








































































Chapter3 TheChurchTiringThesis

We'veseenseveralcomputationalmodels

FiniteautomataDFANFAGMA goodmodelsfordevicesthathave asmallamountofmemory

PDAgoodmodelsfordevicesthathave an unlimitedmemorythatis
usableinLIFOmanne

However we sawthatsomevery simple
tasks are beyond thecapabilities ofthesemodelsrecallPL

Hence theyare toorestricted toserve as models ofgeneral purpose computers

3ATuringmachines TM I

Morepowerfulcomputationalmodel

Proposed in 1536 justbeforeWorldWarII byAlanTringwhois
consideredoneofthefathers

ofcomputersciencehaveyouseen The
imitation

game

Similarto a PDAbutwith an unlimitedandunrestrictedmemory NoLIFO p

Muchmore accurate model of a general purposecomputer candoeverythingthat areal

computer cando











































































T.M usesaninfinitetape asitsunlimitedmemory

Tapehead canreadwritesymbolsandmovearound on thetape

Initially tapecontainsonly theinputstringand isblankeverywhereelse

Toreadtheinformationthat it haswrittenmachine can moveitsheadbackover it

OnthecomputationofaTM

Machinecomputesuntil itdecides toproduce an output

Theoutputs acceptand reject are obtainedbyenteringdesignated acceptingandrejecting
states

Ifthemachinedoesnotenteracceptingrejectingstatewillgoon forever never halting
Entscheidungsproblem haltingproblem

Control Tapehead Blanksymbol

Editions
b
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key differencesbetweenfiniteautomataandTMs

A ATM canbothwrite on thetapeandreadfrom it

2Thereadwritehead can move bothtotheleftandtotheright whichis fromLito

s Thetapeis infinite

4 Thespecialstatesforrejectingand acceptingtakeeffectimmediately

Example separatedbythesymbol

Let's introduce aTMMefor B W W W E 0,14

MainideaforMa

1 WewantMatoaccepttheinput if it is a memberofB andrejectotherwise

2 We are allowed tomovebackandforth over theinputthat isstoredonthe

tapeandmakemarks on it

3 Strategy Checkwhetherthecorrespondingplaceson thetwosides ofthe symbolmatchPlacemarks

onthetapetokeeptrackofwhich placescorrespond

4 It allsymbols are matched acceptotherwisereject











































































ConsiderMa'sbehavior on input 011000 011000

Tapehead

I 811000 011000

2 011000 81 100
3 x 1000 X 11000

4 110004 516,0
5 XX 000 xx 1000

6 xx 4000 xx ft
7 xxx 800 XXX 000

a xxx 000 xxx88
g xxx x80 xxxx 00

10 xxx x 00 xxxx
YONE

11 xxxxx xxxxx 0

12 xxx x x xxxxx 8M

xxxxx o xxxxx o Enteracceptstate











































































ConsiderMy'sbehavior on input 011001 011000

Ipehad

15 1001
111100

2 01100A 811000
3 x 100A X 11000

4 11001 IT hoo
5 XX 00A XX 1000

6 xx 100A xx MIG
t xxx 80A xxx 000

8 xxx 00A xxx 8M

g xxx x8A xxxx 00

10 xxx x A xxxx 88th

It xxxxx I xxxxx 0

12 xxx xxx xxxxx of
Mismatch Enterrejectstate











































































Formaldefinition of aTM

Definition3.3

ATuringmachine is a 7tuple Q EMgogacceptgreject
whereQ EM are

allfinitesetsand

A Q is thesetofstate

2 I istheinputalphabetnotcontainingtheblanksymbol u

3 M is thetapealphabet where v eMandEEP

4 8QxMDQx Tx LRy is the transition function

5 goeQ is thestartstate

6 gaccepteQ is
the acceptstate

7
qrejecteQ is therejectstate qaccept greject

Q Butwait whatdoesthisall mean











































































S takestheformQxMr OxTx LR ie it 8cg all rib KRl then

gep is thecurrentstate
aeM is thetapesymbolbeingread

rep is thenextdate
beMisthesymbolwrittenonthetape

L orRindicateswhether itmovetheinputheadtotheleftorrightafterwriting

ATMM QEMSgogacceptqreject competes as
follows

I Mreceivesitsinputw Wewz wae It on theleftmost n squares ofthetape
andtherestofthetape is filledwith u symbols

2 Headstarts ontheleftmostsquareofthetape

3 OnceM has started thecomputation proceedsaccordingtothe Srules

4 It M ever triestomove itsheadtotheleftoffthelefthandendof thetape
thentheheadstaysinthesameplace forthatmove even though 8indicatesL

