








































































ChapterA Regular Languages

F What is a computer

MemoryVon Neumann Architect
II

Real computers are too complicated for
a manageable mathematical theory

Instead we will use an idealized
computer called a computational model
our first one will be the finite state machine

1 I Finite Automate

Computer models with limited amountofmemory
but still very useful

Lets have a look at an example











































































Automatic Door Example

front rear

sensor

Door
sensor

This behaviour can be representedby the following
state diagram

front
A teartear My both

neither

Closed
Ft

Open
Et

Q Howmuchmemory does this state machine
requires

Only two states a single bit would
suffice i z Loy 1











































































The following figure depicts a finite automatonMy

me t

States
ga 92 I 93

Start state ga
Acceptstate g z I prefer the term
do ble circle finalstates

Consider the up t string I 101

1 Start in ga
2 Read 1 transition from q to 92
3 Read I transition from 92 to 92
4 Read 0 transition from 92 to y
5 Read 1 transition from gs to g z
6 Accept becauseMa is in an accept
state

g z at the end of the input











































































Formal definition of a finite automaton

Q So what is the formal definition of
an automata

A finite automaton has sacral parts

Set of state and rule forgoing from

one state to another depending on

the input symbol

An input alphabet that indicates

the allowed input symbols

It has a start state and a set

final state

A finite automaton is a list of these

I objects











































































Definition 1 5

A finite automaton is a staple 1,85555
d O is a finite set called the state

2 I is a finite set called the alphabet

3 S Q x 2 0 Q is the transition function

4 go E Q is the start state

5 FE Q u the set of accept stats
subset

Example
Lets return to finite automaton Ma

II
Q What is the formal definition of

Ma
Ma Q E S H F











































































Q What is the set of states0

Q ga 921 93

Qs That is the alphabet E

Lo I o d

4 What is the start state

ga
Qs What is the find state

az

Q What is the transition function
S O d

ga ga 92
92 93 9 2
93 92 92











































































Q If a machine recognizes strings that use

symbols characters from an alphabet what
should we name the set of all strings
that are recognized by a machine

It is the set of all strings that
machine I recognize we say that I
is the language of machine A and
write L M A I recognize A

97 What is the language recognized by

Ma

Useful to see examples of recognized strings

81
0 na tins at least
a 00 one 1 and an even

I 0100 number of 0 s follow

00100 the last I
00 1 001











































































Exampled 7

E It
Q Whatis the definition
Ma Q E S go F

Q go 92
E 0 a

90 p
F 92
S 0 I

91 90 92
92 91 92

Q What is the language recognized

Use fl to see some examples of Ignitedstrings
I
Of
00 I

oa.jo

t MalYw wands in a

001 A











































































Example 1 9 M3 Q E S go FI

7 Eft
Q limit s

E 0 a 91 94 92

90 9 92 ga g
F 92

M3 is similar to M except for the location
of the accept state

Q What is the language recognized

Useful to see some examples of ignitedstrings

Because the start state is also a final
state Ms accepts the empty string E

E
O

010 21ms dw I w is the empty
At 0 strings or ends in

0 9 9 00 a 0











































































Example d A F
S

My
g a

If ya af Ts
b I 92 r D a

M 4 Q E S yo F

Q s ga g z i tr th

2 1 a b
go S
F Iga ra
s a b
s ga ra

go 91 92
92 91 92
ta TZ ta

ta ta ta

Q what is the languagerecognized
a b

ab a bab
abba baas

m4k w w start andend with
the same symbol











































































Example 4.93 O

a
Regt Ii DoMs

is is
Ms Q E 8 go F

10 190,911923 S Reset a 1 2

I Reset o a 2 96 96 96 90 92

90 90 94 90 91 92 90
F go 92 90 92 90 91

Q what is the languagerecognized

yams

the numbersread if the total

12 B a multiple of 3 itaccepts
10101 Every time it receives the RESET
1002
a good 2 2

symbol it resets the count to to











































































Formal Definition of Computation

Now we know

Informal definition state diagram
Formal definition 5 tuple

But we have not described formally the
computation procedure

What is the formal definition of

computation using finite automata

Let

M Q E S
go F be a finite automaton

W ngwa w be a stringwhere wi I

Then

M accepts recognizes w it a sequence of
states ra ra rn in Q exists with
three conditions











































































I ro ga c initial state

2 S ri Wita rita Ficco n n

3 rn e F final state

We say that M recognizes languageA

if A w M accepts w

Definition 1.6

A language is called a regularlanguage

if some finite automaton recognizes it











































































Example 1 97 0

a
Regt I II DoMs

I

Let W 40 Reset 22 Reset 012

Sequence of states s

184952959905011794
which satisfies the three conditions

L Ms w the sum of the symbols in

w is 0 modulo 3 except
that Reset resets the countto
a

As Ms recognizes the language it is

a
reg lat Lang ye











































































Designing Finite Automata

Designing Automata is a creative process

Nosimple design algorithm exists

Useful Putyourself in the place of the
machine you are trying todesign

Example

Design a finite automaton Ea to recognize
the language consisting of all strings over

