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MATHEMATICAL PROGRAMMING [PART I

INTEGER PROGRAMS

An inleger program is a linear program with the additional restriction that the input variables be
integers. It is not necessary that the coefficients in (1.2) and (1.7), and the constants in (1.1}, also be
integers. but this will very often be the case,

QUADRATIC PROGRAMS

A quadratic program is a mathematical program in which each constraint is linear—that is, each
constraint function has the form (1.3)—but the objective is of the form

Flry e vay Xo)= Eiﬁmﬁ id.x. (1.4}

i=1j=1 fai
where ¢, and d, are known constants.
The program given in Example 1.1 is quadratic. Both constraints are lincar, and the objective
has the form {1.4]. with n =2 (twee \'aﬁ.ahl:s}, &= 1, Cp=Cu= ﬂ. cn=1, and ﬂl| = d_1-= 0.

PROBLEM FORMULATION

Optimization problems most often are stated verbally. The solution procedure iz to model the
problem with a mathematical program and then solve the program by the techniques deseribed in
Chapters 2 through 15. The following approach is recommended for transforming a word problem
into a mathematical program:

STEP | Determine the quantity to be optimized and express it as a mathematical function. Doing
S0 serves Lo define the input variables.

STEP 2 Identify all stipulated requirements, restrictions, and limitations, and express them
mathematically. These requirements constitute the constraints.

STEP 3 Express any hidden conditions. Such conditions are not stipulated explicitly in the
problem but are apparent from the physical situation being modeled. Generally they
involve nonnegativity or integer requirements on the input variahles,

SOLUTION CONVENTION

In any mathematical program, we seek a solution. If a number of equally optimal solutions
exist, then any one will do.  There is no preference berween egually optimal solutions if there is no
preference stipulated in the consiraings.

Solved Problems

L1 The Village Butcher Shop traditionally makes its meat loaf from a combination of lean ground
beef and ground pork. The ground beef contains B0 percent meat and 20 percent far, and
costs the shop 80¢ per pound; the ground pork contains 68 percent meat and 32 percent fat,
and costs 60¢ per pound. How much of each kind of meat should the shop use in each pound
of meat loaf if it wants to minimize ite cost and to keep the fat content of the meat loaf to no
more than 25 percent?

The objective is to minimize the cost {in cents), z. of a pound of meat loaf, where

z == Hi} times the poundage of ground beef used plos 60 times the poundage of ground pork used

Drefining




1) MATHEMATICAL PROGRAMMING 3

1 =poundage of ground beef used in each pound of meat loaf

x3 =poundage of ground pork used in each pourd of meat loaf

we express the objective as

minimize: = = Bz, =6l ()]

E..dapﬂdmmmmmam;,mammmmmmmonu
of fat contributed from the pork.  The total fat content of a pound of meat loaf must be no greater
than 125 . Therelore,

0205, +032x, =025 2)
mmduulmtndinucbpmddmwmunml:m.
I|,¢.I:-1 m

Fhily.lhhlduﬂnpmm!menp&mqmdmw.mthlmm
constraints are x; =0 and x;=0 Combining these conditwons with (1), (2), and (3), we obtain

minimize: = = 80x, + Sx;
subject to:  0.20x; + 0.322: =025 )
n+ 2= 1
with: all variables nonnegative
System (4) is a linear program.  As there are only two variables, a graphical solution may be given.

Solve the linear program (4) of Problem 1.1 graphically.

See Fig. 1-1. The feasibie region—the sct of points (x,, 1;) satisfying all the constraints, including
{he nonnegativity conditions—is the heavy line segment in the figure.  To determine =, the minimal value
of z, we arbitrarily choose values of = and plat the graphs of the assacisted objectives. By choosing z =
70 and then z = 75, we obtain the objectives

70 = B0x, + 6lx; and T8 = 80x; + 602

respectively. Their graphs are the dashed linesin Fig. 1-1. It is scen that z* will be assumed at the upper
endpoint of the feasible segment, which is the intersection of the two lines

0.20x+0.32x: =025 and B rxg=1
Simultansous solution of these equations gives ©1=7/12, x?=5/12; hence,
2*=80(7/12)+ 60(3/12) = TL6T¢

n+vER=

020%,+032x; =025
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A furniture maker has 6 units of wood and 28 h of free time, in which he will make decorative
screens.  Two models have sold well in the past, so he will restrict himself to those two. He
estimates that model I requires 2 units of wood and 7 b of time. while model IT requires 1 unit
of wood and 8h of time, The prices of the models are $120 and $80, respectively. How
many screens of each model should the furniture maker assemble if he wishes to maximize his
sales revenue?

The objective is to maximize revenue (in dollars), which we denote as =

2 = 120 times the number of model I screens produced plus 80
times the number of model 1T screens produced

Letting

Xy =number of model 1 screens to be produced
xs=number of mode| I screens to be produced

we express the objective as
maximize: = 120x;+ 8lx= (1)

The furniture maker is subject to a wood constraint,  As each model [ requires 2 units of wood, Zx;
units must be allocated 1o them; likewise, Lx: units of wood must be allocated to the model 11
screens.  Hence the wood constraint is

i+ =6 {E}

The furniture maker also has a time constraint. The model | screens will consume 7x; hours and
the model 1T screens Sx: hours; and so

Txit8x-=28 {3)

It is obvious that negative quantities of either sereen cannot be produced, so two hidden constraints
are x =0 and x:=0. Furthermore, since therc is no revenue derived from partially completed
screens, another hidden condition is that x, and x; be integers. Combining these hidden conditions with
(1), (2), and (3). we obtain the mathematical program

maximize: = = 120x, + 80x;

subjeci to: 20+ xa=< 6 (4)
To+ 8x, =18

with: all variables nonnegative and integral

System () is an integer program. As there are only two variables, a graphical solution may be
given,

Give a graphical solution of the integer program (4) of Problem 1.3.