5 Computation continuesuntilit enterseither theacceptor rejectstatesatwhichpoint
ithalts If neither occurs Mgoes on forever











































































As aTMcomputes changesoccur in

currentstate

currenttapecontent

Thisis a configuration oftheTM

currentheadlocation

Configurations are represented in aspecialway ugo
where

MisastringoverthetapealphabetTCi.e.netrepresentingthesymbolsthathavebeenread

gis
thecurrentstateofthemachineafterreading u

Misastringoverthetapedphabtmcie.netrepresentingthesymbolsthatremaintohere

Thetapecontainsonlyblanksuafterthelastsymbol of w

Configurationexample

10119701111 Configurationwhenthetapeis 101101111 thecurrentstateisgyand

thehead iscurrently onthe2ndzero

97
o

1 O d 1 0 A 1 A A W U W











































































FormalizationofaTMcomputation

ConfigurationCayields configurationG if theTM can legallygofromCatoCa
in a single stepNamely let

E LandE EM
Yand E epar

G Ma qib o

Cz Mgja co

giandgjEQ

Then magib yieldsngjac if 8cgibl lgj c L leftheadmovement

Then magib yields macq o if 8cgibl lg cR rightheadmovement

Specialcases When
headisatoneoftheendsoftheconfiguration

a Lefthandend

1 I Leftmovingtransition Configurationgib yieldsg co

1.2Rightmovingtransition Configurationgib yieldscg o

2 Righthandend Configurationmagiisequivalenttonagin
blanksfollow na

I e therewillalwaysbea symbol at therighthandend
formalizationcontinuesonnextpage











































































Startconfiguration gotit machineis inthestartstategowithheadatleftmostpositionofthetape

Acceptingconfiguration Stateoftheconfigurationisqaa.pt
Bothofthesearehaltingconfigurations
anddonotyieldfurtherconfigurations

RejectingconfigurationStateoftheconfigurationisgreject

ATMMaccepts inpityif asequenceofconfigurationsGE I existswhere

A Eais thestartconfigurationofMon inpity

2 Each LiyieldsLitt

3 Ehis an acceptingconfiguration

L M the languageofmachineM i.e thecollection ofstringsthatMaccepts

yay
we finishedspecifyinghowaTMcompetes let's see somedefinitions











































































Definition3.5

A language isTuringrecognizable if some M recognizesit

NotesThisissimilartohow a language isregular if aFAthatrecognizesit

ATM can havethree possible outcomes acceptreject loop i.e doesnothalt

ATM I can failtoaccept an inputbyenteringthegreject
state orbylooping

Sometimes it is difficulttodistinguish a machinethat is loopingfromonethatis
merely takinga longtime

Forthisreason it is preferable tohaveTM thathaltonallinputs such
machinesnever loop

Thesemachines are calleddeciderstheyalwaysmakea decisiontoacceptorreject
Adeciderthatrecognizessomelanguagealso issaidtodecide thatlanguage

Definition3.6

A language isTuringdecidable or simply decidable if someTMdecidesit











































































ExamplesofTringmachines

Disclaimer Cumbersome toprovide a description of allthedetails of aTM
Therefore wewillgiveonlyhighleveldescriptionswhich are easier tounderstand

Notes

Example 3 7 onlyfinishes on pageto A 401 0 04 08 07

Describe TM Ma thatdecides A 62 I n so i a thelanguage
consistingof allstringsofOswhoselength is a powerof 2

Idea

D I Sweeplefttorightacross thetape crossingoffeveryother 0

2 Check if thetape

2.1 Contains asingle uncrossed 0 It sothenaccept

2 2 Contains more than a single andthenumberofOs
bothcrossedand uncrossed isodd reject

3 Return theheadtothe lefthandendof thetape

4 Repeattheprocedure











































































Idea Example 1

A Iptstringw O O U

2 Sweeplefttorightacross thetape crossingoffeveryother 0

0 U

2 Check it thetape

2.1 Contains asingle uncrossed 0 If sothenaccept

Idea Example 2

A Iptstringw O O O U

2 Sweeplefttorightacross thetape crossing of everyother a

O O U

2 Check it thetape

2 2 Contains more than a single0 andthenumberofOs
bothcrossedand uncrossed isodd reject











































