I a a with an oddnumber of Is

Qa How would you go about developing Ex

Q2 Doyou need to remember
the entire

string seen

No Simply remember if the machine
has seen an odd number of A's











































































This implies that two states exist

9 even Todd

Next we assign the transition possibilities
20 20

9 even Todd

Next define the initial and final states

20 20
Tenn Todd











































































Example 1.21

Design a finite automaton Ez for recognizing

the tegular of all strings that contain

the string 001 as a substring
Examples 0010 1001 001 11111110019197

Q How would you go about developing Ez

If we see a then we have seen the first
of the symbol's

If we see another 0 then we have seen the
second of the symbols

If we see an 1 then we have seen the
third land final symbol











































































This implies the following structure

9 x 96 01 900
A

D 9am

Now we need to consider all the
remaining possibilities
Qaa what if the stringstarts with P's
Aa
9 x 96 01 900

A
D 9am

QzzWhat if after the first we see and

Aa
9 x 96 01 900

A
D 9am

Qa What if after the second 0 wemultiple 0 s

Ra Ro
9 90 9g

A
D good











































































QzyWhat if 001 other characters appear

Ra AO AQI
9 x 96 01 900

A
D 9am











































































The regular operations

E Investigate properties of finite automata
and regular languages this alsoimplies
the concept of non regular Lang yes

Definition 1.23

Let and I be languages We define the

regular operations union concatenation

and star as follows

Union A VB x X E A or X E B

Concatenation AaB Ky lx e A andyEB

Star AE axe xu l 470 and each xie A
since k O D E E A

Notes Attisthestfallstrings over symbols in A
including the empty string E











































































Example 1 24

I a b y Z

A good bad Lang ye A
containsstrings

good and bad

B boy girl Language B contains strings
boy and girl

Then

A u B fgood bad boy girl
A o D goodboy goodgirl badboy badgirl
At E good bad goodgood goodbad badgood

badbad goodgoodgood goodgoodbud goodbadged

goodbadbad











































































Closed operation

A collection of objects is closed under

some operation if applying the operation

to members of the collection returns

an object still in the collection

Example

LetNila a s n be the set of natural
numbers

N is closedunder multiplication because

oxy still ret ins a number E IN

IN is not closed under division since

X ly may produce a number IN











































































Firstproperty we can bath

Theorem 1 25

The class of regular languages is closed

under the union operation In other

words if Aa and Az are regularlanguages

so is A u Az

Proof Idea
We have regular languages Ad cud Az and we
want to show that AyuAz is also regular

Because Aa and Az ang te far
some finite automaton Ma recognizesAA
some finite automaton Mzrecognizes Az

To prove thatAndAz is regular
Demonstrate a finite automatonrecognizingAnuAz











































































We construct I from Me and I
Machine I must accept its input when
eitherMaandMe wold accept IM simulatesMannuMa

How can M simulate Ma andMe
Simultaneous simulation witheachinputsymbol
Just need to remember the state ofeachmachine

Proof
Let Ma recognizeAa whereMo Qa I 8 enFa

M z recognizeAz whereMz Q2F Sz Lif

ConstructM to recognizeA UAzwhere M 10,58goF

Q la ra ra E É and re E É
set of all pairs the d teQa and 2nde Q2

We assume for simplicity that Iis the same forMaandMe

S is defined as follows For each ra ra EQ
and such a ez let

8 Ira re a fire a 82 Cra a











































































go is the pair ga 92

F ta ra tr E Fa of rz e Fz

same as E xQ2 U Qax Fr

toThis concludes the construction of M

Q So what is the main conclusion

that you can draw from Theorem 1.25

The union of two regular languages
is regular

Let's see additional properties I











































































Theorem 1 26

The class of regular languages is closed

under the concatenation operation

In otherwords If AaandAz are regular language
so is Ako Az

Proof idea similar to the union proof

Start with finite automata Ma and Ma recognize
the regular languages Aa and Az

Instead of constructingautomaton M to accept
its input if either Me or Ma accept

Must accept if the inputcan be broken
into two pieces

Ma accepts a piece

Mz accepts2nd piece











































































The problem is that I does not know where
to break its input

Where does the 1stpart end
Where does the 2nd part nd

To solve this problem we need to introduce

non determinism

1 2 Nondeterminism

Determinism when a machine transitions

to a single state based on an input
the machines we have seen so far

Non Determinism when a machine

may transition
to more than one state

based on an input











































































Notes
Non determinism is a generalization of

determinism so every deterministic finite

automaton DFA is automatically a

nondeterministic finite automaton NFA

Q can you see anything peculiar with
the next image

MANI A 91 0,1

D 9 D 92 ED 93 D 94

State g has two possible transitions
for inputs

State gz does not have a transition for

input a

Stale gz
has a transition for E











































































Non determinism
In a NFA a state may have zero one

of many exiting arrows for each symbol

c A NFA may have arrows labeled with
members of the alphabet or E Zero one

of many arrows may exit from each
state with the label E

O But wait How does a NFA compte
Imagine we are in ga of the pre tous example
and the next input symbol is a