See Fig. 1-2.  The feasible region is the set of integer points (marked by crossec) within the shaded
area. The dashed lines are the graphs of the objective function when z is arbitrarily given the values
240, 330, and 380, It is seen that the z-line through the point (3, ) will furnish the desired maximum:
thus, the fumniture maker should assemble thres model [ sereens and no model 11 screens, for a maximum
revenue of

=* = 120(3) + BO(0) = $360

Observe that this optimal answer Is nar achieved by first solving the associated linear program (the
same problem without the integer constraints) and then moving to the closest feasible integer
point.  In fact, the feasible region for the associated linear program is the shaded area of Fig. 1-2; so the
optimal solution occurs at the circled corner point.  Buat at the clogest feasible integer point, (2, 1), the
objective function has the value = = 120(2)+ B0{1) = 5320 or $40 less than the true optimum,

An alternate solution procedure for Problem 1.3 is given in Problem 7.8,
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i)+ Bxy =128

X

Fig. 1-2

Universal Mines Inc. operates three mines in West Virginia. The ore from each mine is
separated into two grades before it is shipped; the daily production capacitics of the mines, as
well as their daily operating costs, are as follows:

High-Grade Ore, Low-Grade Ore, Oyperating Cost,
tons/day tons/day SO0 day
Mine I 4 4 B
Mine U 4 .
Wilne 11 1 & 18

Universal has committed itself to deliver 54 tons of high-grade ore and 65 tons of low-grade
ore by the end of the week. It also has labor contracts that guarantee employees in each
mine a full day’s pay for each day or fraction of a day the mine is open. Determine the
number of days each mine should be operated during the upcoming weck if Universal Mines is
to fulfill its commitment at minimum total cost.

Let x. x2, and xs, respectively, denote the aumbers of days that mines I, IL, and III will be operated
during the upcoming week. Then the objective {measured in wnits of $1000) is

minimize: z = x,+ 22x2+ 1823 i1
The high-grade ore requirement is
Axy+ baa+ x. =54 ()
and the low-grade ore requirement is
4x;+ 4xz+ 6x; =65 (3

As no mine may operate a negative number of days, three hidden constraints are x, =1, xz=1, and
x2=0, Moreover, as no mine may operate more than 7 days in a week, three other hidden con-
straints are x;=7, x:=7, and x3=7. Finally, in view of the labor contracts, Universal Mines has
nothing to gain in operating a mine for part of a day; consequently, x, 2, and x3 are required to be
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integral. Combining the hidden conditions with (1), {2}, and (3}, we obtain the mathematical program
minimize: = =20x;+22r;+ 18xs

subject to: &g +6xs+ ra= 54
e+ 4x: + by =65

x| =7 )
x2 =

=7
with: all variables nonnegative and integral

Syelem (4] is an integer program; its solution is determined in Problem 7.4.

A manufacturer is beginning the last week of production of four different models of wooden
television consoles, labeled 1. I, II1, and IV, each of which must be assembled and then
decorated. The models require 4, 5, 3, and 3 h, respectively, for assembling and 2, 1.5, 3, and
3h, respectively, for decorating. The profits on the models are $7, $7, $6, and 39, respec-
tively. The manufacturer has 30 000 h available for assembling these products (750 assem-
blers working 40h/wk) and 20000k available for decorating (500 decorators working
40 h/wk). How many of each model should the manufacturer produce during this last week
to maximize profit? Assume that all units made can be sold,

The objective is 0 maximize profit {in dollars), which we denote as z.  Setting

x1 = number of model I consoles ta be produced in the week
x: = number of model Il consoles to be produced in the weak
x3 = number of mode! TIT consoles to be produced in the week
xi=number of model I'V consoles to be produced in the week

we can formulate the ohjective as
maximize: z = Tx1+ T+ 6+ 9y (1)

There are constraints on the tofal time available for assembling and the total time available for
decorating, These are, respectively, modeled by

dxy+ Sxa+ 3x0+ Sxa== 30 000 2y
2x04 1532+ 3x3+ 3= 20000 {3}

Ax nepative guantities may not be produced, four hidden constraints are x, =0 (i=1,2,3,4). Ad-
ditionally, since this is the last week of production. partially completed models at the week's end would
remain unfinished and so would generate no profit.  To aveed such possibilities, we require an integral
value for cach variable. Combining the hidden conditions with (1), (2}, and {(3), we obtain the
mathematical program

maximize: 2 = x4+ Tz + 6xa+ O,
subject to:  4x;+  Sxe+ 3xa+ Sxa= 30000
2xs+ 1.5x2+ Jxa+ 3x0= 20 000 )
with: all variables nonnegative and integral

System (4) is an integer program; its solution is determined in Problem 6.4

The Aztec Refining Company produces two types of unleaded gasoline, regular and premium,
which it sells to its chain of service stations for $12 and %14 per barrel, respectively. Both
types are blended from Aztec’s inventory of refined domestic cil and refined foreign oil, and
must meel the following specifications:
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Vapor Oet Deliveries,
Pressure Rating bbl/wk bbl'wk
BE
L]

i

100 000 50000
20 D0 5000

Hegukir il
Premium px

The characteristics of the refined oils in inventory are as follows:

Vapar Octane Inveniory. Comsa,

Prewsure Rating bhi Shhi
Domestic b & 40 D00 L]
Foreign 153 LT l 0 000 15

What quantities of the two oils should Aztec blend into the two gasolines in order to maximize
weekly proft?

