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BRANCH AND BOUND: AN EXAMPLE o5

These and other questions will be discussed further once we have seen an
example.

WOLSEY
"Integer Programming

7.3 BRANCH AND BOUND: AN EXAMPLE

The most common way to solve integer programs is to use implicit enumera-
tion, or branch and bound, in which linear programming relaxations provide
the bounds. We first demonstrate the approach by an example:

= maxdz; — g {7.1)
T —2r2 = 14 {7.2)

Tz = (7.3)

2r)— 2w <3 {7.4)

e Zi. (7.5)

Bounding. To oblain a first upper bound, we add slack variables s, x4, x5 and
solve the linear programming relaxation in which the integrality constraints
are dropped. The resulting optimal basis representation is:

a4 4 1

E=max = —5E3 —oT4
Xy -I—%.'J':_q —I—%:ru = %
Io 4+ = o
—%1'3 +1—1?-.rq +is = %
T1, Tg, Ia, X4 e = .

Thus we obtain an upper bound 2 = B and a nonintegral solution (7, %2) =
(%2,3). Is there any straightforward way to find a feasible solution? Appar-
ently not. By convention, as no feasible solution is yet available, we take as
lower bound z = —oo.

Branching. Now because z < Z, we need to divide or branch. How should we
split up the feasible rogion? One simple idea is to chooss an inteser variable
that is basic and fractional in the linear programming solution, and split the
problem into two about this fractional value. If x; = T; ¢ Z*, one can Lake:

Si=8n{z:x; < 7]}
82 = 8n{xr:z; = [75]}.

It is clear that § = S5, U S; and 5§ N S; = ¢. Another reason for this
cholee is that the solution ® of LP(S) is not feasible in either LP(5;) or
LIP{8g). Thia implies that if there s no degeneracy (e, multiple optimal LP
solutiona), then mmx{¥3, %) < 7, so the upper bound will strictly decromso,


user
WOLSEY
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o5 EBRANCH AND BOUND

Fig. 7.6 Partial branch-and-bound tres |

Following this idea, as &) = 20/7T ¢ Z', we take §; = S\ {2 : 2, = 2}
and Sa — Sndr:a = 3}, We now have the tree shown in Figure 7.6. The
subproblems (nodes) that must still be examined are called aclive.

Choosing a Node. The list of active problems (nodes) to be examined now
cootaing 5y, 5o, We arbilrarily choose 5y,

Reoptimizing. How should we solve the new modified linear programs LIP{S;)
for i = 1,2 without starting again from seratch?

As we have just added one single upper or lower bound constraint Lo the
linear program, our previous optimal basis remains dual feasible, and it is
therefore natural to rcoptimize from this basizs using the dual simplex al-
vorithm. Uypically, only a few pivots will be peeded (o nd the new optimal
lincar programming solution.

Applying this to the linear program LP(S)), we can write the new con-
straint ) < 2 asz; + 8 = 2,5 > 0, which can be rewritten in torms of the
nonhasic variables as

1 3 i
—=d3 — ?Iq &= T
Thus we have the dual [easible representation:
= a4 4 1
T = max = —2%3. —ady
1 2 — 20
T FeXa 5% = %
i | &g = 3
2 10 5 _
—#hy Tl hs = :
L. o2 ol
—=T3 5Ty “+5 = =
Ty, Xa, ¥i, Ta s, & = 0O

After two simplex pivots, the linear program is reoptimized, giving:

A - 15 n- L =
Z1 = MA&X 5 S5 45
T +8 =2
. s |
L3 —3Es =) "B
“:l.l - l‘rh .nllj e I

2y +hey 400 = |
Wie il Eas Bae  ENs . 20



BRANCH AND BOUND: AN EXAMPLE a7

. ™ [ T T ;

with 1 = lT" and (T}, 73) = (2, 1)

Dyanching. 53 cannot be pruned, so using the same branching rule as hefore,
we create two new nodes Sy = 81Nz 2 <0} and Sz =51 N{x x> 1},

and add them to the node list. The tree is now as shown in Figure 7.7.

Fig. 7.7 Partial branch-and-bound tree 2

Choosing a Node. 'The active node list now containg Ss, 511, S12. Arbitrar-
ily choosing 52, we remove it from the node list and examine it in more detail.

Reoptimizing. To solve LP(S3), we use the dual simplex algorithm in the
same way as above. The constraint x; = 3 is first written as o —£ = 3, > 0,
which expressed in terms of the nonhasic variables becomes:

i 4 -1
?1:3-| -;I-i+t— 7

From inspection of this constraint, we see that the resulting linear program

Ta = Max 1r_';r_g. —%Ig —%I.i
r + 1.|-...T3 —]—%.Ld = %
€ +Ti = 3
= %E;; +1TI..Q:E4 25 = %
oy +3imy = -2
Iy, Iz, X3, H . 8 b i £ = 0
I8 infeasible, Z; = —oe, and hence node 53 is pruned by infeastbility.

Choosing a Node. The node list now contains Sy;, S14. Arbitrarily choosing
Sy, we remove it from the list.

