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ABSTRACT

In this paper we consider an SC-FDE (Single Carrier Frequency-
Domain Equalization) block transmission with residual fre-
quency errors. We employ a frequency-domain iterative DFE
(Decision Feedback Equalization) denoted by Iterative Block-
Decision Frequency Equalization (IB-DFE), which is com-
bined with a Decision-directed (DD) Carrier Frequency Off-
set (CFO) estimator. This estimator produces a CFO estimate
plus compensation within each iteration of the equalizer. We
develop a model to predict the performance of IB-DFE re-
ceivers with joint detection and carrier frequency synchro-
nization. Likewise, we propose a graphical tool allowing to
predict the number of iterations needed to reach a given Bit
Error Rate (BER) and the value of the BER for each iteration.

1. INTRODUCTION

Due to an increased demand for wireless services, future sys-
tems are required to support high quality of service at high
data rates. For such high data rates, the time-dispersion ef-
fects associated to the multipath propagation can be severe.
In this case, conventional time-domain equalization schemes
are not practical. Alternative techniques employing block
transmission with appropriate cyclic extensions and employ-
ing FDE (Frequency-Domain Equalization) techniques have
been shown to be suitable for high data rate transmission over
severely time-dispersive channels without requiring complex
receivers. The most popular modulations based on this latter
concept are the OFDM (Orthogonal Frequency Division Mul-
tiplexing) modulations [1]. An alternative approach based
on the same principle are block transmission SC modulations
(Single Carrier) combined with FDE (also denoted SC-FDE)
[2] and [3]. Both schemes have similar implementation com-
plexities; nevertheless SC-FDE schemes require simpler re-
ceivers. In this paper we consider the SC-FDE approach.
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A promising IFDE (Iterative FDE) technique for SC-FDE,
denoted IB-DFE (Iterative Block-Decision Feedback Equal-
izer), was proposed in [4]. This technique was later extended
to diversity scenarios and layered space-time schemes. These
IFDE receivers can be regarded as iterative DFE (Decision
Feedback equalizer) receivers with the feedforward and the
feedback operations implemented in the frequency domain
(see [3] and references therein). An IB-DFE receiver with
joint post-equalization carrier frequency synchronization was
proposed in [5]. This receiver can be regarded as a modified
turbo equalization scheme where, for each iteration, we per-
form DD (Decision-directed) CFO (Carrier Frequency Offset)
estimation.

To maintain high power and spectral efficiencies, the cyclic
extension, which has to be longer than the overall channel im-
pulse response length, must be a small fraction of the block
duration. As a consequence, we usually need large blocks
for severely time-dispersive channels, with hundreds or even
thousands of symbols and, typically the frequency errors can-
not exceed a small fraction of the inverse of the block dura-
tion. This means that we have higher sensitivity to frequency
errors for larger blocks, making accurate carrier synchroniza-
tion mandatory. Frequency errors usually originate from the
frequency mismatch between the oscillators at the transmit-
ter and receiver. Another possible source of frequency errors
is the Doppler frequency shift caused by relative motion be-
tween the transmitter and the receiver.

While discussing carrier synchronization, two synchro-
nization levels have to be distinguished, namely, carrier phase
and carrier frequency synchronization. Furthermore, depend-
ing on the magnitude of the carrier frequency offset two types
of synchronization can be attained, namely, a coarse synchro-
nization and a fine synchronization. Usually, algorithms for
fine synchronization require some type of previous coarse fre-
quency estimation. Typically, fine carrier frequency synchro-
nization systems are designed to deal with frequency offsets
less than 10% of the symbol duration. Also, based on the
degree of knowledge that the receiver has on the transmitted
signal, these systems can be separated into three categories:



data-aided (DA); non-data aided (NDA); and decision-directed
(DD) (see [6] and references therein).

A DD method for the estimation of the carrier frequency
offset was presented in [7]. There, a CFO estimator that re-
lies on data decisions to produce an estimate of the CFO is
analyzed. If the receiver had perfect knowledge on the trans-
mitted data, the CFO estimate would be unbiased. However,
since we rely on estimates of the data symbols, which con-
tain errors, the CFO estimates are biased. The statistics of the
bias were determined and a model for the bias, as a function
of the true CFO and of the signal-to-noise ratio (SNR), was
established.