Set

x; =barrels of domestic blended into regular
x; = barrels of foreign blended into regular
xs= barrels of domestic blended into premium
¥, = barrels of foreign blended into premium

An amount 3+ x: of regular will be produced and generate a revenue of 12(x1 + x2); an amount xs+ Xs
of premium will be produced and generate a revenve of 14(x; + x.). An amount x; + xs of domestic will
be used, at & cost of B{x; + xs); an amount x:+ xa of foreign will be used, at & cost of 15(x: + xd). The
total profit, z. is revenue minus cost:

maximuze: £ = 120x + x2)+ 14(x0x + x) = 8(x; * x3) = 15{x2 + x4)
= dx) — 3xat 62— Ka (1)

There are limitations imposed on the production by demand, availability of supplies, and specifi-
cations on the blends. From the demands.

4 2= 100000 (maximum demand for regular) 2)
0+ s 20000 (maximum demand for premium) (3)
X +x3= S0000 (minimum regular required) )
x4+ xe= 5000 (minimum premium required) (5
From the availability.
== 40000 (domestic) (6)
4 x<= 6000 (foreign) (&)

The constituents of a blend coatribute to the overall octane rating according 1o their percentages by
weight; likewise for the vapor pressure. Thus, the octane rating of regular is

A1 X2
—+ 9K
X+ x3 X% X2

and the requirement that this be st least B8 leads 0
x= 050 =

Similarly, we obtain:
fixrs - Sx.=0 (premium octane constraint) 9




S s

MATHEMATICAL PROGRAMMING [EART 1
2z — By =0 (regular vapor-pressure constraint) {1y
2x;—Bxa=0 (premium vapor-pressure constraint) {11}

Combining (1) through (11) with the four (hidden) nonnegativity constraints on the four variables,
we obtain the mathematical program

maximize: 2'=4x;—Jc:+ bxs— x4

subject to:  xi+ ks = 1000 0K}

i xa= 20000

Xy + xa = 40000

Xz + xa= 60000
Xx3— 10 = 0

bry—Sxe= O (12)

2x1— B = 0
2x;—Bra= 0

- R ¥ = 50000

I+ xg= 500
with:  all variables nonnegative

System (12} is a linear program: its solution is determined in Problem 4.7

A hiker plans to go on a camping trip. There are five items the hiker wishes to take with her,
but together they exceed the 60-1b weight limit she fecls she can carry. To assist herself in
the selection process, she has assigned a value to cach item in ascending order of importance:

Item 1 2 3 4 ]
Weight, Th 58 23 [ a5 | 15 ol
Value 1) e1] Tih 15 15

Which items should she take to maximize the total value without exceeding the weight
restriction”

Letting x (i=1.2,3.4 5) designate the amount of item i 10 be taken, we ecan formulate the
objective as

maximize: == [0k, + 6+ Txa+ 15x0 4+ 1524 (1)
The weight imitation is
52x,+ 23k + 35334 1S+ Txe=6l) (2}

Singe an item either will or will not be taken, each variable must be either 1 or 0. Such conditions are
enforced if we require each variable to be nonnegative, no greater than 1, and integral. Combining
these constraints with (1) and (2), we obtain the mathematical program

maximize: == 100x, + 60x; + 70x;+ 15, + 152,

subject to:  52x, 4 23+ 352+ 15+ Tas =60

Xy = |

(3

i
I "

1
X3 1
I
1

b
I A

Xs

with: all variables nonnegative and integral
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System (3) is an integer program; its solution is determined in Problem 6.7 u;idaanin in Problem
14.16.

19 A 24-hour supermarket has the following minimal requirements for cashiers:

Period ! 2 | 4 s 3
Time of day

(24-h clock) a7 | o= | s | as-m | ogee2s | 233
Minimum No 7 20 14 b | 10 5

Period 1 follows immediately after period 6. A cashier works eight consecutive hours,
starting at the beginning of one of the six periods. Determine a daily employee worksheet
which satisfies the requirements with the least number of personnel.

Setting x; (i=1,2.....6) equal to the number of cashiers beginning work at the start of period J,
we can madel this problem by the mathematical program

minimize: 2= £+ 04Xt Xat Xt 20
subject oo = +txs= T
Xt Xz =M

X1+ X =14 ()
X4 ¥, =M
Xat xs =10
gt x> §

with: all variables nonnegative and integral
System (1) is an integer program: its solution is determined in Problem 6.3.

