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Other problems

The main areas in which IP is used in practiceuitiei

« imposition of logical conditions in LP problems ¢suas the either/or condition dealt with above)
¢ blending with a limited number of ingredients

¢ depot location

¢ job shop scheduling

e assembly line balancing

e airline crew scheduling

¢ timetabling

Integer programming example

Recall theblending problendealt with before unddinear programmingTo remind you of it we reproduce
it below.

Blending problem Problem 1

Consider the example of a manufacturer of animed feho is producing feed mix for dairy cattle. br o
simple example the feed mix contains two activeed@gnts and a filler to provide bulk. One kg céde
mix must contain a minimum quantity of each of foutrients as below:

Nut ri ent A B C D
gram 90 50 20 2

The ingredients have the following nutrient valaesl cost

A B C D Cost / kg
Ingredient 1 (gramkg) 100 80 40 10 40
Ingredient 2 (gramkg) 200 150 20 - 60

What should be the amounts of active ingredientkfélar in one kg of feed mix?

Blending problem solution

Variables

In order to solve this problem it is best to thinkerms of one kilogram of feed mix. That kilogrésrmade
up of three parts - ingredient 1, ingredient 2 filfet so: let

x1 = amount (kg) of ingredient 1 in one kg of feed mi

x2 = amount (kg) of ingredient 2 in one kg of feed mi

x3 = amount (kg) of filler in one kg of feed mix

where x >= 0, % >= 0 and 3>= 0.

Constraints
e balancing constraint (amplicit constraint due to the definition of the variables)

X1+Xx2+x3=1
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e nutrient constraints

100x1 + 200% >= 90 (nutrient A)
80x1 + 150% >= 50 (nutrient B)
40x1 + 20% >= 20 (nutrient C)
10x1 >= 2 (nutrient D)

Note the use of an inequality rather than an etyialithese constraints, following the rule we farivard
in the Two Mines example, where we assume thabtieent levels we want are lower limits on the
amount of nutrient in one kg of feed mix.

Objective

Presumably to minimise cost, i.e.

minimise 404 + 60x

which gives us our complete LP model for the blaggiroblem.

Suppose now we have the additional conditions:

¢ if we use any of ingredient 2 we incur a fixed cafs15

* we need not satisfy all four nutrient constrainis fieed only satisfy three of them (i.e. whereas
before the optimal solution required all four neiti constraints to be satisfied now the optimal
solution could (if it is worthwhile to do so) onlhave three (any three) of these nutrient consgaint
satisfied and the fourth violated.

Give the complete MIP formulation of the problenthwthese two new conditions added.

Solution

To cope with the condition that ibx=0 we have a fixed cost of 15 incurred we havestaaedard trick of
introducing a zero-one variable y defined by

y = 1if x2>=0
= 0 otherw se

and

e add a term +15y to the objective function
and add the additional constraint

e x2 <= [largest value xcan takely

In this case it is easy to see thatan never be greater than one and hence our@udditionstraint is
X2<=y.

To cope with condition that need only satisfy thoé¢he four nutrient constraints we introduce four
zero-one variables ¢=1,2,3,4) where

zi =1 if nutrient constraint i (i=1,2,3,4) is satisfied
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= 0 ot herwi se
and add the constraint
o 71+2p+73+24 >= 3 (at least 3 constraints satisfied)

and alter the nutrient constraints to be

100x + 200% >= 902
80x1 + 150% >= 502
o 40x1 + 20% >= 20z

e 10X >=27

The logic behind this change is that ifiaZzthen the constraint becomes the original nutgenstraint
which needs to be satisfied. However ifiadzthen the original nutrient constraint becomes

e same left-hand side >= zero

which (for the four left-hand sides dealt with abpis always true and so can be neglected - medéming
original nutrient constraint need not be satisfldence the complete (MIP) formulation of the probis
given by

m ni m se 40x; + 60x2 + 15y
subject to

X1 + X2 + X3 =1

100x1 + 200x >= 90z;

80x; + 150x, >= 50z,

40x7 + 20x2 >= 20z3

10x1 >= 2z4

Z1 + Zp + 23 + 24 >= 3

X2 <=y

zi =0or 1 i=1,2,3,4
y =0or 1

Xj >= 0 i=1,2,3

Integer programming example Problem 2

In the planning of the monthly production for thexhsix months a company must, in each month, ¢pera
either a normal shift or an extended shift (ifibguces at all). A normal shift costs £100,000rpenth

and can produce up to 5,000 units per month. Aareded shift costs £180,000 per month and can
produce up to 7,500 units per month. Note here thaeither type of shift, the cost incurred isfil by a
union guarantee agreement and so is independémé aimount produced.

