Linear Algebra Massoud Malek

Characteristic Polynomial

& Preleminary Results. Let A = (a;;) be an n x n matrix. If Au = \u, then X and u are
called the eigenvalue and eigenvector of A, respectively. The eigenvalues of A are the roots
of the characteristic polynomial

Ka(\) = det (AL, — A).
The eigenvectors are the solutions to the Homogeneous system
(M, — A) X = 6.
Note that K4()\) is a monic polynomial (i.e., the leading coefficient is one).

Cayley-Hamilton Theorem. If Ka(\) = A" + piA" ' + .- + p, 1A+ p, is the characteristic
polynomial of the n x n matrix A, then

KA(A) = An +p1An_1 + - +pn—1A +pnIn = Zn;
where Z,, is the n X n zero matrix.

Corollary. Let Ka(\) = A" +p1 A" + ...+ p, 1A+ p, be the characteristic polynomial of the n x n
invertible matrix A. Then

1
A_l = ? [An_l +p1An_2 + - +pnf2A +pn71[n] .

Proof. According to the Cayley Hamilton’s theorem we have
A [An_l +p1An_2 + +pn—lln] = _pnI’ru
Since A is nonsingular, p, = (—1)"det(4) # 0; thus the result follows. -

Newton’s Identity. Let A1, Ao, ..., A, be the roots of the polynomial

P()\) :/\n+01>\n71 —|—02/\n72—|— ...... + Cha A+ cp.
Ifsp = Af + M5+ -+ Ak, then
1
CL = 7@ (Sk + Sp_1€1 + Sp—2Cy + -+ - + SaCk_2C1 + Slck—l) )
Proof. From
PO =A=M)A=A2)... ... A= An_1)A = An)

and the use of logarithmic differentiation, we obtain

P'(A) A"+ (n— 1)t N2 4 4 2e oA+ g - 1

PQA) A4l 4 A2 4 A F oy —(A=N)
. . . 1 . .

By using the geometric series for T and choosing |\| > max |\i|, we obtain
~_ 1L n s s
Lo A=) A a2 T3
=1

Hence

n—1 n—2 n n—1 n—2 n 51 52
nA" (= DaX P4 o= (A aX T A Tt ep) (X+F+F+m)'

By equating both sides of the above equality we may obtain the Newton’s identities. g
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& The Method of Direct Expansion. The characteristic polynomial of an n x n matrix
A = (a;5) is defined as:

A — a1 —a12 . —A1n
—ag1 A — a922 . —agn
K (M) =det(\, — A)= . . . . =N —o AT o\ TR (—1) "0y,
—0n1 —Qp2 cer A= Qnn

where .
o1 = Z a;; = trace(A)
i=1

is the sum of all first-order diagonal minors of A4,

O'QZZ

i<J

Qi Qi

aji  Ajj

is the sum of all second-order diagonal minors of A4,
Qi Qi Qg
o3= ) |4 ay ag
i<G<k|Qk; Qkj Okk
is the sum of all third-order diagonal minors of A, and so forth. Finally,

o, = det(A)

There are (}) diagonal minors of order k£ in A. From this we find that the direct compu-

tation of the coefficients of the characteristic polynomial of an n x n matrix is equivalent

to computing
n n n 4. n\ _on
1 2 n)

determinants of various orders, which, generally speaking, is a major task. This has given
rise to special methods for expanding characteristic polynomial. We shall explain some
of these methods.

1 2 3
Example. Compute the characteristic polynomial of A = (2 1 4) .
1 0 2

We have:
1 2 1 —4 1 3
A L R P R R R S RO RS
1 2 3
and o3 =det(A)=1(2 1 —4|=-17
1 0 2

Thus

Ka(\) =det(M3 — A) = A3 — 01 A2 + 09\ — 03 = A* —4)\ — 2\ + 17.
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& Leverrier’s Algorithm. This method allows us to find the characteristic polynomial of
any n x n matrix A using the trace of the matrix A* where k =1,2,---n. Let

J(A) = {/\17>‘27 o 7)\11}

be the set of all eigenvalues of A which is also called the spectrum of A. Note that
sp = trace(AF) = Z)\f , forall k=1,2,--- n.
i=1