1 Machine splits into multiple copies of itself
and follows all possibilities in parallel

2 Each copy proceeds normally

3 It there are subsequent choices the
machine splits again

4 If thenextsymbol does notappear on any of the arrows

exitingthe state for anycopy then the machine dis

y5 If an copy is in a final state the NFA acceptsstring











































































I But what happens it a state with an

arrow E is encountered

1 Withoutreading any input the machine splits
into multiple copies

1 1One copy for each E transition

1.2 One copy staying at the same state

2 The continues nondeterminiscally

Does this behavior remind you of

anything from the Operating systems course

Processes and Threads

Every time an NFA splits fort new third











































































Simple way to visualize determinism us nondeterminism











































































Let's go back to the previousexample Na

A 91 A 0,1

D 9 D 92
E
D 93 D 94

Consider inputstring 010110

SymbolRead a Start
i

g
91THE

edge

1
gig IgE ÉI
o a

91 93

1 o g g941 92 93

g
o o o o

91 93 94 94

What is the languagerecognized by Na

Na accepts all strings that contain 101 or

11 as a substring











































































NFA are useful in manners

Every NFA can be converted to an equivalentDFA

Constructing NFA may be easier banbuilding
an equivalentDFA

Example A 30

Let A be the language consisting of allstrings
over 0 I containing a 1 in thethird position
from the end e.g 000100 EA but 0011 EA

The following NFA Nz recognizes A

AQI
91 92 Ing In 94

Notes
Nz stays in the initial state until it
guesses that it is three positions from
the end











































































The equivalent DFA
fo

790004
0 9100 90no 99 0

A PO
É

I

Example Optional

Let us alter Nz in the following manner

AQI
91 92 En g En ay

Q What language does this NFA recognize

I Possibilities

isiiiiiiimn g i

tinea
thelanguageconsistingofall

o stringsoverhaythatcontain
ftp.fgg

Pathe Pathe c a
atleastad in ofthelast

threepositions











































































Example 1.33

Construct a NFA capable of recognizing 0 where k is a multipleof 2or
and E Example E 00 0000,000000

E 000 000000 000 000 000

resolution

E

E

y
92

o fogy

Example 1.35

Give examples of strings accepted and not acceptedbythe

following NFA yo
b elf
G

a 92

Cresoltion
Accepted E a baby baa
Notaccepted b bb bubba











































































Formal Definition of NFA

Similar to DFA except for transition
function s

DFA S receives a state and an input
and produces next state

NFA S receives a state an an input symbol
or E and produces set of possiblestats

Additional notation

P Q represent the collection of all subsets
of Q power sat

E EU E











































































Definition 1 37

A NFA is a 5 tuple N Q I 8 go F

A Q is a set of finite stats

2 I is a finite alphabet

3 8 Q x Ze D P Q transition function
maps to a combination of Q

4 go E Q initial state

5 F E Q final states

N accepts w it we can write was yaya Ym

Yi EE and a sequence of states to ta i rm

Cried with three conditions
I to go

2 Tita E fCri y i 1 Vie co m d

3 rm E F











































































Example 4.38

Recall Na
791 A 0,1

D 9 D 92 QED 93 D 94

The formal definition of Na 10,2 f go F

1 Q 94192193194

2 2 30 a

3 S 0 a E

91 192 19,92 0

92 193 0 393

93 0 4943 0

94 194 494 0

4 ga ga is the start state

5 F 194











































































Equivalence of NFA and DFA

Both recognize same class of languages

Surprising since NFA appear to be more powerful

than DFA

Theorem 1.39

Every NFA has an equivalent DEA
crecognizes same Language

Proof Idea
I Convert NFA to a DFA that simulatesthe NFA

2 We need to know if the computation is in

one of the states If mttiplecopies of the
machine exist we only need to keep track if
there is an instance active of the state

If I statesexist then 25 batsof thestatesexist

aft x AA x 14151 2

3 DFA will need to have z states











































































Proof
Let

N 10,2 8 go F betheNFA recognizinglanguageA

M 10,2 Sigal F bethe DFA recognizinglanguageA

Case 1 I has no E edges

1 Q P Q power set of Q IP 011 24
Every state of M is a set of stats of N
R represents a set of states of w

2 ForRieO and a ez lat

Notationa S R a ge p gESC a for some I ER

Notations S Ra U S r a

r e R

3 got go

4 F REQ R contains a final state of N
Accept if one of the stats of R is a find stateofN











































































Case 2 I has E edges

Let EIR be the collection of stats that can be
reached from members of R by goingonly along
E edges including the member of R themselves
For RCQ