It is estimated that changing from a normal shifohe month to an extended shift in the next moogis
an extra £15,000. No extra cost is incurred in girgnfrom an extended shift in one month to a ndrma
shift in the next month.

The cost of holding stock is estimated to be £2uypétrper month (based on the stock held at theoénd
each month) and the initial stock is 3,000 unite@oiced by a normal shift). The amount in stocthat
end of month 6 should be at least 2,000 units.démand for the company's product in each of thé nex
six months is estimated to be as shown below:

Month 1 2 3 4 5 6
Demand 6,000 6,500 7,500 7,000 6,000 6,000
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Production constraints are such that if the comgaoguces anything in a particular month it must
produce at least 2,000 units. If the company wamggduction plan for the next six months that dsoi
stockouts, formulate their problem as an integeggm.

Hint: first formulate the problem allowing non-liaeconstraints and then attempt to make all the
constraints linear.

Solution
Variables

The decisions that have to be made relate to:

* whether to operate a normal shift or an extendétlisreach month; and
e how much to produce each month.

Hence let:

xt =1 if we operate a normal shift in montht (t=1,2,...,6)
= 0 ot herw se

yt =1 if we operate an extended shift in month t (t=1,2,...,6)
= 0 otherw se

P; (>= 0) be the ampbunt produced in nmonth t (t=1,2,...,6)

In fact, for this problem, we can ease the fornmofaby defining three additional variables - nanlely

z¢ =1 if we switch froma normal shift in nonth t-1 to an extended
shift inmonth t (t=1,2,...,6)
= 0 ot herw se

I+ be the closing inventory (anpunt of stock left) at the end
of nonth t (t=1,2,...,6)

1if we produce in nonth t, and hence fromthe production
constraints Py >= 2000 (t=1,2,..., 6)
= 0 otherwise (i.e. P = 0)

w =

The motivation behind introducing the first twotb&se variables () is that in the objective function we
will need terms relating to shift change cost aneéntory holding cost. The motivation behind introthg
the third of these variables {ms the production constraint "eithey0 or R >= 2000", which needs a
zero-one variable so that it can be dealt withgittire standard trick for "either/or" constraints.

In any event formulating an IP tends to be an iteggprocess and if we have made a mistake in ithgfin

variables we will encounter difficulties in formtilag the constraints/objective. At that point wanca
redefine our variables and reformulate.

Constraints

We first express each constraint in words and théarms of the variables defined above.

» only operate (at most) one shift each month

Xt +yr <=1 t=1,2,...,6
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Note here that we could not have made do withgastvariable (xsay) and defined that variable to be
one for a normal shift and zero for an extendefl &ince in that case what if we decide not todoiee in
a particular month?).

Although we could have introduced a variable intligano shift (normal or extended) operated in a
particular month this is not necessary as suclriahla is equivalent to 1py:.

e production limits not exceeded
Pt <= 5000x; + 7500y t=1,2,...,6

Note here the use of addition in the right-haneé sifithe above equation where we are making utieeof
fact that at most one of and y can be one and the other must be zero.

¢ no stockouts
Iy >=0 t=1,2,...,6

e we have an inventory continuity equation of therfor
closing stock = opening stock + production - demand
where b = 3000. Hence letting{> demand in month t (t=1,2,...,6) (a known congtand assuming

e that opening stock in period t = closing stock émipd t-1 and
¢ that production in period t is available to meetnded in period t

we have that

Iy = lio1 + P - D t=1,2,..., 6

As noted above this equation assumes that we cahdeenand in the current month from goods produced
that month. Any time lag between goods being predwnd becoming available to meet demand is easily
incorporated into the above equation. For exampi@ 2 month time lag we replaceifPthe above

equation by B2 and interprettlas the number of goods in stock at the end of mbwntich are available

to meet demand i.e. goods are not regarded as inedbock until they are available to meet demand.
Inventory continuity equations of the type showa eommon in production planning problems.