Reoptimizing. Sy = Sni{e: @ € 2,23 2 1}, The resulting linear program
haa optimal solution ' = (2, 1) with value 7. As ¥'? s integer, ' = 7,



a8 BRANCH AND BOUND

Fig. 7.8 Complete branch and bound tree

UUpdating the Incumbent As the solution of LP(5;z) is integer, we update
the value of the best feasible solution found z +— max{z, 7}, and store the
corresponding solution (2,1). 51z is now pruned by optimality.

Choosing a Node. The node list now contains only 54;.

Reoptimizing. S = SN{z: =3 < 2,72 < 0}. The resulting linear program
has optimal solution F'! = (3,0} with value 6. As z = 7 > Z;; = 6, the node
iz pruned by bound

Choosing a Node. As the node list is empty, the algorithm terminates. The |
incumbent solution = = (2, 1) with value z = 7 is optimal.

The complete branch-and-bound tree is shown in Figure 7.8. In Figure 7.9
we show graphically the feasible node sets 5;, the branching, the relaxations
LP(5;), and the solutions encountered in the example,

7.4 LP-BASED BRANCH AND BOUND

In Figure 7.10 we present a flowchart of a simple branch and bound algorithm,
and then discuss in more detail some of the practical aspects of developing
and using such an algorithm.

Storing the Tree. In practice one does not store a tree, but just the list of
active nodes or subproblems that have not been pruned and that still need to
be explored further. Here the question arises of how much information one
should keep, Should one keep o minlmum of information and be prepared to
repoat cortaln oaleulntions, or should one keap all the information available?

At odnbmum, the best known dusl bound snd the varlable lower and upper |
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Integer Programming by Branch-and-Bound
Example from [1988ECK], p 217 ff

Using Lindo semi-manually, the successive solutions are obtained, to observe
the Branch-and-Bound methodology. The direct solution is:

PROBLEM
! Ecker & Kupferschmid, "A branch-and-bound example in detail", pp 218-225;
Max =15; X =(2,3,0)
max -3 x1+7x2+12x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6 x1 +3x2+3x3<5

END

GIN 3
OBJECTIVE FUNCTION VALUE
1)  15.00000

VARIABLE VALUE REDUCED COST
X1 2.000000 3.000000
X2 3.000000 -7.000000
X3 0.000000 -12.000000

Branch-and-bound

PROBLEM 0
max -3 x1 +7x2+12x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1+3x2+3x3<5
END

LP OPTIMUM FOUND AT STEP 3
OBJECTIVE FUNCTION VALUE

1) 17.39394

VARIABLE VALUE REDUCED COST
X1 0.000000 0.590909
X2 0.303030 0.000000
X3 1.272727 0.000000

Branch around x3: x2 <0, x, > 1

2012-06-02 MC IST Op. Res. File={IP_EckKup217.doc}
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PROBLEM (0) 1
max -3 x1 +7x2+ 12 x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1+3x2+3x3<5
x2<0
END

PROBLEM (0) 2
max -3 x1 +7x2+12x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1+3x2+3x3<5
x2>1
END

LP OPTIMUM FOUND AT STEP 0
OBJECTIVE FUNCTION VALUE

LP OPTIMUM FOUND AT STEP 1
OBJECTIVE FUNCTION VALUE

1) 13.71429 1)  17.00000
VARIABLE VALUE REDUCED VARIABLE VALUE REDUCED
COST COST
X1 0.000000 13.285714 X1 0.666667 0.000000
X2 0.000000 0.000000 X2 1.000000 0.000000
X3 1.142857 0.000000 X3 1.000000 0.000000

1= 13,71, 2= 17

X

Problem 0
z=17,39

=[0; 0,30; 1,27]

1 1
Problem (0) 1 Problem (0) 2
z=13,71 z=17
X=10;0; 1,14] X=1[0,67;1; 1]

P-2 is most promising and will give P-3 and P-4.
In the process of choosing the subproblem, it is impossible to predict the best choice. So,
select the subproblem with the best, i.e., most promising, value of the objective function, z.

In the example, maybe we’ll end up getting an integer solution with z > z; (not
needing to explore its branches), so don’t choose P-1.
Branch around xi: x; <0, x; > 1.

PROBLEM (2) 3
max -3 x1 +7x2+ 12 x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1+3x2+3x3<5
x2>1
x1<0
END

PROBLEM (2) 4
max -3 x1 +7x2+12x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1+3x2+3x3<5
x2>1
x1>1
END
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LP OPTIMUM FOUND AT STEP 2 LP OPTIMUM FOUND AT STEP 2
OBJECTIVE FUNCTION VALUE OBJECTIVE FUNCTION VALUE
1)  15.00000 1) 16.80303
VARIABLE VALUE REDUCED VARIABLE VALUE REDUCED
COST COST
X1 0.000000 0.000000 X1 1.000000 0.000000
X2 1.000000 0.000000 X2 1.348485 0.000000
X3 0.666667 0.000000 X3 0.863636 0.000000
z1=13,71,z3 =15, 24 = 16,80
Problem 2
z=17
=[0,67; 1; 1]
[ 1
Problem (2) 3 Problem (2) 4
z=15 7=16,80
X=10;1;0,67] X=11;1,35;0,86]

P-4 is most promising and will give P-5 and P-6.
Branch around x,: x; <1, xp > 2.
When there are more than one non-integer to branch from, choose the “least integer”, i.e.,
the one nearest half unit (e.g., 1,5 better than 1,4; 10,5 better than 11,5) — or arbitrarily.

