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Mo/va/on	  
The	  Sure	  Thing	  Principle	  (Savage,	  1954):	  

If	  one	  chooses	  ac#on	  A	  over	  B	  under	  state	  of	  
the	  world	  X	  and	  if	  one	  also	  chooses	  ac#on	  A	  
over	  B	  in	  the	  state	  of	  the	  world	  ¬X,	  then	  one	  
should	  always	  choose	  ac#on	  A	  over	  B	  even	  if	  

the	  state	  of	  the	  world	  is	  unknown.	  

L.	  Savage	  (1954),	  The	  Founda8ons	  of	  Sta8s8cs.	  John	  Wiley	  &	  Sons	  Inc.	  	  



Mo/va/on	  –	  The	  Two	  Stage	  
Gambling	  Game	  



Mo/va/on	  –	  The	  Two	  Stage	  
Gambling	  Game	  

ParCcipants	  were	  asked	  to	  play	  a	  gambling	  game	  that	  
has	  an	  equal	  	  chance	  of	  winning	  $200	  or	  loosing	  $100.	  
Three	  condiCons	  were	  verified:	  

	  

•  Informed	  that	  they	  won	  the	  1st	  gamble;	  

•  Informed	  that	  they	  lost	  the	  1st	  gamble;	  

•  Did	  not	  know	  if	  they	  won	  or	  lost	  the	  1st	  gamble;	  

A	  Tversky	  and	  E	  Shafir,	  E.	  (1992),	  ‘The	  disjuncCon	  effect	  in	  choice	  under	  uncertainty’,	  
Journal	  of	  Psychological	  Science	  3,	  305–309	  	  



Mo/va/on	  –	  The	  Two	  Stage	  
Gambling	  Game	  

Experimental	  results:	  

	  

•  ParCcipants	  who	  knew	  they	  had	  won,	  decided	  to	  
PLAY	  again;	  

A	  Tversky	  and	  E	  Shafir,	  E.	  (1992),	  ‘The	  disjuncCon	  effect	  in	  choice	  under	  uncertainty’,	  
Journal	  of	  Psychological	  Science	  3,	  305–309	  	  



Mo/va/on	  –	  The	  Two	  Stage	  
Gambling	  Game	  

Experimental	  results:	  

	  

•  ParCcipants	  who	  knew	  they	  had	  won,	  decided	  to	  
PLAY	  again;	  

•  ParCcipants	  who	  knew	  they	  had	  lost,	  decided	  to	  
PLAY	  again;	  

A	  Tversky	  and	  E	  Shafir,	  E.	  (1992),	  ‘The	  disjuncCon	  effect	  in	  choice	  under	  uncertainty’,	  
Journal	  of	  Psychological	  Science	  3,	  305–309	  	  



Mo/va/on	  –	  The	  Two	  Stage	  
Gambling	  Game	  

The	  Sure	  Thing	  Principle:	  

	  

A	  Tversky	  and	  E	  Shafir	  (1992),	  ‘The	  disjunc8on	  effect	  in	  choice	  under	  uncertainty’,	  
Journal	  of	  Psychological	  Science	  3,	  305–309	  	  

Ac/on	  Chosen:	  
Play	  

State	  of	  the	  world	  
“1st	  gamble	  =	  won”	  

Ac/on	  Chosen:	  
Play	  

State	  of	  the	  world	  
“1st	  gamble	  =	  lose”	  

Ac/on	  Chosen:	  ?	  
(	  should	  be	  Play	  )	  

State	  of	  the	  world	  
“1st	  gamble	  =	  ?”	  



Mo/va/on	  –	  The	  Two	  Stage	  
Gambling	  Game	  

Experimental	  results:	  
	  
•  ParCcipants	  who	  knew	  they	  had	  won,	  decided	  to	  
PLAY	  again;	  

•  ParCcipants	  who	  knew	  they	  had	  lost,	  decided	  to	  
PLAY	  again;	  

•  ParCcipants	  who	  did	  not	  know	  anything,	  decided	  to	  
NOT	  PLAY	  again;	  

A	  Tversky	  and	  E	  Shafir,	  E.	  (1992),	  ‘The	  disjuncCon	  effect	  in	  choice	  under	  uncertainty’,	  
Journal	  of	  Psychological	  Science	  3,	  305–309	  	  