E R g g can be
reached from R by travelingalong

or more E edges

The transition function S needs to beupdated

S R a g EQ g E E Ser al for some ER

S CR al U E Sir all
r e R

Additionally startstate of M needs to contemplate
E edges

go Elul











































































Q What is the main conclusion thatyou
can draw from Theorem 1.39

Every NFA can be converted into an equivalent
DFA

Corollary 1.40

A language is regular if and only if some NFA

recognizes it

Example 1.41

Convent NFA Ny to a DFA

D I

is
Resolution

Ny Q E S go F
IEEE

Q a 2 3 go I

I L a b F 313











































































Let D Q E S go F

QE Pla
O a 2 1333442 131133132133 4112133

1BinaryEniondingad oak oat and nod do an and

go
E ga E a 1,3

F ya 31,2 11 3 t 2 3

S CR a V E Sera
r e R

810 al O special case state for when
8 0 b 0 no transitions exist
S la a E Sta a l E 107 0
8 1 b E 18 A b E 127 12
S 2 a ECSC 2 4 E 132,331 32,33

S 3 b E 813 5 E 4 4
S ha a E 811 a V E 812 4 10 V E12,33 0042,333333

8144,21b E 811b V E 812b E423 UE 3337 42,33
8 44,3 a Elsie a UE so al ECG UE la 0031,3341,3

8 41,3Jb E SIA D VECSC3,3 E112 UE01 4230042











































































S 42,33 a ECS 2 a UE813a El 2,3J V E443112,33443 1112,3

8 32,3Jb E 812DV E 813,5 E 333 UEO 33
8131,2 a E811,4VECS.czaDUE8BD ECOuElli3Dutl310u2,334433 11,23

8412,31b 18143UES2,5 VE813D ELAUEMILECO 3230330032,3

In conclusion
I 2 3 5

at 0 a yay p 323 Sayg
b

y
y a

ais

43 I 11,3 57,33 a 31,2334

4 0 6 b I b a

a

Because there are no arrows pointingto stay

Id and h ti they can be removed Why
Because there is no way of teaching those
States New figure











































































Closure under the regular operations

We return to the original proofs of union
concatenation and star operations of

regular languages are still regular clonic
continuation of pages 26127 of this PDF

At the time the proof was abandoned
because it was too complicated

We can now attempt to prove using NFA

in fact lets prove for the union also

Theorem 1 45

The class of regular languages is closed under
the union operation











































































Proof Idea

1 We have regular languages At andAz and we

want to prove thatAgua is also regular

2 Idea The two NFA Ny and Nz for A an

Az and combine them into one new NFA
W

3 N must accept the input it either Na or

Nz accepts this input

4 The new machine has a new start state
that branches to the start states of
the old machines with E edges This stars
Na and Nz simultanalsy











































































Proof

Let

ya
Qa I Sa ga Fa recognizeAn

NE Q2 I 82192172 recognizeAz

Construct N 19 I 81go F to recognizeAguaz

I 9 490 v9 u Q2

go is the initial state of Q

F Fo U Fz N accepts itNo or Nzaccepts

Sly a

ya
g a 9 E Q

82 g s GE Q2
hga ga g go and a e

0 g go and ate











































































Theorem 1 47

The class of regular languages is closed
under the concatenation operation

Proof Idea

1 We have regular languages Aa andAz
and want to prove AnoAz is regular

2 Idea Take two NFA Ny and Nz for Anand

Az and combine them into a new NFA N

as we did for the case of the union but
in a different manner

I Because
of concatenation

is











































































3 The initial stale of N mustbe the initial ofNe
The finalstats ofNahave e edges to Nz
Whenever No is in a final stele the machine
automatically branches to Nz This means

that the machine hasfound an initial piece
of the impt that constitutes a stringon At

4 The final states of N are the finalstakes ofNz
This means that the input is accepted
it it can be split into two parts

I I recognized by Ny
2nd recognized by N











































































Proof

Let

ya
Qa I Sa sa fol recognizeAn

NE Q2 I 82192172 recognizeAz

Construct N 19 I 81go F to recognizeAgony

I Q Q U Q2

2 The initial state of N is go of Me

3 The final state of Nate those ofNz F F

4 Slg a Sa ly a atQa and g Fa

Saly a GEFa and a E
f

Salgia g EQ2











































































Theorem 1 45

The class of regular languages is closed under
the star operation

Q Do you remember what is the star operation

Notes Attisthestfallstrings over symbols in A
including the empty string E

ProofIdea

4 We have a regular language Ad and want to proc
that Agt is also reglet

2 Idea Take a NFA Na Got Aa andmodify
it to recognize A

MEEEEE
90

3 N will accept its inputwhenever it can be
broken into severalpieces and Nd acceptseachpiece











































































L N can be constructed like Me with additional
E edges to the initial state from the findstats
This way when processing sets to theend
of a piece that I accepts the machine N
has the option of jumping back to the initstate to try to read another piece that No
accepts