1.10 A cheese shop has 20 Ib of a seasonal fruit mix and 60 Ib of an expensive cheese with which it
will make two cheese spreads, delux and regular, that are popular during Christmas
week. FEach pound of the delux spread consists of 0.21b of the fruit mix and 0.8 Ib of the

cheese, while each pound of the regular spread consists of 0.2 1b of the frait mix,
0.3 1b of the expensive cheese, and 0.51b of a filler cheese which is cheap and in plentiful
supply. From past pricing policies, the shop has found that the demand for each spread
depends on its price as follows:

D, = 190~ 25P, and D, =250 - 50P,

where D denotes demand (in pounds), P denotes price (in dollars per pound), and the

subscripts | and 2 refer to the delux and regular spreads, respectively. How many pounds of
each spread should the cheese shop prepare. and what prices should it establish, if it wishes 1o
maximize income and be left with no inventory of either spread at the ead of Christmas week”?

Let ; pounds of delux spread and x: pounds of regular spread be made,  If all product can be sold,
the objective is to

maximize: z = Pix + Pax> (1)

Now, all product will indeed be sold (and none will be left over in inventory ) if production does not exceed
demand, ie., if xi=I, and x3=Dy This gives the constraints

x+25P, =190 and x:+ S0P, = 250 (2
From the availability of fruit mix,
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0.2x:+0.2x2=20 (3)
and from the availability of expensive cheese,
0.8x,+03x:=060 ()

There is no constraint on the filler cheese, since the shop has as much as it needs. Finally, neither
production nor price ¢an be negative; so four hidden constraints are x; =0, x =0, Pi=0, and Po=10.
Combining these conditions with (1) through (4], we obtain the mathematical program

mazimize: z = P+ Paxa

subject to: 021 +0.2x2 = 20
DBxi+03x: = 60
I + 255 = 1% (5

Iz + 50P; = 250
with: all variables nonnegative

System (5} is a quadratic program in the variables x,, x2, Py, and Ps. It can be simplified if we note
that for any fixed positive x; and x- the objective function increases as either Py or P, increases, Thus,
for a maximum, Py and P: must be such that the constraints (2} become equations, whereby Py and P:
may be eliminated from the objective function, We then have a quadratic program in x; and x,

maximize: =z = (7.6— 0042 ), + (5 - 00220,

subject to: 0.2z, +02x:.=20
08x +03x:=60 {6}

with: x; and x; nonnegative
which is easily solved graphically.

X

N8x +03x;= 86l

02x+02x,=20
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Give a graphical solution of the quadratic program (6) of Problem 1.110
For graphing purposes. it is convenient o complete the square in the objective function, vielding

maximize: 2z = 673.5—0.04(x, - 95) - 0.02(x; - 1257
which is equivalent 10
minimize: 1 =0.04(r, = 957 +002(xz— 1257 (1)
Since the constraints are linear, the fcasible region is bounded by straight lines; it appears shaded in Fig,
1.3. For any particalar value of 2', (1) defines an ellipse ceatered at (95, 125), and two such ellipses are

shown in Fig. 1-3 as dashed curves. The minimum value of ' will correspond to that ellipse defined by (1)
which is tangent to the line

025+ 02xn=20 )
Ta find the point of tangency, we equale the slopes of the line and the ellipse,
dxz ey Ux-
- R s

obtained by implicit diffcrentiation of (2) and (1), respectively, this gives
ry=2x; =65 (K]
Salving (2) and (7) simultancously gives the optimal solution 1o Prablem 110
x7=3551b of delux spread 11 =451b of regular spread

A plastics manufacturer has 1200 boxes of transparent wrap in stock at one factory and
another 1000 boxes at its second fsctory. The manufacturer has orders for this product from
three diflerent retailers, in quantities of 1000, 700, and 500 boxes, respectively. The unit
shipping costs (in cents per box) from the factories to the retailers are as follows:

Retailer | Retailer 2 Retailer 3

Factory 1 14 13 i
Factory 2 13 1 12

Determine a minimum-cost shipping schedule for satisfying all demands from current in-
ventory.

Writing x¢ (i= 1,2, j=1,2,3) for the number of boxes to be shipped from factory @ to retailer f,
we have as the objective (in cents):

minimize: z = ldry+ Brp+ s+ Ban + 1320+ 1200

Since the amounts shipped from the factories cannot exceed supplies,

X+ Xia+ £00= 1200 (shipments from factory 1)

X1+ X+ xa= 1000  (shipments from factory 2)

Additioaally, the roral amounts cent to the retailers must meet their demands: hence

T+ 1z = 1000 (shipments to retailer 1)
Xu+x=2= 700 (shipments (o retailer 2)
Xy + == 500 (shipments to retailer 3)

Since the total supply, 1200 + 1000, equals the total demand, 1000+ 700+ 500, each inequality constraint
can be tightened to an equality. Doing so, and including the hidden conditions that no shipment be
negative and no box be split for shipment, we obtain the mathematical program
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minimize; 2z = Idxy+ 133+ 1lre+ 130+ 150+ 1200

subject (0! xy + X+ X = 1200
X+ xzt xa= 1000
Ty + Xz = 100 (1)
X1z +xn = 700
X1z + 1= 500

with: all variables nonnegative and integral
System (1) s an integer program, its solution is determined in Problem 7.3 and again in Problem &.6.