Mo/va/on	  –	  The	  Two	  Stage	  
Gambling	  Game	  

Experimental	  results:	  
	  
•  ParCcipants	  who	  knew	  they	  had	  won,	  decided	  to	  
PLAY	  again;	  

•  ParCcipants	  who	  knew	  they	  had	  lost,	  decided	  to	  
PLAY	  again;	  

•  ParCcipants	  who	  did	  not	  know	  anything,	  decided	  to	  
NOT	  PLAY	  again;	  

A	  Tversky	  and	  E	  Shafir,	  E.	  (1992),	  ‘The	  disjuncCon	  effect	  in	  choice	  under	  uncertainty’,	  
Journal	  of	  Psychological	  Science	  3,	  305–309	  	  

VIOLATES	  THE	  SURE	  THING	  
PRINCIPLE!	  



Probability	  Theory	  



Two	  Probability	  Theories	  

Andrey	  Kolmogorov	   John	  von	  Neumann	  

	  	  	  CLASSICAL	  PROBABILITY	   QUANTUM	  PROBABILITY	  



Classical	  vs	  Quantum	  Probability	  



Suppose	  you	  are	  a	  juror	  trying	  to	  judge	  whether	  a	  
defendant	  is	  Guilty	  or	  Innocent.	  

	  

What	  are	  the	  differences	  

between	  classical	  and	  	  

quantum	  probabiliCes?	  

	  

	  

Classical	  vs	  Quantum	  Probability	  



CLASSICAL	  

•  Events	  are	  contained	  in	  a	  sample	  space,	  Ω.	  
Corresponds	  to	  the	  set	  of	  all	  possible	  outcomes.	  	  

Ω	  =	  {	  Guilty,	  Innocent}	  

Classical	  vs	  Quantum:	  Space	  



QUANTUM	  

•  Events	  are	  contained	  in	  a	  Hilbert	  Space,	  H.	  	  
•  Events	  are	  spanned	  by	  a	  set	  of	  orthonormal	  basis	  
vectors,	  represenCng	  all	  possible	  outcomes	  	  

	  

	  

Classical	  vs	  Quantum:	  Space	  

H = |Guilty , | Innocent }{



CLASSICAL	  

•  Can	  be	  defined	  by	  a	  set	  of	  outcomes	  to	  which	  a	  
probability	  is	  assigned.	  

•  Can	  be	  mutually	  exclusive	  and	  obey	  set	  theory;	  

•  OperaCons	  defined:	  
–  IntersecCon	  
–  Union	  
–  DistribuCon	  

	  

Classical	  vs	  Quantum:	  Events	  



QUANTUM	  

•  Events	  correspond	  to	  subspaces	  spanned	  by	  a	  set	  of	  
basis	  vectors	  

•  Are	  defined	  through	  a	  superposi/on	  state,	  which	  
comprises	  the	  occurrence	  of	  all	  

	  	  	  	  events;	  

Classical	  vs	  Quantum:	  Events	  



The	  superposi/on	  state:	  

Classical	  vs	  Quantum:	  Events	  

| S =
eiθinnocent

2
| Innocent + e

iθguilty

2
|Guilty

Quantum	  Normaliza/on	  Axiom:	  



Classical	  vs	  Quantum:	  Events	  

Quantum	  Normaliza/on	  Axiom:	  



CLASSICAL	  
•  is	  a	  funcCon	  that	  is	  responsible	  to	  assign	  a	  probability	  value	  to	  

the	  outcome	  of	  an	  event.	  	  