Let
Ka(\) =det(M,, — A) =N+ A" L+ 4 pp 1A+ pp

be the characteristic polynomial of the matrix A, then for & < n, the Newton’s identities hold

true:
1

Pe=—7 [k +p1sp—1+ - +pp—151] (B=1,2,---,n)
1 2 1 -1
1 0 2 1
Example. Let A = 9 1 -1 3 | Then
4 =5 0 4
1 8 4 0 17 6 13 19 125 —48 16 104
A2 — 9 -1 -1 9 43 — 42 28 8 23 A4 — 122 —-23 —-22 46
13 —-12 5 8 43 -9 16 22 90 —-40 41 —12
15 —-12 -6 7 19 -11 -3 17 —66 120 0 —107
Sosy =4, s9=12 | s3 = —44 , and s4 = 36. Hence
p1=—s1=—4,
1 1
P2 = —5(32 +p151) = —5(12 +(—=4)4) =2,
1 1
p3 = —5(83 + p1S2 +p281) = —5(—44 + (—4)12 + 2(4)) = 28,
1 1
Pa = —1(84 + P1S3 + p2S2 +p381) = —1(36 + (—4)(—44) + 2(12) + 28(4)) = —87.
Therefore
Ka(\) = At —40% + 207 4 28X\ — 87
and L
ATl = = [A® — 447 + 24 + 281,] =
17 6 13 19 1 8 4 0 1 2 1 -1 1 0 0 O
1 42 —-28 8 23 9 -1 -1 9 1 0 2 1 01 0 0
stllas —o —16 22 | 7H 13 —12 05 8|22 1 -1 o3 [Tlo 01 0
19 -11 -3 17 5 -12 -6 7 4 -5 0 4 0 0 0 1

43 —22 -1 17
e 1 8 4 16 —11
87l =5 41 —-10 -4 |- u

—-33 27 21 -9
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& The Method of Souriau (or Fadeev and Frame). This is an elegant modification of the
Leverrier’s method.

Let A be an n x n matrix, then define

A=A, q1 = —trace(Ay), By =A1+aql,
Ay = ABy, g2 = —jtrace(Ay), By = Az + q21,
An = Aanla qn = —%trace(An), Bn = An + QnIn

Theorem. B, = Z,, and
KA()\) = det()Jn — A) ="+ (h)\nil 4+ g1 A+ G-

If A is nonsingular, then
1
Al'=——DB, .

Proof. Suppose the characteristic polynomial of A is
Ka(\) =det( M, — A) = N"+p A" P+ 4 pp A+ D,

where p, s are defined in the Leverrier’s method.

Clearly p; = —trace(A) = —trace(A;) = q1, and now suppose that we have proved that

q1 =P1,92 =P2, .-+ ,4k—1 = Pk—1-
Then by the hypothesis we have
Ap = ABg1 = A(Ak—1 + qr—11p) = Adp—1 + 1A

= A[A(Ar—2+ qr—2I)] + g1 A
= A2 A1 + @24 + g1 A

=AF 4 A o g A
Let s; = trace(A?) (i =1,2,...,k), then by Newton’s identities
—kqi, = trace(Ay) = trace(A*) 4+ q1 trace(A*=1) + - 4 q_1 trace(A)

=Skt qiSp—1+ -+ qr-151
=Sk +P1Sk—1+ -+ Pr-151
= —kps .

showing that p, = ¢x. Hence this relation holds for all k.

By the Cayley-Hamilton theorem,

Bn =A" + Q1An_1 + -+ anlA + ann = Zn .

and so
Bn = An + QnIn = 4n; An = ABn—l = 7ann-

If A is nonsingular, then det(A4) = (—=1)"K(0) = (-1)"q,, # 0, and thus

1
A_1 = _7Bn71 . | ]
dn
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Example. Find the characteristic polynomial and if possible the inverse of the matrix