In this paper we consider a SC-FDE block transmission
in the presence of residual frequency errors. In particular, we
consider an IB-DFE receiver with joint carrier frequency syn-
chronization. Moreover, the output of the frequency-domain
equalizer is approximated by a Gaussian distribution [8], [9],
[10] permitting to conveniently describe the output of the equal-
izer by an equivalent AWGN channel. This approximation al-
lows the post-equalization carrier frequency synchronization
step to be described by the model proposed in [7]. We propose
to model a receiver structure with joint equalization and car-
rier synchronization and eventually predict the performance
of the real system. Additionally, a graphical tool is developed
which allows a prediction of the minimum BER achievable,
the required number of iterations to reach that minimum and
the BER for each iteration.

This paper is organized as follows. In Sec. 2 we de-
scribe the models for an iterative FDE receiver, for an iter-
ative estimator of the carrier frequency offset and for a re-
ceiver with joint equalization with carrier frequency synchro-
nization. Sec. 3 presents the performance results and Sec. 4
the conclusions.

2. SYSTEM MODEL

2.1. Iterative FDE Receiver

The time-domain output of the ith iteration of an FDE re-
ceiver can be described by a Gaussian distributed random
variable [8], [9], [10]

s̃(i)n = sn + η(i)n , (1)

where {sn; n = 0, 1, . . . , N − 1} are the transmitted sym-
bols and {η(i)n ; n = 0, 1, . . . , N − 1} are samples of channel
noise plus interference. Samples {η(i)n ; n = 0, 1, . . . , N − 1}
have the corresponding frequency-domain samples given by
the Discrete Fourier Transform (DFT) operation, {ηk; k =
0, 1, . . . , N − 1} = DFT{ηn; n = 0, 1, . . . , N − 1}, with

overall power given by [9],

E[|η(i)k |2] =

E[|F (i)
k Hk − 1− (ρ(i−1))2B

(i)
k |]E[|Sk|2]+

+ E[|B(i)
k |2](ρ(i−1))4(1− (ρ(i−1))2)E[|Sk|2]+

+ E[|F (i)
k |2]E[|Nk|2],

(2)

where {Hk; k = 0, 1, . . . , N − 1} is the Channel Frequency
Response (CFR), {Sk; k = 0, 1, . . . , N−1} = DFT{sn; n =
0, 1, . . . , N−1} and {Nk; k = 0, 1, . . . , N−1} = DFT{νn; n =
0, 1, . . . , N − 1} where {νn; n = 0, 1, . . . , N − 1} is a com-
plex white Gaussian sequence with variance 2σ2

ν .
In (2) Bk and Fk are the optimum feedback and feed-

forward equalizer coefficients, respectively, and are given by
[9], B(i)

k = F
(i)
k Hk − 1 and F (i)

k = F̆
(i)
k /γ(i), where F̆ (i)

k

is given by F̆ (i)
k = H∗k/[α

−1 + (1 − (ρ(i−1))2)|Hk|2], with
α = E[|Sk|2]/E[|Nk|2] and γ(i) = 1

N

∑N−1
k=0 F̆

(i)
k Hk.

Using (2) may define the “Signal-to-Noise plus Interfer-
ence Ratio” as,

SNIR(i) =
E[|Sk|2]

E[|η(i)k |2]
. (3)

Moreover, at the output of the FDE the signal resembles the
output of an ideal AWGN channel. Therefore (3) can be
regarded as the signal-to-noise ratio SNR of an equivalent
AWGN channel and thus, for QPSK signaling with Gray map-
ping, the BER at the output of the FDE can be approximated
by

P
(i)
b = Q

(√
SNR(i)

)
, (4)

where SNR(i) = SNIR(i) and Q(x) = 1√
2π

∫∞
x
e−

y2

2 dy.