•  In	  our	  example,	  if	  nothing	  is	  told	  to	  the	  juror	  about	  the	  
guilCness	  or	  innocence	  of	  the	  defendant,	  then:	  

	  

Classical	  vs	  Quantum:	  System	  State	  



QUANTUM	  
•  The	  system	  state	  is	  a	  unit-‐length	  N-‐dimensional	  vector,	  

defined	  by	  a	  superposi/on	  state,	  that	  maps	  events	  into	  
probabili/es;	  

•  The	  state	  is	  projected	  onto	  the	  subspaces	  corresponding	  to	  an	  
event;	  

•  The	  probability	  of	  the	  event	  corresponds	  to	  the	  squared	  
length	  of	  this	  projecCon;	  

	  

Classical	  vs	  Quantum:	  System	  State	  



QUANTUM	  

	  
•  The	  system	  state	  is	  a	  unit-‐length	  N-‐dimensional	  vector,	  

defined	  by	  a	  superposi/on	  state,	  that	  maps	  events	  into	  
probabili/es;	  

	  

Classical	  vs	  Quantum:	  System	  State	  

| S =
eiθinnocent

2
| Innocent + e

iθguilty

2
|Guilty



QUANTUM	  
	  
•  The	  state	  is	  projected	  onto	  the	  subspaces	  corresponding	  to	  an	  

event;	  

	  

	  

Classical	  vs	  Quantum:	  System	  State	  



QUANTUM	  
•  The	  probability	  of	  the	  event	  corresponds	  to	  the	  squared	  

length	  of	  this	  projecCon;	  
	  

	  

Classical	  vs	  Quantum:	  System	  State	  



CLASSICAL	  
•  An	  event	  is	  observed	  and	  we	  want	  to	  determine	  the	  

probabiliCes	  ager	  observing	  this	  fact	  

•  Uses	  the	  condiConal	  probability	  formula:	  

	  

Classical	  vs	  Quantum:	  State	  Revision	  



QUANTUM	  
•  Changes	  the	  original	  state	  vector	  by	  projecCng	  the	  original	  

state	  onto	  the	  subspace	  represenCng	  the	  observed	  event;	  

•  The	  length	  of	  the	  projecCon	  is	  used	  as	  a	  normalizaCon	  factor	  

	  

Classical	  vs	  Quantum:	  State	  Revision	  



QUANTUM	  STATE	  REVISION	  	  

Classical	  vs	  Quantum:	  State	  Revision	  



Suppose	  that	  events	  A1,	  A2,	  …,	  AN	  form	  a	  set	  of	  mutually	  
disjoint	  events,	  such	  that	  their	  union	  is	  all	  in	  the	  sample	  
space	  for	  any	  other	  event	  B.	  

	  

Then,	  the	  classical	  law	  of	  total	  probability	  can	  be	  
formulated	  in	  the	  following	  way:	  

Classical	  Law	  of	  Total	  Probability	  



The	  quantum	  law	  of	  total	  probability	  can	  be	  derived	  by	  
converCng	  classical	  probabili/es	  into	  quantum	  amplitudes!	  

	  

BORN’S	  RULE:	  

	  	  

The	  quantum	  law	  of	  total	  probability	  is	  given	  by:	  

Quantum	  Law	  of	  Total	  Probability	  



Interference	  Effects	  



Interference	  Effects	  
Quantum	  law	  of	  total	  probability:	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  Knowing	  that	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  then…	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  +	  Interference	  
	  
Interference	  =	  	  



Interference	  Effects	  
Quantum	  law	  of	  total	  probability:	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  Knowing	  that	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  then…	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  +	  Interference	  
	  
Interference	  =	  	  

Classical	  Probability	  

Quantum	  Interference	  



Interference	  Effects	  
The	  parameters	  generated	  in	  quantum	  interference	  
effects	  grow	  at	  a	  very	  fast	  rate	  relaCvely	  to	  the	  
number	  of	  unknown	  events.	  	  
	  
The	  problem	  of	  automaCcally	  tune	  these	  parameters	  
is	  sCll	  an	  open	  research	  quesCon!	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  	  



Viola/ons	  of	  Probability	  Theory	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

Using	  a	  quantum	  model,	  the	  probability	  of	  responses	  
differ	  when	  asked	  first	  vs.	  when	  asked	  second.	  
	  