¢ the amount in stock at the end of month 6 shouldtbdeast 2000 units
lg >= 2000
e production constraints of the form "either#0 or R >= 2,000".

Here we make use of the standard trick we presdotéeither/or" constraints. We have already dedin
appropriate zero-one variables(=1,2,...,6) and so we merely need the conssaint

Py <= Mm
Py >= 2000w

t=1,2,...,6

t=1,2,...,6

Here M is a positive constant and represents thst we can produce in any period t (t=1,2,...,6). A
convenient value for M for this example is M = 758® most we can produce irrespective of the shift
operated).

* we also need to relate the shift change variatie the shifts being operated
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The obvious constraint is
Zt = Xt-1Yt t=1,2,...,6

since as bothtx and y are zero-one variablesaan only take the value one if bothpand y are one (i.e.
we operate a nhormal shift in period t-1 and anrmokéel shift in period t). Looking back to the verbal
description of git is clear that the mathematical description giadove is equivalent to that verbal
description. (Note here that we defingx1 (y = 0)).

This constraint is non-linear. However we are tolat we can first formulate the problem with narekr

constraints and so we proceed. We shall see latertdi linearise (generate equivalent linear coirsfsa
for) this equation.

Objective

We wish to minimise total cost and this is given by
SUM{t=1,...,6}(100000x + 180000y + 150002+ 2k)
Hence our formulation is complete.

Note that, in practise, we would probably regamhid R as taking fractional values and round to get
integer values (since they are both large this Ishio&l acceptable). Note too here that this is alimear
integer program.

Comments

In practice a model of this kind would be used dnodling horizon" basis whereby every month oritso
would be updated and resolved to give a new praatugtan.

The inventory continuity equation presented isetléxible, being able to accommodate both tims (ag
discussed previously) and wastage. For exampRsibPthe stock is wasted each month due to
deterioration/pilfering etc then the inventory dooity equation becomes# 0.98L.1 + R - Dt. Note that,

if necessary, the objective function can includeran related to 0.024 to account for the loss in financial
terms.

In order to linearise (generate equivalent linearstraints) for our non-linear constraint we agae a
standard trick. Note that that equation is of threrf

e A=BC

where A, B and C are zero-one variables. The standiak is that a non-linear constraint of thipéycan
be replaced by the two linear constraints

e A<= (B+C)/2 and
e A>=B+C-1

To see this we use the fact that as B and C talyezern-one values there are only four possiblesas
consider:

B C A=BC A <= (B+Q)/2 A >= B+C- 1
becones becones becones

0O 0 A=0 A<=0 A>= -1

0 1 A=0 A <=0.5 A>=0
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1 0o A
1 1

A

0 A<=0.5 A>=0
1 A<=1 A>=1

Then, recalling that A can also only take zero-ealeies, it is clear that in each of the four pdssiases
the two linear constraints (A <= (B+C)/2 and A >*@®1) are equivalent to the single non-linear

constraint (A=BC).
Returning now to our original non-linear constraint
® 7t = X1yt

this involves the three zero-one variablgsiz1 and y and so we can use our general rule and replage thi
non-linear constraint by the two linear constraints

Zt <= (Xt-1 *+ yi)/2 t= .
and z¢ >= Xt.1 + ytr - 1 t= .
Making this change transforms the non-linear intggegram given before into an equivalent linedeger
program.

Integer programming example 1996 MBA exam

Problem 3

A toy manufacturer is planning to produce new tdyg setup cost of the production facilities arel tinit
profit for each toy are given below. :

Toy Setup cost (£) Profit (£)
1 45000 12
2 76000 16

The company has two factories that are capablecofyzing these toys. In order to avoid doubling the
setup cost onlpne factory could be used.