1 2 1 -1
1 0 2 1
A=1s 1 1 3
4 -5 0 4
For k =1,2,3,4, compute
1
A = ABj_1 qr = ?tmce(Ak), By =Ap +qipls.
1 2 1 -1 3 2 1 -1
1 0 2 1 1 -4 2 1
=1y 1 4 3| ©=-4 Bi=l49 1 5 3|
4 -5 0 4 4 -5 0 0
3 0 0 4 1 0 0 4
5 -1 -9 5 5 1 -9 5
A= 5 456 o 4| ? =2 Bo=1 15 _16 11 -4’
1 8 -6 -9 1 8 -6 -7
15 —22 -1 17 43 —22 -1 17
8§ —24 16 —11 8 4 16 —11
As=| 5 4 g8 4|0 ®B=B Bs=| 5 4 9 4|
33 27 21 37 33 27 21 -9
8 0 0 0 00 0 0
0 8 0 0 00 0 0
=19 o 87 0| qa = 87, Bi=19 0 0 0
0 0 0 87 00 0 0

Therefore the characteristic polynomial of A is:

Ka(\) = A —40% + 207 4 28X — 87.

Note that A, is a diagonal matrix, so we only need to multiply the first row of A4 by the
first column of B3 to obtain 87. Since ¢, = —87, the matrix A has an inverse.

43 —22 -1 17
-1 1 8 4 16 -11
1_ "tp
A= a3 s |l 5 a1 —10 -4 u

-33 27 21 -9
Matlab Program

A = input(' Enter a square matrixz : ')
m = size(A); n=m(l); q=zeros(l,n); B=A; AB = A; In = eye(n);
for k=1:n-1, q(k) = —(1/k) xtrace(AB)B = AB + q(k) *x In; AB = Ax B; end
C = B; q(n) = —(1/n) xtrace(AB); Q = [1 g;
disp("The Characteristic polynomial looks like : ')
disp( 'Ka(z) =z An+qL)zA(n—1)+..4+qgn—Dz+q(n) ), disp(' '),
disp("The coef ficients list c(k) is : '), disp(’ '),
displ(Q), disp(’ ")
if q(n) ==0, disp('The matriz is singular ');
else, disp('The matriz has an inverse. '), disp(’ ')
C = —(1/g(n) + B;
disp('The inverse of Ais : '), disp(’ '),
disp(C)
end -
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& The Method of Undetermined Coefficients. If one has to expand large numbers of char-
acteristic polynomials of the same order, then the method of undetermined coefficients
may be used to produce characteristic polynomials of those matrices.

Let A be an n x n matrix and
Ka(\) =det(A, — A) = X"+ p\" 4o 4+ py 1A +py
be its characteristic polynomial. In order to find the coefficients pis of K4(\) we evaluate
D; = K(j) =det(jI, —A)  j=0,1,2,...,n—1

and obtain the following system of linear equations:

Pn = Do
1" +py " +pn =D
2" +p 2l p +pn =Dy

Which can be changed into:

1t =2 1 p1 Dy — Do — 17
5 . p 2n-1 on—2 e 2 D2 Dy — Do — 2" D
n—14 = . . . . . = . . . . = .
(n - 1)n—1 (n - 1)71_2 cooom—1 Pn-1 Dy—1— Do — (n - 1)n

The system may be solved as follows:

P=5'D.
Since the (n —1) x (n — 1) matrix S,, depends only on the order of A, we may store R,, the
inverse of S, _; beforehand and use it to find the coefficients of characteristic polynomial

of various n x n matrices.

Examples. Compute the characteristic polynomials of the 4 x 4 matrices

1 3 0 4 1 2 1 -1

2 -3 1 3 1 0 2 1

A=17 o 1 ofadB=1, | 3 3

-1 3 21 4 -5 0 4

First we find

1 1 1 L6 6 -2
S=|8 4 2 and R:S—lz—E 30 —-24 6
27 9 3 36 18 —4

Then for the matrix A we obtain

D() = det(—A) = —48, D1 = det(I4 - A) = —72,
Dy = det(2f4 — A) = —128 and D3 = det(3I4 — A) = —180

Dy — Do — 1% —25
D=|Dy—Dy—2*| =| —96
D3 — Dy — 34 —213
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Hence
P1 1 —6 6 —2 —25 0
P=|p | = D 30 —24 6 —96 =1 —23
D3 -36 18 —4/) \ -213 )
Thus

Ka(\) =" — 2302 — 2\ — 48

For the matrix B we have

Dy = det(—B) = =87, D =det(l4 — B) = —60,
Dy =det(2I; — B) = -39 and D3 =det(3l; — B) = —12