Idea Example3

A Iptstringw 0 0 0 W

2 Sweeplefttorightacross thetape crossingoffeveryother 0

0 0 U

3 Repeattheprocedure

3 1 Sweeplefttorightacross thetape crossingoffeveryother a

0 0 0 U

3.2Check it thetape

3.2.1Contains asingle0 It sothenaccept











































































Formal description ofMz Q E M 819119acceptEjectI

Q 9119219319419519accept 9reject

E O

R 0 x u

Startstate e ga

Acceptstate aaccept

Rejectstate 9reject

S can described with thefollowingstate diagram

1 If the tape isblankor thefirstsymbolis a X theneject

D I
1
o

9reject











































































2 Let'smark the first 0 as a U sothatwe knowwherethetapestarts

Eton
q

u R
x DR

9reject

3 If a single 0 hasbeenreadandthetapefinishesthenwe should accept

said

p92D I
waR
x DR W DR

9riot 9acap

4 If wejustreadX's then we needtomove theheadtotherightto see
theimpact of the remainingsymbols

seaohhv r III p

n

ÉD I
waR

U s R

9ft 9acap











































































5 Thenext 0 thatis readshouldbereplaced by a X

said IIRsend
III

z
o ax R D93D I

W DR

ait Tact

6 Now we need to check if an oddnumberofOs exists

g
É

o xp
send

III
q D93

ith y or
o

j1pt 4

7 Now we need to check it an even numberofOs exists

Sad

ÉÉmÉÉ o ax RD D9
i W DR

o

9

ftp.qq
4fO

nx R











































































Whoneed to

is

thatappearbetween as

t.sc omg1jjfdo nx.p9 D92 ng DAR
Ein an JO X R

Épacapty
x DR

8 Finallyweneedto movetheheadtotheleftoncewe reachtheendofthetape

a.PEscadsÉpget u plsaid tk

IhpDY O stir
by

A

Yin ow or a.nl 0nxREnf9uox
nR

Lets see how thismachine runs on input 0000

A910000W I7uxqzxxu

V95Xoxo
Uxxxgu

209200g

4 95Oxy

18UxxqzXU

3 UxgzooU 9 950 0XU 45Uxg5xxU ASUxxxqzu

o

4 ux0qyou
to
V92XOXU V95Xxxv 20 UXXXUgaccept

50 0 930 N Oxy XU 7795WXXXV

6 0 095 0
to
Ugaxxxv endofexample3.7











































































Example 3 9

Describe TM Ma thatdecidesthelanguageB w w w e laet
thisis theTMwe saw on page3

resolution

Ma Q I T S ga gacceptgreject startstate e g
Q 491 ga gaccept greject

Aca State gaccept
240a Rejectstate greject
R f o d x u

Scandescribedwith thefollowingstatediagram

1 Firstlets assume thatthe inputstringalwaysEB

2 Letsstartbyobservingthat if a 0 isreadthen we needto cross it
andmove theheadtotherightuntil a 0 in thecorrespondingposition isfound

2 1 If a 0 isreadthen we needto cross itandmove theheadtotheright

95 Example

qt
x a x 00 a











































































22Now we needto move thehead totherightuntil symbolisfond

FYIb x 00

a rag

qt
2.3 Nextweneedtoreadallthepotential x symbolsthatmightexist

It
Example

HR E
R

too

to R I

23 Nowweneedtomarkthecorresponding 0withan Xwe canalsostart
movingtheheadtothebitty

oar q
I d i ooo

r E
R

Oox L d94











































































2 4Now we needto move the tapetotheleftmostpositionthatisnot
an XandstartprocessingtheneatsymbolThisrequiresmovingthehead

alltheway totheleftuntil anX isfoundandthenmove theheadone
positiontotherighttostartprocessing thenextinputsymbol

yep
Example

g
a x a

I DR Z

F R

AR 93
axil Ig D Od X D L

o
L

952 O a s 2
X D R

3 Nowweneedtoreplicatethesame behaviourbutthistimewhen ad is read

qt a ox R É
DO I DR

I DR 92
R R

AR I 9 xx R

axil a9 ITI e x n L
o

L

n

h

g











































































4 Finally we needto terminatethecomputation itthestringontheleftsideofthe
inputhasbeen successfully matchedagainsttherighthandsideThiscanbedone if a

symbolhasbeenread

qt
I ox r

or

I DR 92 98 MR DO I DR

R U R DR

XAR 93 9cart 9 D x DR

AX A9 OA X N L

L

DO at L
X D R

Q Butwait issomethingmissing

inputstring B i.e greject

Tosimplifythefigurewedon'tshowtherejectstate orthetransitionstotherejectstateThese
transitions occurimplicitly whenever a statelackan outgoingtransitionfor a