5 Nmust be modified to accepts which EA
t











































































Proof

Let Na Qa I Sa ga Fa recognize An Construct N

N Q E S go f to recognize Agt

Q go VQ

2
go is the initial state of N

3 F I go u Fa SinceAfmustinclude E

4 Scg Saly a y EQ and a Fa

ft
la 1 geta and a E

Saiga via gtfo and at

Lga g E 90 and a E

0 9Ego and a E











































































1 3 Regular Expressions

Q What is a regular expression

D Mechanism to describe languages

Example Gua q II to 1 84

Q What is the language of this regular
expression

Stings that start with a Q or a 1
followed by zero or more k O's

Example 1 51 a O V4

Q What is the language of this regular
expression

D Language consisting of all possiblestrings
of Os and Is











































































Example 1 54.3
Let I o d then we can write I as shorthand

for the regular expression O u d

Q What is the language of this regular
expression

Language consisting of allstring of length 1
over I

Example 1.51 c

Q What is the language of the regular
expression It

planguage consisting
of allstrings over E

Example 1.51 d

Q What is the language of the regular
expression Id

planguage consisting
of allstrings over E

that terminate in A











































































Example 1.51 E

Q What is the language of the regular
expression OEY u FA

planguage consisting
of allstrings over Z

that start with a zero or terminate
with a d

Important Notes aboutprecedence

Order is important

I Star operation Unless there is
parentheses

21 Concatenation
3rd Union

So what is the formal definition
of a regular expression











































































Definition 1 52

R is a regular expression if R is

A A symbol E Z

Z E empty string I from emptylanguage

3 0 empty language contains zero strings

4 Ra U Ra where Ra and Ra are

regular expressions
I e R can be represented as a union of two

regular expressions

5 RaoRz where Ra and Ra are

regular expressions
I z R can berepresented as a concatenation
of two regular expressions

6 Rat where Ra is a regular language
I e R is the star operation of a regular

expression











































































Important Definitions

Rt Zero or more concatenations of
strings from R

Rt one or more concatenations of
strings from R i.e Rt RR't

R K concatenations of strings from R











































































Equivalence with Finite Automata

Fun fact R E are equivalent to finite automata

Q But what does this mean thatthey are

equivalent

Any R E can be converted to a finite atomato
and vice versa

Recall Language is regular if we can build an automaton

for it

Theorem 1 54

A language is regular if some tegular expression
describes it

Because of the iff the proof needs to be
divided into two parts Each part will
be a different lemma lemma 1.55 and
Lamm 1 601











































































Lemma A 55

If a language is described by R E

then it is regular

Proof Idea

1 R is a R E describing Language A

2 Show how to convert R into an NFA

recognizing A

3 By Corollary 1 210 If an NFA recognizes
A then A is regular

Proof Lets convert R into an NFA N

We consider the six cases in the formal
definition of R E

I D a a c E Then LCR ha and the
following NFA recognizes L R

D g
C D ga











































































2 R E Then L RILE and the following
NFA recognizes 2 R

D

3 R O Then L R 0 and the following
NFA recognizes L R

4 R Ra U Rz
Class of tegular languages is closed for union

5 R Ra o Rz
Class of regular languages is closed for concatenation

6 R Rat
Class of regular languages is closed for stat











































































Example 1.56

Convert the R E Labu alt to a NFA
D Notes

I na a s

f

why the e edge
We are combiningthe

2 Nz b D
b
7 NFA NyandNz

3 ab a it t
481

4 ab va E 7 E S

E x 9

5 Cab Va
t

D f n

7e

Toy E











































































Example 1.58

Convatthe R E Caubitaba to a NEA

1 a as

2 b p
b

3 a vb
a

ET

DE b

4 aub
t

E
a

E T

D E p
E b

E

5 abu p an Ep bb ED an

ai
E

6 qub aba r EE
by a Ig

a En bis n an











































































Lamma 1.60

It a language is regular then it is described
by a RE

Proof Idea

1 Weneed to show that if a language I isregular a R E
describes it

2 Because It is regular then it is acceptedby a
DFA We describe a procedure for converting
DFAs into qui dent R E

3 thisprocedure is broken into two parts The first

part will use a generalized nondeterministic
finite automaton L G NFA First we show how
to convert DFAs into GNFAs and thenGNFAs
into R E see page 66 and 67











































































Q So what is a G NFA

D

1 NFA where transitions can be R E instead of

only members of E or E

Z G NFA reads blocksof symbols notnecessarily
just one symbol at a time as in an NFA

3 G NFA moves along a transition arrow

connectingtwo states by reading a block of symbols
from the input

4 A 6NFA is nondeterministic andmay have ways
to process the same string

5 A G NFA accepts Itc cognizes if it is in an and
state at theend of the input

Example











































































G NFAs have a special form

Startstate has transitions to every other state
but no incoming edges

Thereisonly a singlefinal statewith arrows from every
other state but no outgoing Is Furthermore

the final state is not the initial state

Except for the initial and final states one arrow

goes from every state to every other state andalso
from each state to itself











































































We can easily convert a DFA into a Gma
see PT 64

I Simply add a new startstate with an E arrow

to theoldstartstate and a new final state with
E arrows

2 It multiple arrows with labels exist between two
stakes then it is possible to replace with a single
arrow whose label is the union of the pre ios
labels

3 Finally we add arrows labeled 0 betweenstates
that had no arrows This last step won t

change the language recognized because a transition

labeled with 0 can never be used











































































2We can then convert a G NFA into a RE

2 I Assume the G NFA hasEstates Because a

GNFA musthave an initial and a final stateand

they have to be then 422

2 2 Tf k 2 then we construct an equivalent
G NFA with K d states it is possibleto do so
we justhaven't seen it yet