Dy — Dy — 14 2%
D=|Dy—Dy—2*| =1 32
D3 — Dy — 34 —6
Hence
m L[ -6 6 =2\ (2% 4
P=|p | = T 30 —24 6 32 = 2
P3 —36 18 —4 —6 28
Thus

Kp(\) =M\ —4)% 4207 428\ — 87
Matlab Program

N = input(' Enter the size of your square matriz : ');
n=N—1; In=-eye(N); S = zeros(n); R= zeros(n); D = zeros(1,n);
DSP1 =[ For any ' int2str(N),) —square matriz, you need S ='];
DSP2 = ['Do you want to try with another ' int2str(N), —square matriz? (Yes =1/No = 0)'];
%DEFINING S
fori=1:n, for j=1:n, S(i,j) =iA(N —j); end; end;
disp(" "), disp(DSP1), disp(’ '), disp(S),
R =inv(S);
ok =1;
while ok == 1;
A = input(['Enteran ', int2str(N)," ', int2str(N),) matriz A : ');  disp(" ')
D0 = det(A);
for k=1:n; D(k) =det(k*In— A); end;
for i=1:n; DD(i) = D(i) — DO —i A N; end;
P=RxDD’;
disp('The Characteristic polynomial looks like : ')
disp( 'Ka(z)=azAn+pLl)zA(n—1)+..+pn—1z+pn) ), disp('’),
disp('The coef ficients list p(k) is : '), disp(" '),
disp([l P' DQ]), disp(" "),
disp(DSP2), disp(’ '),
ok = input(DSP2);
end m
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& The Method of Danilevsky. Consider an n x n matrix A and let

Ka(\) =det(N,, — A) = A"+ A\ P pp i A+ D

be its characteristic polynomial. Then the companion matrix of K 4()\)

—P1r —PpP2 —P3 ... —Pn-1 —Pn
1 0 0 0 0
0 1 0 ... 0 0
FlA] = . .
0 0 - 1 0 0
0 0 0 1 0

is similar to A and is called the Frobenius form of A.

The method of Danilevsky (1937) applies the Gauss-Jordan method to obtain the
Frobenius form of an n x n matrix. According to this method the transition from the
matrix A to F[A] is done by means of n — 1 similarity transformations which successively
transform the rows of A, beginning with the last, into corresponding rows of F[A].

Let us illustrate the beginning of the process. Our purpose is to carry the nth row of

a1l a2 Qi3 cee G1np—1 Qln
@21 Q22 A23 oo Q2p—1 Q2p
az1 azz a3z ... G3p—1 0A3p
A=
ap1  Ap2  Aan3 Apn—1 Gpn
into the row (0 0 ... 1 0). Assuming that a, ,_1 # 0, we replace the (n — 1)th row of
the n x n identity matrix with the nth row of A and obtained the matrix
1 0 0 0 0
0 1 0 0 0
Unfl =
an1 An2 an3 . Qp.n—1 Apn
0 0 0o ... 0 1
The inverse of U,,_; is
1 0 0 0 0
0 1 0 0 0
anl -
Un—-1,1 Un-1,2 Un-13 Un—1,n—1 Un—1n
0 0 0 . 0 1
where .
Un—1,i = — m for #n-—1
An,n—1
1
and Up—1,n—1 = — .
An,n—1
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Multiplying the right side of A by V;,,_;, we obtain

b1 b12 b13 oo b bin
ba1 baa bas3 oo b ban
AV,_1 =B =
bnfl,l bn71,2 bn71,3 e bnfl,nfl bnfl,nfl
0 0 0 .. 1 0

However the matrix B = AM,,_; is not similar to A. To have a similarity transforma-
tion, it is necessary to multiply the left side of B by U,,_; = V,"!,. Let C = U,_1AV,_,,
then C is similar to A and is of the form

C11 C12 C13 e Cln—1 Cin
bo1 bao bas cee bz,n—1 ban
C =
Cpn—1,1 Cn—-12 Cn—-1,3 Cn—1n—-1 Cn—1n-1
0 0 0 1 0

Now, if ¢,_1,,-1 # 0, then similar operations are performed on matrix C by taking its
(n — 2)th row as the principal one. We then obtain the matrix

D= Un—QCVn—Q = Un—QUn—lAVn—lvn—Q

with two reduced rows. We continue the same way until we finally obtain the Frobenius
form