The production rates of each toy are given belovuiits/hour):

Toy 1 Toy 2
Factory 1 52 38
Factory 2 42 23

Factories 1 and 2, respectively, have 480 and @2@stof production time available for the productaf
these toys. The manufacturer wants to kmdwch of the new toys to producehere andhow many of
each (if any) should be produced so as to maxithiseotal profit.

¢ Introducing 0-1 decision variablésrmulate the above problem as an integer program.ri@dry to

solve it).
e Explain briefly how the above mathematical model ba used in production planning.

Solution
Variables

We need to decide whether to setup a factory tdywme a toy or not so lej £ 1 if factory i (i=1,2) is
setup to produce toys of type j (j=1,2), 0 otheewis

We need to decide how many of each toy should béuymed in each factory so lgf Be the number of
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toys of type j (j=1,2) produced in factory i (i=) ®here x >=0 and integer.
Congtraints

e at each factory cannot exceed the production tivadable

X11/52 + x12/38 <= 480
X21/42 + ¥2/23 <= 720

e cannot produce a toy unless we are setup to do so

X11 <= 52(480){1
X12 <= 38(480)i2
X21 <= 42(720)$1
X22 <= 23(720)52

Objective
The objective is to maximise total profit, i.e.
maximise 12(x1+ x21) + 16(xi2+ X22) - 45000(f1 + f21) - 76000(fi2 + f22)

Note here that the question says that in ordevéidadoubling the setup costs only one factory ddad
used. This is not a constraint. We can argue fliaisionly cost considerations that prevent usgisnore
than one factory these cost considerations haeadyrbeen incorporated into the model given abode a
the model can decide for us how many factorieseg tather than we artificially imposing a limiavan
explicit constraint on the number of factories tbah be used.

The above mathematical model could be used in ptamuplanning in the following way:

e enables us to maximise profit, rather than relgingain ad-hoc judgemental approach

can be used for sensitivity analysis - for exaniplsee how sensitive our production planning

decision is to changes in the production rates

enables us to see the effect upon production gj (sareasing the profit per unit on toy 1

enables us to easily replan production in the egéatchange in the system (e.g. a reduction in the

available production hours at factory one due toeased work from other products made at that

factory)

e can use on a rolling horizon basis to plan producés time passes (in which case we perhaps need
to introduce a time subscript into the above model)

Integer programming example 1995 MBA exam Problem 4

A project manager in a company is considering &fplar of 10 large project investments. These
investments differ in the estimated long-run pr(fitt present value) they will generate as weihdke
amount of capital required.

Let B and G denote the estimated profit and capital requitedi( given in units of millions of £) for
investment opportunity j (j=1,...,10) respectivalfre total amount of capital available for these
investments is Q (in units of millions of £)

Investment opportunities 3 and 4 are mutually estekiand so are 5 and 6. Furthermore, neither Bnor
can be undertaken unless either 3 or 4 is undertatdeast two and at most four investment
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opportunities have to be undertaken from the sg,718,9,10}.

The project manager wishes to select the combinaticapital investments that will maximise theatot
estimated long-run profit subject to the restrisi@escribed above.

Formulate this problem using aimteger programming model and comment on the difficulties of solving
this model. (Do not actually solve it).

What are the advantages and disadvantages ofths&ngodel for portfolio selection?
Solution
Variables

We need to decide whether to use an investmentrappty or not so let x= 1 if we use investment
opportunity j (j=1,...,10), 0 otherwise

Constraints

o total amount of capital available for these investis is Q
SUM{j=1,...,10}Cjxj <= Q
¢ investment opportunities 3 and 4 are mutually estekiand so are 5 and 6

X3+ X4<=1
X5+ Xg<=1

e neither 5 nor 6 can be undertaken unless eithed3oundertaken

X5 <= X3+ X4
X6 <= X3+ X4

e at least two and at most four investment opporiemiiave to be undertaken from the set
{1,2,7,8,9,10}

X1+ X2+ X7+ Xg + X9 + X10>= 2
X1+ X2+ X7+ Xg+ X9+ X10<=4

Objective
The objective is to maximise the total estimatedloun profit i.e.
maximise SUM{j=1,...,10}FX;