1.13 A AD0-meter medley relay involves four different swimmeérs, who successively swim 100 meters
of the backstroke, breastsiroke, butterfly, and freestyle. A coach has six very fast swimmers
whose expected times {in seconds) in the individual events are given in Table 1-1.

Table 1-1
Event 1 Event Ewvent 3 Event 4
(backstroke) | (breastetroke) (butterdly) [freastyle)
Swimmer | &5 73 63 57
Swimmer 2 a7 o L] 58
Swimmer 3 a8 72 69 55
Seimmer 4 a7 1) n L
Swimmer 5 Tl (it 75 57
Swimmer & o] 71 [ 50

How should the coach assign swimmers to the reloy so as to minimize the sum of their times?

The olxjective is (o minimize total time, which we denote a5 2. Using double-subscripted variables
x (F=1.2....,6 7=1234) to designate the number of times swimmer § will be assigned to event |,
we can formulate the objective as

minimize: z = 65.*:'1] + Tax -+ 63#13 + ATxp+ 67xz + - - -+ Bbxas + S0
Since no swimmer can be assigned to more than one event,

xutxatxotru=l
Xap+ X+ Xag+ Xaa=1

Xoi+ Xeg+ Xea+ Fpa=1
Since each event must have one swimmer assigned to if, we also have
xutaxntintrgtratra=1
Xut Xt iutiuatIut =1

These 10 constraints, combined with the objective and the hidden conditions that each variable he
nonnégative and integral, comprise an integer program.  [ts solution is determined in Problem 9.4,

1.14 A majoroil company wants to build a refinery that will be supplied from three port cities. PortB
is located 300 km east and 400 km north of Port A while Port Cis 400 km east and 100 km south of
Port B, Determine the location of the refinery so that the total amount of pipe required to
connect the refinery to the ports is minimized.

The objective 15 tantamount to minimizing the sum of the distances between the refinery and the
three ports. As an aid to calculating this sum, we establish a coordinate system, Fig. [-4, with Port A az
the origin. In thiz system, Port B has coordinates (300, 40) and Port C has coordinates (700, 300).
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-—

Fig. 1-4

mmmm.mm.oumau-dmm.mwmh
minimize: 2 =VaT+ 3+ Vix: - 3007 1 (x; - 400) + V(xi— T00F + (x= - 300)* (1

There are no constraints on the coordinates of the refinery nor any hidden conditions: for example,
awmdx.ﬂuoﬂynmmmmmwmdma. Equstion (1) is a
nonlinear, unconstrained, mathematical program; its solution is determined in Problem 11.11. See also
Problem 1.26,

L15  An individual has $4000 to invest and three opportunities available to him. Each opportunity
rquhnbpﬁhh!!ﬂﬂmmu;thhvmnaymmthemtoiwm
opportunity or split the money between them. The expected returns are tabulated as follows.

0 | 1000 | 2000 | 3000 | 4000
Retumn from Opportunity 1 0 | 2000 | 5000 | G000 | 7000
Return from Opportunity 2 0 | w000 | 3000 | 6000 | 7000
Return from Opportanicy 3 | 0 | 1000 | 4000 | 5000 | 5000

HmeqMMMhMWhoMMWMM?

mmmh:onnhhwﬂmdumdbyamum-uum-mmm
opportunity. All investments are restricted to be integral multiples of the unit $1000. Letting
hix) (i=1,23) denote the return (in thousand-dollar units) from opportunity | when x units of money are
invested in it, we can rewrite the returns table as Table 1-2.

Table 1-2

!"01234

=)
filz)
filx)

5
3
1 -

=R -1
LU - -
~4 =4

Defining x (i =1,2.3) gs the number of units of money invested in opportunity §, we can formu-
late the ohjective as
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maximize: = fi(xi)+ falxa) + falxa) (1)
Since the individual has only 4 units of money to invest,
X+ xa+ma=4 2}
Augmenting (1) and (2} with the hidden conditions that 1. 1, and rs be nonnegative and integral, we
obtain the mathematical program
maximize: 2= fi{x)+ fexz)+ flxs)
subject to: x;+xad =4 ()
with: all variables nonnegative and integral

Plotting fi(x) against x for sach function gives a graph that is not a straight line.  Therefore, system
{3) is a nonlinear program; its solution is determined in Problem 14,1,

Supplementary Problems

Formulate but do not solve mathematical programs that model Problems 1.16 through 1.25.

1.16 Fay Klein had developed two types of handcrafted, adult games that she sells to department stores
throughout the country, Although the demand for these games exceeds her capacity (o produce them,
Ms. Klein continues to work alone and to limit her workweek to 50h.  Game | takes 3.5h to produce

and brings a profit of $28, while game TI requires 4 h to complete and brings a profit of 331. How many
games of each type should Ms. Klein produce weekly if her objective is to maximize total profit?

L17 A pet store has determined that cach hamster should receive at least 70 units of protein, 100 units of
carbohydrates, and 20 units of far daily. 1f the store earries the six types of feed shown in Table 1-3,
what blend of feeds satisfies the requirements at minimum cost to the store?

Tahle 1-3

Profein, | Carbohvdrares, Fat, Cost,
Feed unirsioz unitg/oz unitsioz ¢foz
A 20 S0 + < -
B ki an 0 1
C E] 20 I 5
(b Al rl I ]
E 45 5l 9 &
F 30 2 16 .1

LI13 A local manufacturing firm produces four different metal products, each of which must be machined,
polished, and assembled. The specific time requirements (in hours) for each product are as follows.