	  	  	  	  	  	  	  	  	  Ramalho	  Eanes	   	   	   	   	  Passos	  Coelho	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

Passos	  Coelho	  is	  a	  honest	  person:	  
	  
	  
General	  Eanes	  is	  a	  honest	  person:	  
	  
Analysis	  of	  the	  first	  quesCon	  –	  Passos	  Coelho	  
	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

Passos	  Coelho	  is	  a	  honest	  person:	  
	  
	  
General	  Eanes	  is	  a	  honest	  person:	  
	  
Analysis	  of	  the	  first	  quesCon	  –	  General	  Eanes	  
	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

Analysis	  of	  the	  first	  ques/on:	  
	  
	  
	  
	  
Analysis	  of	  the	  second	  ques/on:	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

According	  to	  this	  simplified	  two-‐dimensional	  
quantum	  model:	  
	  
•  	  Large	  difference	  between	  the	  agreement	  rates	  for	  
two	  poliCcians	  in	  a	  non-‐compara/ve	  context:	  70%	  
for	  Passos	  Coelho	  and	  96%	  for	  General	  Eanes	  

•  There	  is	  no	  difference	  	  in	  the	  compara/ve	  context:	  
50%	  for	  both	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

	  
315	   acCve	   doctors	   were	   asked	   to	   esCmate	   the	  
probability	   that	   a	   specific	   paCent	   had	   a	   urinary	  
tract	  infec/on	  (UTI)	  given	  the	  paCent’s	  history	  and	  
physical	  examina/on	  along	  with	  laboratory	  data	  
	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

The	  physicians	  were	  divided	  into	  two	  groups:	  
	  
•  	   One	   receiving	   the	   history	   and	   physical	  
examina/on	  informa/on	  first	  (H&P-‐first)	  

	  
•  The	   other	   receiving	   the	   laboratory	   data	   first	  

(H&P-‐last).	  	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

Results:	  
	  
	  
	  
	  
Classical	  probability	  fails	  to	  explain	  this,	  because:	  
	  
	  



Viola/ons	  of	  Probability	  Theory:	  
Order	  of	  Effects	  

In	   Trueblood	   &	   Busemeyer	   (2011)	   the	   authors	  
proposed	   a	   quantum	   model	   to	   simulate	   the	  
previous	  results.	  
	  
•  They	  project	  the	  iniCal	  superposiCon	  state	  into	  
the	  subspace	  represenCng	  the	  observed	  event	  

•  then	  they	  compute	  the	  squared	  modulus	  of	  this	  
projecCon	  to	  extract	  the	  probabiliCes	  

	  
	  



Viola/ons	  of	  Probability	  Theory:	  The	  
Sure	  Thing	  Principle	  



Viola/ons	  of	  Probability	  Theory:	  
The	  Two	  Stage	  Gambling	  Game	  

ParCcipants	  were	  asked	  to	  play	  a	  gambling	  game	  that	  
has	  an	  equal	  	  chance	  of	  winning	  $200	  or	  loosing	  $100.	  
Three	  condiCons	  were	  verified:	  

	  

•  Informed	  that	  they	  won	  the	  1st	  gamble;	  

•  Informed	  that	  they	  lost	  the	  1st	  gamble;	  

•  Did	  not	  know	  if	  they	  won	  or	  lost	  the	  1st	  gamble;	  

A	  Tversky	  and	  E	  Shafir,	  E.	  (1992),	  ‘The	  disjuncCon	  effect	  in	  choice	  under	  uncertainty’,	  
Journal	  of	  Psychological	  Science	  3,	  305–309	  	  



Viola/ons	  of	  Probability	  Theory:	  
The	  Two	  Stage	  Gambling	  Game	  



Viola/ons	  of	  Probability	  Theory:	  The	  
Two	  Stage	  Gambling	  Game	  

Results	  



Viola/ons	  of	  Probability	  Theory:	  
The	  Two	  Stage	  Gambling	  Game	  

Quantum	  model:	  
	  
	  Law	  of	  total	  amplitude:	  

	  



Viola/ons	  of	  Probability	  Theory:	  
The	  Two	  Stage	  Gambling	  Game	  



Bayesian	  Networks	  



Bayesian	  Networks	  

	  
	  
Directed	  acyclic	  graph	  structure	  in	  which	  each	  node	  
represents	  a	  different	  random	  variable	  and	  each	  
edge	  represents	  a	  direct	  causal	  influence	  from	  

source	  node	  to	  the	  target	  node.	  	  	  	  	  
	  

