(t,n)] if a random digit is 1,

with the b parameter of A adjusted appropriately if similar behavior is desired
(we used b = 1.5).

Results
We repeated similar experiments to those of section 5.3.1 using also the non-
uniform mutations applied at the same rate as the previously defined mutations.

Probability of standard
chromosome’s update | deviation '
implementation 0.8 0.9
Binary 35265 30373 40256
FP 20561 26164 2133

Table 5.4. Average results as a function of probability of chromosome’s update

Now the FP implementation shows a better average performance (Table
5.4). In addition, again the binary’s results were more unstable. However, it is
interesting to note here that despite its high average, the binary implementation
produced the two single best results for this round (16205 and 16189).

5.3.3 Other operators

In this part of the experiment we decided to implement and use as many addi-
tional operators as could be easily defined in both representation spaces.

Binary

In addition to those previously described we implemented a multi-point crossover,
and also allowed for crossovers within bits of an element. The multi-point op-
erator had the probability of application to a single element controlled by a
system parameter (set at 0.3).

FP

Here we also implemented a similar multi-point crossover. In addition, we im-
plemented single and multi-point arithmetical crossovers; they average values
of two elements rather that exchange them, at selected points. Such operators
have the property that each element of the new chromosomes is still within the
original domain. More details of these operators are provided in the next two
chapters.
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Results

Here the FP implementation shows an outstanding superiority (Table 5.5); even
though the best results are not so very different, only the FP was consistent in
achieving them.

Probability of standard
chromosome’s update | deviation Best
implementation 0.7 0.8 0.9
Binary 23814 | 19234 | 27456 6078 | 16188.2
FP 16248 | 16798 | 16198 54 | 16182.1

Table 5.5. Average results as a function of probability of chromosome’s update

5.4 Time performance

Many complain about the high time complexity of GAs on nontrivial problems.
In this section we compare the time performance of both implementations. The
results presented in Table 5.6 are those for runs of section 5.3.3.

Number of elements (V)

implementation 5 15 25 35 45
Binary 1080 | 3123 | 5137 | 7177 | 9221
FP 184 | 398 | 611 | 8231072

Table 5.6. CPU time (sec) as a function of number of elements

Table 5.6 compares CPU time for both implementations on varying number
of elements in the chromosome. The FP version is much faster, even for the
moderate 30 bits per variable in the binary implementation. For large domains
and high precision the total length of the chromosome grows, and the relative
difference would expand as further indicated in Table 5.7.

5.5 Conclusions

The conducted experiments indicate that the floating point representation is
faster, more consistent from run to run, and provides a higher precision (espe-
cially with large domains where binary coding would require prohibitively long
representation). At the same time its performance can be enhanced by special
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Number of bits per binary element
implementation 5 10 20 30 40 50
Binary 4426 | 5355 | 7438 | 9219 | 10981 | 12734
FP 1072 (constant)

Table5.7. CPU time (sec) as a function of number of bits per element; N = 45

operators to achieve high (even higher than that of the binary representation)
accuracy. In addition, the floating point representation, as intuitively closer to
the problem space, is easier for designing other operators incorporating problem
specific knowledge. This is especially essential in handling nontrivial, problem—
specific constraints (Chapter 7).

These conclusions are in accordance with the reasons of the users of genetic-
evolutionary techniques who prefer floating point representation given in {157):
(1) comfort with one-gene-one-variable correspondence, (2) avoidance of Ham-
ming cliffs and other artifacts of mutation operating on bit strings treated as
unsigned binary integers, (3) fewer generations to population conformity.

At this stage the reader is encouraged to run a few experiments (see Ap-
pendix D; exercise 3). Select a few test functions (e.g., take some functions from
Appendix B) and experiment with three GA-based systems with binary, Gray,
and floating point representations. For the first two systems, use GENESIS
1.2ucsd ; for the third one — use GENOCOP (Chapter 7).






















































































































































































































































































































































































































































































































































































































































































































































































































