[ ; .
Machining, h | Polishing, h | Assembling, b

Product T 3 1 2
Product IT 2 1 |
Product [11 2 2 2
Product IV 4 3 I
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L19

The firm has available 10 it on a weekly basis 480 h of machine time, 400 h of polishing time, and 400 h of
assembly time. The unit profits on the products are $6, $4. $5, and $8, respectively, The firm has a
contract with # distributor to provide 50 units of product [ and 100 units of any combination of products
11 and 111 cach week. Through other customers, the firm can sell each week as many units of products 1,
11, and 11 as it car produce, but oaly a maximum of 25 units of product IV, How many units of cach
pnduumltcﬁmmm:uuad\mkmmmmmwnhwwmmﬁulnul
profit?  Assume that any unfinished picces can be completed the following week.

A caterer must prepare from five fruit drinks in stock 500 gal of a punch containing at least 20 percent
orange juice, 10 percenl grapefruit juice. and 5 percent cranberry juice. Il inventory datn arc as shown
below, how much of each fruit drink should the caterer use to obtain the required composition at minimum
1otal cost?

Orange | CGrapefruit | Cranbemry | Supply. | Cost,

Juice, % | Iuice. % Juice, % gal Sigal
Drink A an 40 a 200 1.50
Drink B 5 "0 20 400 0nr*s
Drink C 106 ] iU 100 200
Drink D 0 100 0 0 178
Drnk E L1 1] il s 0.

A town has budgeted $250000 for the development of new rubbish disposal arcas. Scven sites are
available, whose projected capacities and development costs are given below,  Which wites should the town

develop?
Site A H C D E F G
Capacily, tons/wh X 17 15 Is 1 . 5
Cost, $1000 KHE 9 ™ T 8 14 47

Ammﬂwmm.wﬁmnsdm“mmkmumpmwmm
lelevision masufacturers, The module can be produced at each of the corporation’s three plants,
although the costs vary because of differing production efficiencics at the plants, Specifically, it costs
!l.lﬂtopmthmanndﬂ:uplmﬁ.ﬂ,!ialphmﬂ.ndﬂm-tpmﬂ. Monthly production
Msdmmmmm.wmmstmmmmn. Sales forecasts project
mwmm:cm.mm.ndmmmwmmml.n.m,udw.
respectively l(ﬂctwunmllm)trshiwiulmnduhhumahmn!n-mumtumiuu-hmn
below, find a production schedule that will meet all peeds at minimum total cost.

| m 1 1A%

par 03 0 0o
012 01 0w 014
04 013 02 Q1S

k-

T\ewalauﬂwmdzwmrmanamhumtdmﬂmk,mn:d:huk
umk.andImbd’pmki-mqnsnuldnmmm:heﬂsnmmﬁehmbnmmn.
picnic pattics, and meat loaf. The demand for each of these items always exceeds the supermarket's
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supply. Hamburger meat must be at |east 20 percent ground rownd and 50 percent ground chuck (by
weight); picnic patties must he at least 20 percent ground pork and 50 percent ground chock: and meat
loaf must be at least 10 percent ground round, 30 percent ground pork, and 40 percent ground
chuck. The remainder of cach product is an incxpensive nonmeat filler which the store has in unlimited
supply. How many pounds of each product should be made if the manager desires to minimize the
amount of meat that must be stored in the supermarket over Sunday?

A legal firm has accepted five new cases, cach of which can be handled adequately by any one of its five
junior partners. Due to differences in experience and expertise, however, the junior partners would
spend varying amounts of time on the cases, A senior partner has estimated the time requirements (in
hours) as shown below:

Case 1 Case 2 Caxe 3 Cuse d Case 5
Lawyer 1 45 122 130 os 115
Lawyer 2 B0 63 &5 <8 7B
Lawyer 3 121 7 93 i 95
Lawver £ 118 A3 116 | 105
Lawyer 5 g7 73 120 a0 1

Determine &n optimal assignment of cases to lawyers such that each junior partner receives a different case
and the rotal hours expended by the firm is minimized

Recreational Motors manufactures golf carts and snowmobiles at its three plants.  Plant A produces H) golf
carts and 35 snowmaobiles daily ; plant B produces 65 golf carts daily, but no snowmobiles: plant C produces
53 snowmobiles daily, but no golf carts,  The costs of operating plants A, B, and C are respectively 3210 (0K,
3190 000, and $E82 0 per day. How many days (including Sundays and holidays) shoold each plant
operate during September to fulfill a production schedule of 1500 golf carts ond 1100 snowmohiles at
minimum cost?  Assume that labor contracts require that once a plant is opened, workers must be paid for
the entire day,

The Futura Company produces two tvpes of farm fertilizers, Futura Regular and Futura's Best,  Futura
Regular is composed of 23% active ingradients and 73% inert ingredients, while Futura’s Best contains 4%
active ingredients and 60% inert ingredients, Warchouse facilities limit inventories to 500 tons of active
ingredients and 1200 tons of inert ingredients, and they are completely replenished once o week,

Futura Regular is similar to other fertilizers on the market and is competitively priced at 3250 per
ton. Al this price. the company has had no difficulty in selling all the Futura Regular it produces.  Futura’s
Best, however, has no competition, and so there are no constraints on its price,  OF course, demand does
depend on price, and through past experience the company has determined that price P (in dollarsy and
demand D (in tons) are related by P = 600— 2. How many tons of each type of fertilizer should Futura
produce weekly in order to maximize revenua?