2 3 If 4 2 the G NFA has a single arrow

thatgoes from the start state to the final
state The label of this arrow is thequick
RE

Why See page 64 Basically we need to add
Example

p
a new initial state and a new find state











































































So how can we construct an equivalent GN FA
with one fewer state

2 4We do so by selecting a state ripping it out of the
machine and rep ring the remainder so that
the same language is still recognized

2 5 Any state willdo provided it is not the initialstate
nor the final state

2 6 Because k 2 this state will alwaysexist Let's
call it grip removedstate

2 7 After removing grip we repair the machine

by altering the RE that label each of the

remaining arrows The new labels com pasate for
the absence of grip by addingback the lost
computations

24 The new labelgoing from a state go to gj is a RE
that describesall strings that would take the
machine from gi to gj either directly or

via grip











































































Example

9i aj

before

B very g
Ra L B

grippyRz

after

The new machine recognizes the original
Langs

Proof

I Start by formally defining the GNFA which is
similar to a NFA except for S

8
191753 19115,1

R

R collection of all Res over alphabet E

S gi gj R the arrow from state gitugj by
the RE R as its label











































































Definition 1 64

A G NFA is a 5 tuple Q I 8 gstaitgaccept

A is the finite set of states

2 I is the input alphabet

38 Q haaccept xQ basket R is the
transition function

4 9start is the initial state

5
gaccept is the final state

A GNFA carts a string iii iii wa
wi EA and a sequence of state s goga yr
exists such that

go gstart is the initial state

ga gaccept is the accept state
Language of the RE Ri

s Kiwi e ERIEwhere Ri Staia sail
ie Ri is the RE on the arrow fromg tog i











































































We are now able to return to the proof of Lemma 1.60

4 Let M be the DFA for language A

2 Convert M to G NFA G add new startstate
new final state and requited additionaledges

3 Use procedure Convert E which receives as

cup t a GNFA G and returns an equivalent RE
Convert G
I Let be thenumber of stakesof G
2 If I 2 then G must consist of a start
state an acceptstate and a single arrow

connectingthem andlabeledwitha R E R
Return R

3 If k 2 selectanystate grip E Q
from gstattand gaccept and let
G be the GNFA Q E S gstartacceptwhee

0 Q I grip
and for any g i t y fgaccept and any
aj E Q astart let
8Igi gj Ra Ra B UR4

where
Ra fly i grip
Rz SI grip grip
Rs S grip gj
R4 8 Igi 95

4 Return Convert G recursion I











































































Example 4.67
Convert the followingtwo state DFA into RE

PA a

Ob
Z a b

4 Convert to a GNFA

start
E
D a a

Notes

We are omitting
05 theOedgesbutthey

Yacopta E Z a U b still exist

2 We can remove any state let's remove state 2
Notes

astart D 109 951 grip2 aj gaccept

iRe 8gripgrip 812,2
Krapf

bCavs
Ru 8 qi a SII gaccept 0
Ra B MsUCR 1927,400

3 We can remove any state let's remove state 1
astart

a's carb
Notes
959startgrip 1 9j gaccept
RaSigigrip 819start1 E

Écapt
Re 81gripgrip Scad a

Rs Sgripgj 811gaaptiblaub
Re 8 qi aj Slastartaccept0
Ra B In UCR ECal lab v0

atb aubt











































































Example 1 68
Convert the following threestateDFA into a RE

A Convert to a GNFA

We are omittingat

Eiffel
t IIgo setthey

still exist
2 We can remove any state let's remove state 1
za yi gstart grip d aj z Ra EMBURY

R1 Sigi grip Slastast I E E 101 a u 10 a

Rz 8 grip grip 84 al O
R S gripgj 811 2 a

R4 8Cgi gj7 81astart21 0

2.2 gi gstart grip d aj 3 Ra RABURI
B 844 9 P l
Rz 8 grip grip 84 al d
Rs S gripgj 811,31 b
R4 8Cgi gj flaskrt 3 0











































































23 yi 2 grip d aj 3 Ra RABURI
Re Sigi grip 512 a a a 9 b u O
Reese rip grip gin d ab
Rs S gripgj 811,37 5
Ri 8Cgi gj 82,31 0

24 yi 3 grip I aj z Ra RABURI
Re 8go grip 813,1 b b 107ha u a
Reese rip grip gia al d f

ba v a

Rs S gripgj 811,2 a

Ri 8Cgi gj 813,2 a

25 yi 2 grip d aj z Ra RABURI
B 8449tip a V13
R2 8 grip grip 8ha al d aa vb
Rz S gripgj 811,21 9
Ri 8Cgi gj7 812,21 b

25 yi 3 grip d aj 3 Ra RABURI
B 8449 P 3 b b U d
Rz 8 grip grip Sega 0 bb
Rs S gripgj 811,3 b
Ri 8Cgi gj 813,37 0











































































qub
DEtat 2 Dysart

b Étava e
bb

3 We can remove any state let's remove state 2

Y
d

R1 Sigi grip Sl start 2 a a laaubtce.lu ok
Rz 8 grip grip 512,2 aa Ub
B 819tip gj 812 gacapt