F[A] = U1U2 e Un—QUn—lA‘/n—IVn—Q o ‘/2V1
if, of course, all the n — 1 intermediate transformations are possible.
Exceptional case in the Danilevsky method. Suppose that in the transformation of the

matrix A into its Frobenius form F[A] we arrived, after a few steps, at a matrix of the
form

r11 T12 Tk T1,n—1 T1in

21 722 e T2k e Tz’nfl Ton

R Tk1 Tk2 Tkk Tkn—1 Tkn
- 0 0 1 0 0
0 0 0 0 0
0 0 0 1 0

and it was found that ry,_1 = 0 or |rg,—1| is very small. It is then possible to continue
the transformation by the Danilevsky method.
Two cases are possible here.

Case 1. Suppose for some j =1,2,...,k — 2, ry; # 0. Then by permuting the jth row and
(k — 1)th row and the jth column and (k —1)th column of R we obtain a matrix R’ = (r;)
similar to R with 7}, , #0.
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Case 2. Suppose now that r,; =0 for all j=1,2,...,k—2. Then R is in the form

T11 T12 cee T1,k—1 T1,k T1,k+1 cee Tin

21 722 T2 k—1 T2k T2 k+1 Ton
R Ri Ry] Tk—11 Tk—12 Tk—1,k—1 Tk—-1,k Tk—1k+1 Tk—1,n
0 Ra| T | o

0 0 0 Tkk Tk k+1 Tkn

0 0 0 1 0 0

0 0 0 0 1 0

In this case the characteristic polynomial of R breaks up into two determinants:
det(M,, — R) = det(Aly_; — Ry) det(A_i1 — R3).

Here, the matrix Rs is already reduced to the Frobenius form. It remains to apply the
Danilevsky’s method to the matrix R;.

Note. Since UpAy_1 only changes the kth row of Ap_1, it is more efficient to multiply first Ay_1 by its
(k + 1)th row and then multiply on the right side the resulting matrix by V.

The next result shows that once we transform A into its Frobenius form ; we may
obtain the eigenvectors with the help of the matrices V/s.

Theorem. Let A be an n X n matrix and let F[A] be its Frobenius form. If \ is an eigenvalue of A,

then
)\n— 1

An—Q
v = and w=V,_1Vp_a---VLVjv
A
1

are the eigenvectors of F[A] and A respectively.

Proof. Since

det(M,, — A) = det(Al,, — F[A]) = A" +p X" L 4+ i A+ o,

we have
An—1 0
A— P1 —Pp2 —P3 e —Pn-1 —DPn /\n—2 0
1 A 0 .. 0 0 \n—3 0
(A, — F[A))v = A 1 0 0 0 : =1 .
. . : . )‘\ 6
0 0 0 1 A 1 0

Since F[A] = Vy 'Vt VoLVt AV, 1V, 5 ---VaV; and F[AJv = \v, we conclude that
Aw = Vn,Q tee ngl()\’l}) = (Vn,Q te VQVl) F[A]U =A (Vn,an,g e VQVl'U) = Aw ]

Note. For expanding characteristic polynomials of matrices of order higher than fifth, the method of
Danilevsky requires less multiplications and additions than other methods.
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Example. Reduce the matrix

11 3 4
2 0 2 1
A= 1 0 1 2
0 0 -1 -1

to its Frobenius form.

The matrix B = A3 = U3 AV; is as follows:

1 0 0 0 1 1 3 4 1 0 0 0 1 1 -3 1
B— 0O 1 O 0 2 0 2 1 0 1 0 0 . 2 0 -2 -1
“ 10 0 -1 -1 1 0 1 2 0 0 -1 -1 |-1 0 0 -1
0 0 O 1 0O 0 -1 -1 0 0 O 1 0 0 1 0
0 1 0 O
. . . 1 0 0 O
Since b3, = 0, we need the permutation matrix J = o0 1 0l thus
0 0 0 1
0 1 0 O 1 1 -3 1 0 1 0 O 0 2 -2 -1
1 0 0 O 2 0 -2 -1 1 0 0 0 1 1 -3 1
C=JBJ= 0 0 1 0 1 0 -1 1 0 0 1 0) (O -1 0 -1
0 0 0 1 0 0 1 0 0 0 0 1 0 O 1 0
Next we obtain the matrix D = A, = U,CV,
1 0 0 O 0 2 -2 -1 1 0 0 O o -2 -2 -3
D— 0 -1 0 -1 1 1 -3 1 0 -1 0 —-1] | -1 1 2 0
10 0 1 0 0o -1 0 -1 0O 0 1 0O - 0 1 0 0
o o0 0 1 0 0 1 0 o o0 0 1 0 0 1 0
Finally the Frobenius form F[A] = A, = U, DV},
-1 1 2 0 o -2 -2 =3 -1 1 2 0 1 4 2 3
FlA] = 0 1 0 0 -1 1 2 0 0 1.0 O _ (1 0 0 O
o 0O 0 1 0 0 1 0 0 0 0 1 0J |0 1 0 0
0O 0 0 1 0 0 1 0 0 0 0 1 0 0 1 0
Thus the Characteristic polynomial of A is :
Ka(\) =a* — 2% — 42* — 20 — 3 -