Explain why the following constitules an analog solution o Proflem 114, Imagine that Fig. 1-4
represents the top of a tall table. Small holes are bored through the tabletop at points A, B, and
. The three ends of three lengths of string are joined in a knot, which lies on the tabletop; the three
free ends are run through the holes, and, underneath the tabletop, three equal weights are hung from
them. Then, assuming negligible friction, the equilibrium position of the knot gives the optimal
location of the refinery.




2 MATHEMATICAL PROGRAMMING

minimize: = 25x;— 25xs+ 3xs = 30xe+ 0x-+ Oxe+ Oxo + Mxin + My

subject to: 4y —dxa+ Trs— Txe= Xv + X =1
By — Bxs+ Sxs — Sx — X +xi=3
=fBx3+ 6 — x4+ 02y + x4 =2
with: all variables nonnegative
An initial solution to this program in standard form is
xw=1 Xn=3 xo=1 X3 = x4 = X3= Zg= x7= Xp=1{

Supplementary Problems

Put each of the [nang programs in matrix standard form.

2.7 minimize: z=2Zx —x:t4x

subject to:  Sx + 2= =7
2o —-2x:+ s B

with: x; nonnegative

.8 maximize: = 10x,+11x;

subject to:  xr+ 2x== 150
3x 4 dxa =200
bx+ =175

with: x; and x: nonnegative

2.9 Problem 2.8 with the three constraint inequalities reversed.

2..1“ I:I:I.i.nil'l:l.i.IB: i - 3JF| + 2.).': - 4«1_1 9% ﬁxq

subject to; x4+ 2xz+ x4+ x= 1000
2x14  Xz+ 3xa4 Txg= 1500

with: all variables nonnegative

211 minimize: z=6x;+3x:+dx;

subject to; Xt o+ xx=10
2+ 3+ x3=15

with: all variables nonnegative

2.12 maximize: z=To+2x:+ 35+ X
subject to:  2x, + Tx: = 7

Sxi+8x:  +2x.=10

X +.24 =11

with: ), xz, and x; nonnegative

[PART I




LINEAR PROGRAMMING: STANDARD FORM

minimize: z = 10x;+2x2—x3
subject to:  x1+ x> =50
. x1+ x2 =10
x>+ x3=30
X2+ x3= 7
x1+ x2+ x3=60

with: all variables nonnegative




CHAP. 4] LINEAR PROGRAMMING: THE SIMPLEX METHOD 43

Supplementary Problems

Use the simplex or two-phase method to solve the following problems.

maximize: =z =x+X: 4.14 minimize: z=1dx;+ 13xa+ 1lxs+ 13xe+ 13x:+ 206,
qubject to;  1+3m=3 subject to: 1t Xzt X = 12N}
Zxt 5=4 Xat xo 4 x = 1000
with: ¥, ¥: nonnegative X1 + &4 = 1000
Xz + xs = T
X3 +x.= 300

maximize; == 3x +4x: - :
with: all variables nonnegative

subject to: 2r+ 1 =6

2%+ 3a=9 4,15 Problem 2.8.

with: =i, x2 nonnegative
4,16 Problem 2.10.
minimize; == xi+2x;
subject to: X+ 3x:=11 417 Proklem. 2.

2x.+ Xa = 4
4.18  Problem 2.11.
with: X, X: nonnegative

4,19 Problem 2.13.
maximize: z=-x —x2

subject to: x4 2xp = 3000 420 Problem 1.7, but with inventories of 80 000 bbl of
Say+ 3x= =12 000 domestic cil and 20 000 bbl of foreign oil,

with: . x2 nonnegative
421 Problem 1.17.
maximize: 7= 2x+3x:+ 4x 43% Problem 1.18.
subjectto: X+ x2t xa=|

xi+ 2k Tra=12 423  Problem 1.10.
3.\1|+l'[z+ 1321

with: all variables nonnegative 424 Problem 122



Answers to Supplementary Problems

CHAPTER 1

116 maximize:  z = 28x,+ 3z
subject ta:  3.5x; +dx; =50
with: both variables nonnepative

Note: Integer constralnts on the variables arc not required, since partially completed games can be
finished in following weeks.

117 minimize: == 2%+ Jxp # Sxa + B+ x4 By

5uhj$ct o 20xg+ 30xs+ ey + gy + 45xs+ xs= T0
S0xy; + 30x; + 20xs + 25x, 4+ S0x:+ xe== 100
Ax i+ Bxa+ Llxa+ 10xs+ Qxat W0xa= 20

with: all variables nonnegative

MNote- Since feed F is no better than feed C, which is cheaper, no feed F will be used in the optimal
mix. Thus, the program can be simplified by substituting xs = (.