The model given above is a very small zero-onegat@rogramming problem with just 10 variables @nd
constraints and should be very easy to solve. ¥ample even by complete (total) enumeration thege a

just 20= 1024 possible solutions to be examined.
The advantages and disadvantages of using thislforgeortfolio selection are:

e enables us to maximise profit, rather than relgingan ad-hoc judgemental approach
e can be easily extended to deal with a larger nurabpotential investment opportunities
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e can be used for sensitivity analysis, for examplsee how sensitive our portfolio selection deaisio
is to changes in the data

o the model fails to take into account any statisticecertainly (risk) in the data, it is a complgtel
deterministic model, for example project j mightda (known or estimated) statistical distribution
for its profit B and so we might need a model that takes thislulision into account

Problem 5

A food is manufactured by refining raw oils andrialeng them together. The raw oils come in two
categories:

Integer programming example 1994 MBA exam

¢ \kgetable oil:
o VEG1
o VEG2
¢ Non-vegetable oil:
o OlL1
o OlL2
o OIL3

The prices for buying each oil are given below£{ftonne)

VEGL VE& OdJdlL1
115 128 132

aLz AL3
109 114

The final product sells at £180 per tonne. \egetalls and non-vegetable oils require differentipietion
lines for refining. It is not possible to refine mahan 210 tonnes of vegetable oils and more 2/68n
tonnes of non-vegetable oils. There is no lossaift in the refining process and the cost of nefimay
be ignored.

There is a technical restriction relating to thednass of the final product. In the units in whidrdness is
measured this must lie between 3.5 and 6.2. Bssraed that hardness blends linearly and that the
hardness of the raw oils is:

VEGL
8.8

VERZ dJdL1
6.2 1.9

aLz2

aL3
4.3 5.1

It is required to determine what to buy and howlend the raw oils so that the company maximises it
profit.

o Formulate the above problem adiamear program. (Do not actually solve it).
¢ What assumptions do you make in solving this prmotilg linear programming?

The following extra conditions are imposed on thed manufacture problem stated above as a result of
the production process involved:

o the food may never be made up of more than 3 risw oi
« if an oil (vegetable or non-vegetable) is usedeast 30 tonnes of that oil must be used
o if either of VEG1 or VEG2 are used then OIL2 musbée used

Introducing 0-1 integer variables extend the ling@gramming model you have developed to encompass
these new extra conditions.

Solution
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Variables

We need to decide how much of each oil to usetsq ke the number of tonnes of oil of type i used
(i=1,...,5) where i=1 corresponds to VEG1, i=2 egponds to VEG2, i=3 corresponds to OIL1, i=4
corresponds to OIL2 and i=5 corresponds to OlL3whdre x >=0 i=1,...,5

Constraints

e cannot refine more than a certain amount of oil

X1+ X2 <= 210
X3+ X4 + X5 <= 260

¢ hardness of the final product must lie betweera®d 6.2

(8.8x1 + 6.2 + 1.9 + 4.3 + 5.16)/(X1 + X2 + X3+ X4 + X5) >= 3.5
(8.8x1+6.2% + 1.9 + 4.3% + 5.1%)/(X1 + X2 + X3 + X4 + X5) <= 6.2

Objective

The objective is to maximise total profit, i.e.

maximise 180(x+ X2 + X3 + X4 + x5) - 115x - 128% - 132)3 - 109% - 114%
The assumptions we make in solving this problerfin®ar programming are:
all data/numbers are accurate

hardness does indeed blend linearly

no loss of weight in refining
can sell all we produce

Integer program
Variables

In order to deal with the extra conditions we needecide whether to use an oil or not so jet { if we
use any of oil i (i=1,...,5), O otherwise

Constraints

e must relate the amount used (x variables) to ttemer variables (y) that specify whether any isluse
or not

X1 <= 210y
X2 <= 210y
X3 <= 260y
X4 <= 260y
X5 <= 260y

o the food may never be made up of more than 3 risw oi

15-05-2013 23:4

Integer programming formulation examy

13 of 17

http://people.brunel.ac.uk/~mastjjb/jeb/or/moreiiml

yi+y2+y3+ys+ys<=3

« if an oil (vegetable or non-vegetable) is usedeast 30 tonnes of that oil must be used
Xi >= 30y i=1,...,5
o if either of VEGL1 or VEG2 are used then OIL2 musbée used

ya>=y1
ya>=y2

Objective

The objective is unchanged by the addition of theegea constraints and variables.