Or (book) — Branch around x3: x3 <0, x3 > 1.

PROBLEM 4) 5
max -3 x1 +7x2+ 12 x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1 +3x2+3x3<5
x2>1
x1>1
x3<0
END

PROBLEM (4) 6
max -3 x1 +7x2 + 12 x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1 +3x2+3x3<5
x2>1
x1>1
x3>1
END

LP OPTIMUM FOUND AT STEP 1
OBJECTIVE FUNCTION VALUE

INFEASIBLE

1)  15.55556
VARIABLE  VALUE REDUCED
COST
X1 3111111 0.000000
X2 3.555556 0.000000
X3 0.000000 0.000000

z1=13,71, z3 = 15, z5 = 15,56.
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Problem 4
z=16,80

X=11;1,35; 1,86]

Problem (4) 5
z=15,56
X =1[3,11; 3,56; 0]

Problem (4) 6
Z = —00

INFEASIBLE

P-5 is most promising and will give P-7 and P-8.
Branch around x;: x; <3, x, 2 4.

PROBLEM (5) 7
max -3 x1 +7x2+ 12 x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1 +3x2+3x3<5
x2>1

x1>1

x3 <0

x2<3

END

PROBLEM (5) 8
max -3 x1 +7x2+ 12 x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1 +3x2+3x3<5
x2>1

x1>1

x3 <0

x2 >4

END

LP OPTIMUM FOUND AT STEP 4
OBJECTIVE FUNCTION VALUE

INFEASIBLE

1) 15.00000
VARIABLE VALUE REDUCED
COST
X1 2.000000 0.000000
X2 3.000000 0.000000
X3 0.000000 0.000000
INCUMBENT
71 =13,71, z3 = 15, z7 = 15, incumbent.
Problem 5
z=15,56
X =1[3,11; 3,56; 0]
| 1
Problem (5) 7 Problem (5) 8
= 15 7 = —00
X=[2;3;0] INFEASIBLE
INCUMBENT

P-3 is most promising and will give P-9 and P-10.
(Nothing better than multiple solutions can be expected.)
Branch around x3: x3 <0, x3 > 1.
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PROBLEM (3) 9
max -3 x1 +7x2 + 12 x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1 +3x2+3x3<5
x2>1
x1<0
x3<0
END

PROBLEM (3) 10
max -3 x1 +7x2 + 12 x3
subject to
3x1+6x2+8x3<12
6x1-3x2+7x3<8
-6x1 +3x2+3x3<5
x2>1
x1<0
x3>1
END

LP OPTIMUM FOUND AT STEP 3
OBJECTIVE FUNCTION VALUE

1) 11.66667
VARIABLE VALUE REDUCED
COST
X1 0.000000 0.000000
X2 1.666667 0.000000
X3 0.000000 0.000000

INFEASIBLE

71 = 13,71, z7 = 15, incumbent, zo = 11,67: P-7 is optimal.

Problem 3

Z:

15

X=1[0; 1; 0,67]

[
Problem (3) 9
z=11,67
X =10; 1,76; 0]

1
Problem (3) 10
Z = —O0

INFEASIBLE

z7 =15, P-7 is optimal.

Compare with the solution in the book (next page). (Breadth-first, depth-first,

mixed.)

In the 3.rd row of solutions, the rightmost (4.th) solution (“Infeasible”) is

possibly wrong (without further influence).
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224 INTEGER, NONLINEAR, AND DYNAMIC PROGRAMMING

START Zy= 0
min z(x)
XEF
x = [0, 03, 1.3)7
F = —17.4
%50 \
min z(x) min z(x)
xEF xEF
x, 50 x 21
x =[0,0, 1.1]7 x =[07,1,1)7
z=-13.7 z = 17
X2l xy51 x =1 xns0
min z(x) min z(x) min z(x) min z(x)
xXEF xEF xEF xEF
xns0,x,212 ,s0,x,51 xelxzl x50, x21
Infeasible x=[0,01)7 x =[1, 1.3, 09]" Infeasible
Fathomed (b) £=-12 2=-16.8 Fathomed (b)
Fathomed
,:_ _1“;: © x50 x,z1
min z(x) min z(x)
xE F xEF
x»2l,x21,xs0 xz2lx2l,x,21
x = [3.1,3.6,0]" Infeasible
_____ : i z=-15.6 . . Fathomed (b)
- -I .ons 8 B B % B 5B 8 ®
: X, 53 X, 24
. min z(x) min z(x)
: xE F xE-F ) i
. xELlISsxedxs0 yelixedsannsl:
. x=[2, 307 Infeasible
o | FmmiS Fathomed (b)
" Fathomed (c)
* Iy = =15
Optimal
x*=[2,3,00,2* =-15
FIGURE 8.4e Complete branching diagram for the example problem.
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