118 maximize: = 6x;+4x:+0x;+ Bxs
subject to;  3x; 4+ 2az+ 2+ dxy = 4H0
Zit x=+2xa+ 3x. =400
2xi+ Xt 2t x.=40
X3 = 50
X+ xa =100
Xa= 25

with: all variables nonnegative

1.19 minimize: 2= 150x,+0.75x2+ 20083+ 1.75x4+ 0.25 x5

subject to: 02x,-0.15x: + 08xy— 02x= 02x.= 0

03x — Odaz+ 09— 0lxa= 0
— 0085+ 0150 —005x - 0050 —005xs= U
xi+ x4+ Xa+ xi+ xa = 500

Xy == 200

Xz == 400

X3 = 100

xi = 3

x: =80

with: all variables nonnegative

1.2 maximize: 7= 200+ 1702+ 15x:+ 15xa+ 1025+ By + 520

subject to:  145x, + 92xa+ s + Mhay + Bdis + 1o + 472, = 250
=l (i=L2....7

with: all variables nonnegative and integral

297




298 AMNSWERS TO SUPPLEMENTARY PROBLEMS

1.21  The cost of delivering a module from a factory to a manufacturer is the production cost plus the
COst.

minimize: z = (1.10+ 0.11)xy; + (1.10+ 0.13)xp2 + - - - + (L3 + 0.15)x34

subject to: xy +xiz+ xa+x= T3500
Xap + Xzt Xas o+ x2a = 10000
i+ xntxntrxu= 8100
Xu+xn+ xun = 4200
X+t Xn+Xn = E300
X+ Xn+ X = 6300

Xyg* X+ X = 2700

with: all variables nonnegative and integral

1.22  Since the filler is inexpensive, no more meat will be be used in each product than is required. Let x,,
and x., respectively, designate the poundages of hamburger, picnic patties, and meat loaf to be

minimize: (200 =0.2x; = 0.1 x3)+ (800 = 0.5x; = 0.5x; = 0.4 x3) + (150 - 0.2x:— 0.3 x4)

subject to: 0.2xy +0.1x: =200
.52+ 052+ 0.4 x:= B0O
0.2x:+03x:= 150

with: all variables nonnegative

The objective is equivalent to

maximize: z=07x+0.7x:2+08x:

1.23 minimize: = 145.1:" + ]22111+ 130x3+ - -+ 80xea+ 111555

5
subjectto: M xz=1 (j=1234,5)
i=1

5
>xi=1 (i=1234,5)

=1

with: all variables nonnegative and integral

1.24 minimize: z = 210 000x; + 190 000x: + 182 000xs
subject to:  40x, + 65x: = 1500
353, 4+ 53x;= 1100
b & = 30
Xz = 30
x= 30

with: all variables nonnegative and integral

1.25 maximize: z = 250x, + (600 — x2)xz
subject to: 0.25x,+ 0.40x; = 500
0.75x + 0.60x2 =< 1200

with: both variables nonnegative

1.26  The gravitational potential energy of the system is (for a suitably chosen reference level) proportional
a + b+ ¢, and this energy is a minimum at equilibrium.



300 ANSWERS TO SUPPLEMENTARY PROBLEMS

318 (b)) and (c) are basic feasible solutions; () is degenerate.

N L 1 2 1 K 1 0 L] &

i 2 h+x:| 1 | +#xs| 0 | +xal 3 |Fxa| 0| %21 |+ 0 [|=] 9
=1 1 L ] ] 1] I ]

3.20  (a) (c), and {d} are basic feasible, degenerate solutions.

321  Let f(X)=C"X assume its minimum, m, at Py and Po.  Then, for 8y =i0), =0, i+ f.= 1.

flB/P = BaP) = Bif(P) + Baf(Pa) = Bam + B = m

222  If the subset were linearly dependent, then the nonzero constants which satisfied (3.1) for this subset
would also satisfy (3.1) for the entire set, with all extra constants taken as zero. This would imply that
the set is linearly dependent, which it is not.

323 In(3.1), take the constant in front of the zero vector to be nonzero and all other constants as zero.

CHAFTER 4

7 16 13 42

4.9 I?=%. 15—3 Z*EE 4.11 IT:-S—, 1'5=_?', 3“=?

G 3 oz -5l 412 x7=I12857, x3=1857.1; z*=-31428%

410 xi=G oxi=m TS

4.13  No feasible solution exists.

414 xt=0, x3=700, x5=500, x3=1000, x3=0, xf=0; 2*=27600. (Mot only is this solution degen-
erate, but the solution includes a zero artificial variable among the basic variables.  This may occur when
one or more of the constraints is redundant.  Here, the last constraint is the sum of the first two constraints
minus the sum of the next two.)

415 | xT= 238095, x3=32.1429; r* = 501.667.

4016 x7=0 x3=423077, 23=10, xI=153846; r*=1769.23,

4.17 Mo maximum exists.

4.18 == 6606667, 2% =0555556, x5=10; z* = 416667

419 xt=30 x2=0, x3=30; z*=270.

420 xt=6000009bbl, x%=17272.7bbl, x%=227273bbl, x5=2727270h]; *=$235454

421 x3=09090% oz, x¥= L.B1B18 oz, x1=xl=xi=xl=10; £* = T727273¢

422 x1=50, x3=0, x1=145 x¥=10; *=3$1250,

423 x7=9375gal, x¥=125gal, x%=5625 gal, x¥ =0, x9=225 gal; =*=$403.125,

424 x1=93751b, z¥=56251b, 23=1251b; r*=01h.