Integer programming example 1985 UG exam Problem 6

A factory works a 24 hour day, 7 day week in pradgdour products. Since only one product can be
produced at a time the factory operates a systeeneythroughout one day, the same product is pextiuc
(and then the next day either the same producbidyzed or the factory produces a different product
The rate of production is:

Pr oduct 1 2 3 4
No. of units produced per hour worked 100 250 190 150

The only complication is that in changing from puoahg product 1 one day to producing product 2 the
next day five working hours are lost (from the 2ufs available to produce product 2 that day) dubé
necessity of cleaning certain oil tanks.

To assist in planning the production for the negewthe following data is available:

Current Demand (units) for each day of the week
Product stock 1 2 3 4 5 6 7
(units)
1 5000 1500 1700 1900 1000 2000 500 500
2 7000 4000 500 1000 3000 500 1000 2000
3 9000 2000 2000 3000 2000 2000 2000 500
4 8000 3000 2000 2000 1000 1000 500 500

Product 3 was produced on day 0. The factory isilotved to be idle (i.e. one of the four produmisst
be produced each day). Stockouts are not allowethedend of day 7 there must be (for each prodaict)
least 1750 units in stock.

If the cost of holding stock is £1.50 per unit fsoducts 1 and 2 but £2.50 per unit for producas@ 4
(based on the stock held at the end of each dayjulate the problem of planning the productiontfor
next week as an integer program in which all thest@ints are linear.

Solution
Variables

The decisions that have to be made relate to e @f product to produce each day. Hence let:
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e xjt = 1 if produce product i (i=1,2,3,4) on day t (12,B,4,5,6,7) = 0 otherwise
In fact, for this problem, we can ease the fornioifaby defining two additional variables - namedy: |

e |it be the closing inventory (amount of stock leftpobduct i (i=1,2,3,4) on day t (t=1,2,...,7)
e Pjt be the number of units of product i (i=1,2,3,49¢uwced on day t (t=1,2,...,7)

Constraints

e only produce one product per day

X1t + Xt + X3t + Xgt = 1 t=1,2,...,7
¢ no stockouts
lit >= 0 i=1,...,41t=1,...,7

e we have an inventory continuity equation of thenfor
closing stock = opening stock + production - demand
Letting Dit represent the demand for product i (i=1,2,3,4ylap t (t=1,2,...,7) we have
5000
7000

9000
8000

I'10
I 20
I'30
I a0

representing the initial stock situation and
lit = lit-1 + Pit - Dt i=1,...
for the inventory continuity equation.

Note here that we assume that we can meet demamanth t from goods produced in month t and also
that the opening stock in month t = the closinglsto month.1.

e production constraint
Let R represent the work rate (units/hour) for produét1,2,3,4) then the production constraint is
Pit = Xit[ 24R] i=1,3,4t=1,...,7
which covers the production for all except prod2iend
Pat = [24R] X2t -

[ 5Re] XatXat-1 t=1,...,7

i.e. for product 2 we lose 5 hours production ifave producing product 2 in period t and we produce
product 1 the previous period. Note here that it@lise by

X10 = 0

since we know we were not producing product 1 on@i&Plainly the constraint involvingePis non-linear
as it involves a term which is the product of tvasiables. However we can linearise it by usingtthu
that given three zero-one variables (A,B,C say)nbe-linear constraint
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¢« A=BC
can be replaced by the two linear constraints

e A<=(B+C)/2and
e A>B+C-1

Hence introduce a new variabledefined by the verbal description

Zy = 1 if produce product 2 on day t and product 1 on day t-1
= 0 otherw se

Then

Zt = XatXat-1 t=1,...,7

and our non-linear equation becomes

Pt = [24Ry] X2t - [5Re] Zt t=1,...,7

and applying our trick the non-linear equationZpcan be replaced by the two linear equations

Zy <= (X2t + X1t-1)/2 t=1,..., 7

Zy >= Xzt + Xpe-1 - 1 t=1,...,7
e closing stock

li7 >= 1750 i=1,...,4

e all variables >= 0 and integer,fxand (%) zero-one variables

Note that, in practise, we would probably regandl #nd (R) as taking fractional values and round to get
integer values (since they are both quite largesghould be acceptable).