9 aau b

Ri 8Cgi 9518cgstartaccept

3 2 yi gstart grip 2 aj 3 Ra RABURL
B tip ist all's V
Rz 8 grip grip 512,2 a cub a laaubtabUb
Rz S gripgj 812,3 ab
Ri 8Cgi gj Slastart 3 3

3.3 yi 3 grip 2 aj quart Ra BTRAUB

Re 8go grip 5132 bava

R2 8 grip grip1 512,2 aa Ub
ballallaaub VE

is scan am

s

Ry 8Cgi gj Soquept E











































































3.4 91 3 grip 2 aj 3 Ra B TRAUMA

Re Sgi grip 815,21 bava bavallaaubMablulbb

Reese rip grip soap aaufgcbavaaauptah.us
Rs S gripgj 812,3 ab
Ri 8Cgi gj 813,31 bb

DStat
99 4

D acart

alcaubtabus
a

baba abbVE

bavallaaubtabubb

4 We can remove any state let's remove state3

4.1 Yi g start grip 3 gj 9accept

RI 8go grip 519start 3 a aau b abub
R2 8 grip grip 813,3 LbaUal luau b ab ubb
Rs S gripgj 813gaccept bavallaaub UE

Ry 8Cgi gj 8cgstartgaccept a la Ub

Ra RHBURD
a la au b abub baba luaub abu b bavallaaub UEuca aau b

80 D9start Daaccept

a la au b abub baba luaub abubb bavallaaub UEuca aau b











































































1 4 NonRegular Languages

Q Are there any Limitations to finiteautomata

D Yes Certain languages cannotbe recognized

Consider the language B fond n sa

I Attempt to find a DFA to accept B

2 The machine needs to rememberhow many
I have been seen

3 Because the number of O's isn't limited
the machine willneed to keep track of an

unlimited number of possibilities unlimited
number of states

4 B is nonregular

Q So how can we prove that a language is not

regular

Through a teorem called the pumping lemma











































































harem 1 70
Pumping Lemma If A is a regular language then
there is a number p the pumping length where

ifs is anystring in of length at leastp then

I may be divided into three pieces sqgy.ggsatisfying
the followingconditions
1 for each i 0 Xy iz E A

Z Y 0 and

Notes

y E D xyOzXyEA

X e orZ E Xyz Y 1470

3
xy s p length at most f

In Portuguese Lema do Bombeamento

Q Ok this isallveryprettybutwhatdoes it mean inpractice

Informally Allsuffiently longstrings in a RLmay be pumped
i.e have a middlesection of thestringrepeated an arbitrary
number of times to produce a new stringthat isalsopart
of the language











































































Proof Idea
1 Let Me Q E 8 ga

F be a DFA recognizingA

2 Let the pumpinglength p to be the number of
stakes of M Thisis an assumption

3 We show that any strings in A of length at
least p may be broken into three pieces Xyz
satisfying the three conditions

4 What if no strings in fate of length at leastp
Obviously the three conditions hold for all strings
of length at least pit there aren't any such strings
i.e the conditions remain true but no suchstrings
lot length at leastpl exist

5 Is in haslength at least f consider the sequence
of states that M goes through when competing with

inputs It starts with ga thestartstate thengoes to say
gs thensay go theng g and so on until it reaches
the end off in state gas With s in A we know

that M accepts s so go is a final state











































































6 Let n 1st thesequence of states9,193,92019g 193
has length n ta Because a is at least we know

that n ta p recall that in step 2 we defined f to

be the number of stakes of M

7 Noticewhatthis means The number of states in the
sequence is nta which is largerthanp I the number ofstakes

of M This means that one statemusthavebeen
repeatedwhen processing s i.e

8 We can now divide s

axe

Alternatively this can be perceived as
x takes M from g to g
y takes M from gottoget
z takes M from ggto go











































































9 Lets see why this division of s satisfies the three
conditions

Condition1 Suppose that we run I an Xyy z We

know thats takes I from ga to gg and then the
first y takes it from gg back to g g as doesthe
second2 and then I takes it to gas With
gas being a final state thestring is recognized
The same isvalid for Xy Z i 0 For E O Xyiz x z

which is accepted for similar reasons

Condition2 We can see that y so as it was thepartof s
thatoccurred between two t occurrences of state gg

Conditions But.ÉÉÉÉtpÉÉÉÉÉÉ that theremustbe a

in thesequence Because I is at leastp i.e nap thenthe

jiggle

serene tastethe first ratit

I stats.IT i Iii nta pta This means thatthe first ptastates
of the sequencemustcontain a repetition i z

X Y Z
men

Thisimplies thatpta states are needed to recognizestrings and 1
Whichimplies that xy e p one additionalstateisneededtoacceptxy











































