Matlab Program

A = input(' Enter the square matriz A : ');
m = size(A); N =m(l); b=[1]; B =zeros(N); i =1;

while i < N,
J=eye(N);h=AN —i+1,N —1i)
while h == 0;
c=AN—i+1,1: N —1i); z=mnorm(c,inf);
if z =0;
k=1, r=0;

while r==0 & k < N —1;
r=r+c¢N-—i—k); k=k+1;
JIN—i,N—i)=0; JIN—i,N—i—k+1)=1,;
JN—i—k+1,N—i—k+1)=0; JIN—i—k+1,N—i)=1,
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A=JxAxJ;, k=k+1,;
end
else
b=conv(b,[1 —AN—i+1,N—i+1:N)]);
B=A(1:N—-i1:N—-i);A=B/N=N —i;
end
h=AN—i+1,N—i);
end
U=-eye(N); V =eye(N);
UN—1i,:)= AN —i+1,:);
V(N —i,:) = —AN —i+1,))JANN —i+1,N —4); V(N —i,N —i) = 1/JAN —i +1,N — i);
A=UxAxV;
1 =141
end,
b=conv(b, 1 —AN—i+1,N—i+1:N)]); disp(" "),
disp('The Characteristic polynomial looks like : '), disp(’ '),
disp([Ka(z) =z An+cL)zA(n—1),+...+c(n—1x+c(n)]),disp(" ),
disp("The coef ficients list c(k) is : '), disp(’ '),
disp(b), disp(" ') -

& The Method of Krylov. Let 4 be an nxn matrix. For any n-dimensional nonzero column
vector v we associate its successive transforms

v, = AR (k=0,1,2,...),
this sequence of vectors is called the Krylov sequence associated to the matrix A and the
vector v.

At most n vectors of the sequence vy, vy, v,... will be linearly independent. Suppose
for some r = r(v) < n, the vectors vg,vi,vs,...,v,. are linearly independent and the vector
vy11 is a linear combination of the preceding ones. Hence there exists a monic polynomial

Pp(N) =co+ A+ N2 e A NN
such that
P(A)v = (coln + 1A+ -+ o1 A7+ Ao = couo + 101 + -+ + Cr_1Vp + G = 0.

The polynomial ¢()) is said to annihilate v and to be minimal for v. If w(\) is another monic
polynomial which annihilates v,
w(Av =0,

then ¢(\) divides w()\). To show that; suppose

w(A) =7(N)e(A) + p(A),

where p()\) is the remainder after dividing w by ¢, hence of degree strictly less than r, it
follows that
p(A)v = 0.

But #()\) is minimal for v, hence p(\) = 0.

Now of all vectors v there is at least one vector for which the degree v is maximal,
since for any vector v, r(v) <n. We call such vector a mazimal vector.

A monic polynomial pa()) is said to be the minimal polynomial for A, if u4()\) is monic
and of minimum degree satisfying

d(A) = Z,.
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Theorem 1. Let A be an n X n matrix and let ¢(\) be a minimal polynomial for a maximal vector v.
Then ¢(A) is the minimal polynomial for A.

Proof. Consider any vector u such that u and v are linearly independent. Let ¢()\) be its
minimal polynomial. If w is the lowest common multiple of ¢ and v, then w annihilates
every vector in the plane of v and v, since

w(A)(au + Bv) = aw(A)u + fw(A)v = 6.

