
Logistic, Richards, Morgan-Mercer-Flodin 

Gompertz: ( )xy γβα −−= eexp      formula only 

Weibull-type: ( )δγβα xy −−= exp    formula only 

Logistic model 

 ( )x
y

γβ
α

−+
=

exp1
 {1}

 ( )xEx γ−= exp  {2}

 
xE

y
β
α

+
=

1
 {3}

Beginning and end 

  
β

α
+

=
10y  α=∞y  {4}

1.st derivative 

 

( ) ( ) ( ) ( )

( )

x
x

x

x
xx

xxxx

Ey
E

E
y

E
EE

EEE
x

Ey

α
βγ

β
βγ

β
α

βγβαβγ

βγβαββα

2

2

22

1

1
1

11
d
d

1

=
+

=

=
+

=+=

=−+−=++−=′

−

−−

 {5}

 xEyy
α
βγ2=′  {6}

2.nd derivative 
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Inflection point 
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Function at inflection point 
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Derivative at inflection point 
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Parameters from problem data 
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Example:  y0 = 5, y∞ = 100, x* = 0.6: 
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Richards model 

 ( )[ ]λγβα xy −+= exp1  {20}

 ( )xEx γ−= exp  {21}

 ( )λβα xEy += 1  {22}

Beginning and end 
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1.st derivative 

 
( ) ( ) ( ) ( )

( )
x

x
xx

xxxx

E
E

yEE

EEE
x

Ey

β
βγλβαβγλ

βγβαλββαλ

λ

λλ

+
−=+−=

=−+=++=′

−

−−

1
1

11
d
d

1

1

11

 {24}

 ( )
x

x

E
E

yy
β

βγλ
+

−=′
1

 {25}

2.nd derivative 

 
( )[ ]

( ) ( ) ( ) ( ) xxxxxxx

xx
x

x

EEyEEyEEEy

EyE
xE

E
y

x
y

βγββγβ

β
ββγλ

−+−+−+′=

=+=







+

=
−

′′

−−−

−

211

1

111

1
d
d

1d
d

 {26}

 

( ) ( )

( )( )
x

x

x

x

x

x

x

x

x

x

E
E

y
E

E
y

E
E

y
E

E
y

E
E

y
y

β
γ

β
λβγ

β
βγ

β
γ

β
βγλ

βγλ

+
−








+

−=

=







+

+
+

−







+

−=
−

′′

11
1

111
2

22

 {27}



 

( )

( ) 














 +
−−=

=






 +
−−=







 +
−

′′

x

x

x

x

x

x

E
E

y

E
E

yy
E

Ey

β
λβγ

β
γλβγ

β
βγλ

1
1

1
1

1
2

 {28}

 ( ) 






 +
−−=







 +
−

′′

x

x

x

x

E
E

E
E

y
y β

λβ
β

λβγ
1

1
1

2

2  {29}

Inflection point 
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Function at inflection point 
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Derivative at inflection point 
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Parameters from problem data 
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Example:  y0 = 5, y∞ = 100, x* = 0.6: 
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Morgan-Mercer-Flodin model 
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Beginning and end (δ < 0) 

  β=0y  α=∞y  {41}

1.st derivative, with α > β and δ, γ < 0 
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2.nd derivative 
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Inflection point 
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Function at inflection point 
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Derivative at inflection point 
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Parameters from problem data 
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Example:  y0 = 5, y∞ = 100, x* = (?) 0.6: 
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