Proof

1 Let Me Q E S ga F be a DFA recognizingAand p
be thenumber of stakes of M

2 Let s Sasa sn be a string in A of length n where n sp

3 Let ri ra ooo rn ya be thesequence of stakesthatM
enters while processing s i.e rite Siri si field n
Because n is at least p then n ta p This means thatthe
sequence ofstates whichhaslength n ta is larger thanthenumber

of states p on M Accordingly this can only mean thatstats
are beingrepeated

4 Among the first pta elements in thesequence twomust
be the same state We call the first of these rj and the
second re Because re occurs amongthe first pta places
in a sequence starting at ra we have l s p t d

5 Lett sa Sj a y Sj sea and Z se sn This means
that It so y so an lepta so kylep

6 x takesM from ra to rj

Y
M accepts

y takesM from rj to rj xy z lis a

z takesM from rj to rn a final state 5











































































Q So how can we use the pumping lemma to prove
that a language is not regular

I Assume that B is regular contradiction

2 Use pumping lemma toguarantee the existence
of a pumping length p such thatallstringsof
length e p can be pumped

3 Find a strings in B thathas length p orgreater
but that cannot be pumped

4 Demonstrate thats cannot be pumpedby considering
all ways ofdividing s into x y and z considering
conditions if necessary and for each suchdivision
finding a value i where Xy z e B

5 Theexistence of s contradicts the pumping lemma
if B were regular Hence B cannot be regular

Notes

Findingsmay requirecreative thinking











































































Example 1 73

Let B be the language and n so Use the

pumping lemma to prove that B is not regular

Resolution

I Assume B is raglan contradiction
2 Let p be thepumpinglength
3 Choose s OP a P
4 SEB and 1st p then the PL guaranteesthats
can be brokeninto xyz suchthat xyiz e B Fi 0
Consider the following cases where this is impossible
5 1 Stringy consists of only O's

Then if we pumpy i.e xy z the final string
will have more O's thand's and xy z 4 Becontradiction

5 2 Stringy consists of only 1 s
Then if we pumpy i.e xy z the final string
will have more 1 s thand's and xy z 4Becontradiction

5.3 Stringy consists of Q's andd's
Then if we pumpy i.e xy't the final stringmay
havethe same number of O's and I's but they
will beoutof order D xy z 4Becontradiction











































































Example 1.74
Let C wt w has an equalnumberofQsand Is Use the

pumping lemma to prove that C is not regular

Resolution

I Assume C is raglan contradiction
2 Let p be thepumpinglength
3 Choose S OP a P

4 SEB and 1st p then the PL guaranteesthats
can be brokeninto xyz suchthat xyiz e B Fi 0

5 Is Xyz with X E and Z y then s y Dy PIPwhich
means that xy z y

i 0PaP E CCir it seems thatscanbepumped

6 Weneed an alternative

6.1Condition 3 oftheP.L xy K p

6 2This means that if s nyt oÉtÉdPandxyÉ then
string ymustconsistonly ofO's

6.3This means that x y iz will producestringwith a greater
number of 0 s thand's i.e xy z E C contradiction











































































Example 1.75
Let F w w we a at Use thepumping lemma to
prove that F is not regular

Resolution

I Assume F is raglan contradiction
2 Let p be thepumpinglength
3 Choose S 0Pa Pd

4 SEB and 1st p then the PL guaranteesthats
can be brokeninto xyz suchthat xyiz e c Fi 0

5 Similarlyto Example 1.74 if X E and Z E then S XyZ y
whichwould imply that xy't y 0 01 so it would seem

thatscouldbepumped

6 Weneed an alternative

6.1Condition 3 oftheP.L Xy E p

6 2 It s 0Pa 01 08.04 0Pa and xy s p then
stringymustconsistonly ofO's This means that
Xy z wouldproducestrings where the first partof the

string the first w of wold notmatch theand w
i a xyiz e F contradiction











































































Example 1.76

Let D a n 70 i.e D contains all strings of 1s whose
length is a perfectsquare Use thepumping lemma to prove
that D is not regular

Resolution

I Assume D is regular contradiction

2 Let p be thepumpinglength
3 Choose s I P

4 SEB and 1st p then the PL guaranteesthats
can be brokeninto xyz suchthat xyiz e D Fi a

5 Tosolve this one we need to thinkaboutthesequence
of perfectsquares

I 4 9 16 25 36 49 o o

Notethegrowinggapbetweencausative members of this
sequence Largemembers of this sequence cannotbe near

each other
6 Consider thetwostrings xyz and XYZ Thesestring
differ from each other by a singlerepetition off
Consequently their lengths differ by a lengthy

7 Condition3 of PL xy e p If X E this means

that at most y has length p i.e ly le p
8 Since S AP aat.tt i.e Is p as Ixyz p

































9Therefore if we increase the lengthby y and given that
ly le p then xy z le p't p

10 But pet p c p tap 1 p ta

Q Why is this fact important
If we calculate the nextperfect element to p i e

s y't't adf.FI c e we can see thatthe length of s
shouldbeCptal Howeverwhen we pumped y in step 9
we obtained that thenextelementshouldhave lengthsptp
contradiction