Ifa occurs in g thenextstate
shouldbearejectSeethenextfigure for

one example ofsuch a transition











































































9

Itn air

T.fr DO.IR
R u R R

HR 93 it 9 R

oh 19 Do
or

D Greject

AL

X DR 95 DO L











































































3 3 Thedefinition of algorithm

Q So inyouropinionwhatis an algorithm

Algorithm collection ofsimpleinstructions forcarryingsome task

Thenotion of an algorithm wasnotpreciselydefineduntilthe20thantsy

Beforethatmathematicianshadan intuitivenotionofwhatalgorithmswere

Butthatintuitivenotionwas insufficient forgaininga deeper understandingofalgorithms

Thefollowingstory relateshowtheprecise definition of algorithm was
crucial to one importantmathematical problem

Hilbert's problem

In 1900 mathematicianDavidHilbertdelivered a now famousaddress at
theInternationCongressof Mathematicians in Paris

In hislectureheidentified23mathematical problemsandposed them as a challenge

for thecomingcenturyThe10thproblem concerned algorithmsBeforedescribingthe

problem letsbrieflydiscusspolynomials











































































Q Whatis a polynomial

Polynomial sumoftermswhereeachtermis a productofcertainvariables and a constant

calleda coefficient

Examples

637 Z polynomidwithonetermoverthevariablesx yandz

Gx yZ t 3xy
Z XS 10 polynomidwithfourtermsoverthevariablesx yandz

Rootof a polynomial assignmentofvaluestoitsvariables so thatthe
valueof thepolynomial is 0

Examples

6 3 ZzTrivialsolutionX oVy O V 2 0

6 37E t 3 72 X
3 110 x 5 y 3 Z

Integralrootbecauseallvariables are
assigned integervaluesSome polynomials

have an integralrootand somedonot











































































Hilbert's10thproblem devise an algorithmthattestswhetherapolynomialhas an
integralroot

Q Canyou see anythingwrongwith
Hilbert's10thproblem

It assumesthatonesuchalgorithmexists

Guesswhat Wenowknowthatnosuch algorithmexists

Algorithmically unsolvablethisconceptdidnotexistformathematicians

ofthat time

Their intuitivenotion i.e notformalized wasuseless forshowing
thatno algorithmexists for a particular task

Provingthatan algorithmdoes notexistrequires
havinga cleardefinition ofalgorithm

Progress on the10thproblemhadtowaitforthatdefinition
whicharrived in 1936 withthescientificjournalpapers
ofAlonsoChurchandAlanTuring

tobeequivalent

Churchused anotationsystembcall Bothwerelaterproven
ITuringusedhis machines











































































This connectionbetween the informalnotion of algorithmand the

precisedefinition has come tobecalled the ChurchTuringthesis

Church
TringThesis

Intuitive notion equals Turingmachine

ofalgorithms algorithms

In 1970 it was shownthat no algorithmexistsfortestingwhether a
polynomial hasintegralroots

Chapter4 of thebookdevelops thetechniquesfor provingthatsomeproblems
are algorithmicallyunsolvable

Let'sphraseHilbert's10thproblem in thefollowingterminologyLet

2 p p is a polynomialwith an integralroot

Hilbert's10thproblem asks in essence whethertheset is decidable

Ia does a TMexists thateitheraccepts or rejectslanguageD

As we now know the answer is negative P











































































In contrastwe can show thatD isTing recognizable i.e it is
possible tobuild a TM thatrecognizes it

ConsiderthesimplerHilbert's10th problemfor polynomialsthathaveonlya
singlevariable e g 2x t x 7 Let

2 p p is a polynomial over x withan integralroot

Here is a TM MathatrecognizesDa

Ma Oninputp where p is a polynomial over the
variable x

ftp.it1 ms1

11 Ifatanypointthepolynomial
evaluatesto0 accept

It p has an integralrootMaeventuallywillfind it andaccept

If p doesnothave an integralrootMawill run forever liewillmott

isEasytoextendtothemultivariablecasejustadd atestcycleforeachvariable











































































My is a recognizerbutnotadecider

A Macanbeconvertedto a deciderDa because we can calculatebounds
withinwhichtheroots of a singlevariablepolynomialmustlieandrestrict
thesearchtothesebounds

2 Namelytheroots ofsuch a polynomialmustliebetweenthevalues I ke
Ca

whereIis thenumber of terms in thepolynomial y isthecoefficient
withthelargestabsolutevalueandse isthe

coefficientofthehighestorderterm

3 If therootisnotfoundwithinthesebounds themachinerejects

Matjiasevic's theoremshowsthatcalculatingsuchboundsformultivariablepolynomials isimpossible

Impossibletobuild amultivariabledeciderforD





































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