The correlation factor ρ(i−1) in (2) relates with the BER
(4) through the expression [9]

ρ(i−1) = 1− 2P
(i−1)
b . (5)

For a given α, assuming perfect knowledge of the CFR,
Hk, equations (2)-(5) provide the means for predicting the
BER performance of the FDE receiver for successive iteration
orders [11]: 1) set ρ(0) = 0 and let i = 1; 2) compute SNIR(i)

replacing E[|ηk|2] in (3) by (2), note that (2) is computed us-
ing the CFR Hk , ρ(i−1) and the channel SNR α; 3) resorting
to the Gaussian approximation to make SNR(i) = SNIR(i),
compute P (i)

b using (4); 4) compute ρ(i) using (5); 5) incre-
ment i and go to Step 2.

2.2. Iterative Estimator of the Carrier Frequency Offset

Let us now assume that there is a residual carrier frequency
offset between the transmitter and the receiver local oscil-
lators. In this case the transmitted time-domain data sym-
bols {sn; n = 0, 1, . . . , N − 1} undergo a phase rotation,



s′n = sn exp(j2π∆f (1)nT/N). For the sake of simplicity,
it is assumed that the residual frequency offset results exclu-
sively from the transmitter; we also assume that the phase
rotation is zero for n = 0. Since the nth data symbol is ro-
tated by nθ(i), with θ = 2π∆f (i)T/N , the corresponding
BER for a QPSK constellation and an ideal Gaussian channel
is P (i)

b,n = 1
2

(
p
(i)
1,n + p

(i)
2,n

)
, where

p
(i)
1,n = Q

((
cos(nθ(i))− sin(nθ(i))

)√
SNR

)
, (6)

p
(i)
2,n = Q

((
cos(nθ(i)) + sin(nθ(i))

)√
SNR

)
, (7)

and the overall BER is the average of P (i)
b,n over n

P
(i)
b = E[P

(i)
b,n] =

1

2N

∑N−1

n=0
(p

(i)
1,n + p

(i)
2,n). (8)

In [7] a model of the DD CFO estimator as a function of
the true CFO and of the SNR, was presented. The estimates
of the CFO were described by the sum of the CFO ∆f and a
bias component, ∆fbias, i.e., ∆̂f = ∆f + ∆fbias, where the
bias is approximately

∆fbias ≈
N

2πMT
arg{Υ}, (9)

with Υ = (N − M)|sn|2 +
∑N−M−1
n=0 ζ̄n. The contribu-

tion of the data detection errors to (9) is ζ̄n = E[ζn] =
ε̄∗n+Msn + ε̄ns

∗
n + ε̄∗n+M ε̄n, where, assuming D to be the

minimum Euclidean distance, the mean value of the data de-
cision error is ε̄n = E[εn] = −Dp1,n − jDp2,n, with p1,n
and p2,n given by (6) and (7), respectively.

Assuming an known initial CFO ∆f (1), an algorithm for
the prediction of the BER performance of a iterative estima-
tor of the carrier frequency offset can be summarized by the
following steps [12]: 1) set ∆f

(0)
bias = −∆f (1) and i = 1; 2)

compute p(i)1,n and p(i)2,n using (6) and (7), respectively, with

θ(i) = −2π∆f
(i−1)
bias T/N ; 3) compute P (i)

b using (8) and
∆f

(i)
bias using (9); 4) increment i and go to Step 2.

2.3. Joint Equalization with Carrier Frequency Synchro-
nization

The following algorithm predicts the performance of a re-
ceiver with joint equalization and carrier frequency synchro-
nization as a function of the number of iterations used and the
initial CFO, ∆f (1): 1) set ρ(0) = 0, ∆f

(0)
bias = −∆f (1) and

let i = 1; 2) compute SNIR(i) replacing E[|ηk|2] in (3) by
(2), note that (2) is computed using the CFR Hk, the correla-
tion ρ(i−1), and the channel SNR α; 3) compute p(i)1,n and p(i)2,n

using (6) and (7), respectively, with θ(i) = −2π∆f
(i−1)
bias T/N

and SNR = SNIR(i); 4) compute P (i)
b using (8) and ∆f

(i)
bias

using (9); 5) compute ρ(i) using (5); 6) increment i and go to
Step 2.