	  



Bayesian	  Networks	  

	  
	  
The	  graph	  represents	  independence	  rela#onships	  
between	  variables	  and	  each	  node	  is	  associated	  with	  

a	  condi#onal	  probability	  table	  	  
	  

	  



Bayesian	  Networks	  –	  Classical	  
Inference	  

What	  is	  the	  probability	  of	  node	  C,	  given	  that	  node	  A	  
was	  observed	  to	  occur?	  

	  

	  



Bayesian	  Networks	  –	  Classical	  
Inference	  

What	  is	  the	  probability	  of	  node	  C,	  given	  that	  node	  A	  
was	  observed	  to	  occur?	  

	  

Exact	  inference	  in	  classical	  Bayesian	  Networks:	  

	  



Bayesian	  Networks	  –	  Classical	  
Inference	  

What	  is	  the	  probability	  of	  node	  C,	  given	  that	  node	  A	  
was	  observed	  to	  occur?	  

	  

	  



Bayesian	  Networks	  –	  Classical	  
Inference	  

Full	  Joint	  probability	  distribuCon:	  

	  

	  

	  

	  



Bayesian	  Networks	  –	  Classical	  
Inference	  

Full	  Joint	  probability	  distribuCon	  and	  normalize:	  

	  

	  

	  

	  



Bayesian	  Networks	  –	  Classical	  
Inference	  

Full	  Joint	  probability	  distribuCon	  and	  normalize:	  

Just	  sum	  the	  entries	  	  where	  C	  =	  T	  

	  

	  

	  

	  



Bayesian	  Networks	  –	  Classical	  
Inference	  

Full	  Joint	  probability	  distribuCon	  and	  normalize:	  

Just	  sum	  the	  entries	  	  where	  C	  =	  T	  

	  

	  

	  

	  



Bayesian	  Networks	  –	  Quantum	  
Inference	  

What	  is	  the	  probability	  of	  node	  C,	  given	  that	  node	  A	  
was	  observed	  to	  occur?	  

	  

	  



Bayesian	  Networks	  –	  Quantum	  
Inference	  

What	  is	  the	  probability	  of	  node	  C,	  given	  that	  node	  A	  
was	  observed	  to	  occur?	  

	  

Exact	  inference	  in	  quantum	  Bayesian	  Networks:	  

	  



Bayesian	  Networks	  –	  Quantum	  
Inference	  

What	  is	  the	  probability	  of	  node	  C,	  given	  that	  node	  A	  
was	  observed	  to	  occur?	  

	  

The	  full	  joint	  probability	  distribuCon	  corresponds	  to	  
the	  superposiCon	  state:	  

	  



Bayesian	  Networks	  –	  Quantum	  
Inference	  

What	  is	  the	  probability	  of	  node	  C,	  given	  that	  node	  A	  
was	  observed	  to	  occur?	  

	  

SelecCng	  the	  entries	  of	  interest:	  



Bayesian	  Networks	  –	  Quantum	  
Inference	  

What	  is	  the	  probability	  of	  node	  C,	  given	  that	  node	  A	  
was	  observed	  to	  occur?	  

	  

	  

Classical	  Probability	  

Quantum	  Interference	  



Bayesian	  Networks	  –	  Quantum	  
Inference	  

The	  quantum	  probability	  can	  be	  anything!	  

	  

	  

	  

	  



Bayesian	  Networks	  –	  Quantum	  
Inference	  

Problems	  with	  the	  current	  quantum	  Bayesian	  
Networks	  of	  the	  literature:	  

	  

•  They	  do	  not	  make	  use	  of	  quantum	  interference	  
effects	  found	  in	  cogniCve	  science	  literature.	  This	  
means	  that	  the	  quantum	  network	  does	  not	  have	  
any	  advantages	  compared	  to	  it’s	  classical	  
counterpart!	  

	  



Bayesian	  Networks	  –	  Quantum	  
Inference	  

Problems	  with	  the	  current	  quantum	  Bayesian	  
Networks	  from	  the	  literature:	  

	  

•  The	  number	  of	  quantum	  parameters	  grow	  
exponen/ally	  with	  the	  amount	  of	  uncertainty	  in	  
the	  network.	  There	  are	  no	  efforts	  in	  the	  literature	  
that	  auempt	  to	  solve	  this	  parameter	  tuning	  
automaCcally	  

	  



Thank	  You!!!	  

Ques/ons?	  