Hence w contains as a divisor the minimal polynomial of every vector in the plane. But
w is of degree 2n at most, hence has only finitely many divisors. Since there are infinitely
many pairs of linearly independent vectors in the plane and finitely many divisors of w,
there is a pair of linearly independent vectors z and y in this plane with the same minimal
polynomial. This polynomial also annihilates v since v is on this plane. Therefore ¢ is
minimal for every vectors in the plane of u and v, and since v was any vector whatever,
other than v, ¢ annihilates every n-dimensional vector.

Since ¢ annihilates every vector, it annihilates in particular every vector e;, hence
o(A) = ¢(A) = Z,.

Thus ¢(\) = pa(A) is the minimal polynomial for A. -

If the minimal polynomial and the characteristic polynomial of a matrix are equal,
then they may be found by the use of Krylov’s sequence. To produce the characteris-
tic polynomial of A by Krylov method, first choose an arbitrary n-dimensional nonzero
column vector v such as e;, then use the Krylov sequence to define the matrix

V = [v, Av, A%v,..., An — 2v, A" 1] = [vg,v1,v — 2,.. . Vp_2,Vn_1].

If the matrix V has rank n, then the system Ve = —v, has a unique solution

ct = (007017027 o '7077,71)'

The monic polynomial
¢()\) =cp+ci A+ 02>\2 R Cn—l)\”_l Lan

which annihilates v is the characteristic polynomial of A. If the system Ve = —v, does not
have a unique solution, then change the initial vector and try for example with e,. -

Examples. Compute the characteristic polynomials of the following matrices:

1 2 1 -1 1 2 -3 1
1 0 2 1 1 0 -2 1
A=l2 1 1 3 and B=1, 3 1 3
4 -5 0 4 1 0 1 -2
1
Choosing the initial vector v = 8 for both matrices, we obtain
0
11 1 17 1 1 1 1
3 o aaq_ [0 1 9 42 3 s 3. [0 1 0 1
Vi = v, Av, A%v, A°v] = 0 2 13 43 and Vg = [v, Bv, B*v, B3| = 0 1 0 1
0 4 15 19 0 1 0 1
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—87
28
2
—4

The matrix V, is nonsingular, hence ¢y = —V; 'A% = From ¢4 we obtain the

characteristic polynomial of A which is
Ka(\) = =87 + 28X\ + 207 —4)3 + 24

0
The matrix Vz is singular, so we need another initial vector such as v = (1) . The new
0
0 2 11 11 9
matrix Vg = Lo 8 is invertible, so ¢ = —V;1A4% = -2 ) From the
0 -3 &5 =21 ’ B ~10
0 0 -1 18 2

solution cp we obtain the characteristic polynomial of B which is
Kp(\) =9 — 2\ — 102 + 223 + 24

Remark. The minimal polynomial and the characteristic polynomial of the matrix
1 2 3 4

1 2 3 4
A= 10 00
1 0 00
are , (

ma(A\) =X =3X2 =7\ and Ka(\) =\ —3)\3 —7\2

respectively. Therefore by choosing any initial vector v, the matrix V4 = [v, Av, A%v, A3v] will always be
singular. This means that the Krylov sequence will never produce the characteristic polynomial K z(\).
Matlab Program

A =input(' Enter a square matriz A : ');
m = size(A); n=m(l); V = zeros(n,n);

DL1 = ['Enter an initial ', int2str(n) , ' — dimensional row vector v0 = '];
v0 = input(DL1);
z=0; k=1;

while z==0& k<5
w=v0; V(:,1) = w;
fori=2:n, w=Axw; V(,i)=w; end,
if det(V)~=0; k=8; c=—inv(V)xAx*w;

else
while k <5
v0 = input("The matriz V is singular, please enter another initial row vector v0: ');
k=k+1,;
end;
end,;
z =det(V);
end,
if k==25;
disp('Sorry, the Krylov method is not suited for this matriz.’), disp(’ '),
else;

disp('The Characteristic polynomial looks like : '), disp(’ '),

disp([Ka(x) =c(0)+ C(1)xz +c(2)x A2+ -+ c(n—1)xA(n—1)+xAn']),disp(" ),
disp("The coef ficients list c(k) is : '), disp(" '),

disp([c', 1] .
end;
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