Objective
We wish to minimise total cost and this is given by
SUMt=1,...,7}(1.500 1y + 1.5015 + 2.50;3 + 2.50I 4)

Note here that this program may not have a feasiigion, i.e. it may simply not be possible ttisg all
the constraints. This is irrelevant to the proa#ssonstructing the model however. Indeed one athgen
of the model may be that it will tell us (once argutational solution technique is applied) that the
problem is infeasible.

Integer programming example 1987 UG exam Problem 7

A company is attempting to decide the mix of prddwehich it should produce next week. It has seven
products, each with a profit (£) per unit and adoiciion time (man-hours) per unit as shown below:

Pr oduct Profit (£ per unit) Production time (man-hours per unit)
1 10 1.0
2 22 2.0
3 35 3.7
4 19 2.4
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5 55 4.5
6 10 0.7
7 115 9.5

The company has 720 man-hours available next week.

e Formulate the problem of how many units (if anyath product to produce next week as an
integer program in which all the constraints amedir.

Incorporate the following additional restrictiomsd your integer program (retaining linear constiand
a linear objective):

« If any of product 7 are produced an additionaldixest of £2000 is incurred.

e Each unit of product 2 that is produced over 10@suequires a production time of 3.0 man-hours
instead of 2.0 man-hours (e.g. producing 101 wfifwroduct 2 requires 100(2.0) + 1(3.0)
man-hours).

o If both product 3 and product 4 are produced 75-hmaurs are needed for production line set-up
and hence the (effective) number of man-hours abilfalls to 720 - 75 = 645.

Solution

Let x (integer >=0) be the number of units of prodystaduced then the integer program is
maximise

10x7 + 22x, + 35x3 + 19x4 + 55x5 + 10xg + 115x7

subject to

1.0x1 + 2.0Xx2 + 3.7X3 + 2.4X4 + 4.5x5 + 0.7xg + 9.5x7 <= 720

Xj >= 0 integer i=1,2,...,7
Let
if produce product 7 (x7 >= 1)

z7 =1
= 0 otherw se

then

e subtract 2000zfrom the objective function and
¢ add the constraintzx<= [most we can make of product 7]z

Hence
X7 <= (720/9.5)z7

X7 <= 75.8z7
X7 <= 75z7 (since x7 is integer)

i.e.
so

Let y2 = number of units of product 2 produced in exa#sk00 units then add the constraints

e X2<=100

e y2 >= 0 integer

e and amend the work-time constraint to be 1.0%2.0x + 3.0y] + 3.7x3 + 2.4 + 4.5% + 0.7 +
9.5x7 <= 720
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e and add +22yto the objective function.

This will work because xand y have the same objective function coefficient hutequires longer to
produce so will always get more flexibility by prezing » first (up to the 100 limit) before producing.y

Introduce

Z =1 if produce both product 3 and product 4 (x3 >= 1 and x4 >= 1)

= 0 otherw se

zz3 = 1 if produce product 3 (x3 >= 1)
= 0 otherw se

z4 = 1 if produce product 4 (x4 >= 1)
= 0 ot herw se

and

o subtract from the rhs of the work-time constraibZ 7
and add the two constraints

* x3 <= [most we can make of product 3]z
® x4 <= [most we can make of product 4]z

ie.
X3 <= 194z3 and x4 <= 300z4
and relate Z togzand z with the non-linear constraint
o Z=17374
which we linearise by replacing the non-linear ¢aist by the two linear constraints

e 7Z>=n+7-1
e Z<=(B+ )2
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