3. PERFORMANCE RESULTS

In this section we present a set of experimental results where
we consider SC-FDE modulations with blocks of N = 1024
”useful” modulation symbols (corresponding to a duration of
4µs), plus an appropriate cyclic prefix. The modulation sym-
bols belong to a QPSK constellation and are selected from the
transmitted data according to a Gray mapping rule. We con-
sider linear power amplification and perfect channel estima-
tion. The propagation channel is characterized by the power
delay profile type C for HIPERLAN/2 (HIgh PERformance
Local Area Network) [13], with uncorrelated Rayleigh fading
on different paths (similar results could be obtained for other
severely time dispersive channel models with rich multipath
propagation).

Let us define function G as a mapping of the SNIR at the
output of the equalizer as a function of the correlation factor,
ρ(i−1),

SNIR(i) = G(α, ρ(i−1)). (10)

In (10) SNIR(i) is given by (3) with E[|ηk|2] replaced by (2).
Yet, if we define J as being a function with inverse, J−1,
given by (5), results that (10) can be rewritten as

SNIR(i) = G(α, J−1(P
(i−1)
b )). (11)

Thus (11) is the mapping of the SNIR at the output of the
equalizer as a function of the BER at the input of that same
equalizer. We will call (11) the “equalizer curve”. In Fig. 1
we can see the “equalizer curve” for Eb/N0 = 8dB.

On the other side we have the equivalent “channel curve”
which is a function of the SNR and the CFO given by the
BER (8). If a transmission with no CFO is considered, (8)
is transformed into (4). These functions map the BER at the
output of the FDE from the SNR of the equivalent channel
of the output of the FDE. In Fig. 1, adding to the “equalizer
curve”, we plotted the “channel curve” for an ideal AWGN
channel with no CFO using (4) and the “channel curve” with
a CFO ∆fT = 0.1 using (8). Fig. 2 “channel curves” for
other values of the CFO.

In Fig. 3 we use a graphical tool for the prediction of the
performance of a receiver with joint equalization with car-
rier frequency offset. On the x-axis we have the SNR of the
AWGN channel equivalent to the output of the FDE. On the y-
axis we have the BER at the output of the receiver. Each iter-
ation corresponds to a trajectory between the “channel curve”
and the “equalizer curve” and back to the “channel curve”.
The horizontal straight lines are associated to the equalization
process representing improvements in the SNIR at the output
of the FDE, whereas the straight vertical lines represent the
trajectory between the BER of the previous iteration and that
of the present iteration. So, an iteration consists of a straight
horizontal line followed by a straight vertical line. The points
where the straight lines meet the “channel curve” are the pre-
dicted values for the BER corresponding to that iteration.
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Fig. 1. “equalizer curve” for Eb/N0 = 8dB and two “chan-
nel curves”, one for an ideal AWGN channel (null ∆f ) and
another for an AWGN channel with CFO (∆fT = 0.1).
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Fig. 2. “Channel curves” for ∆fT = 0, 0.01, . . . , 0.1.

Note that, graphically, the “channel curve” which has the
largest CFO corresponds to the uppermost curve. In the par-
ticular case of Fig. 3, ∆fT (1) = 0.1. Due to the synchroniza-
tion process for each iteration we have that the CFO changes
into a lower value and since the “channel curve” is a function
of the CFO it results that for each iteration we have a new
“channel curve” (see Fig. 2). Eventually, as the number of
iterations increases we will have a “channel curve” close to
that of an ideal AWGN channel.

Depicted in Fig. 4 is the evolution of the BER for succes-
sive iterations of the IB-DFE receiver with joint carrier syn-
chronization. In the figure we compare the simulation results,
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Fig. 3. IB-DFE performance with joint carrier synchroniza-
tion forEb/N0 = 8dB and initial CFO ∆f (1)T = 0.1. Along
each “channel curve” “◦” identifies the theoretically predicted
decreasing BER achieved with i = 1, 2, . . . iterations. The as-
sociated experimentally obtained values for the bit error rate
are identified by “�”. Additionally, the MFB is identified by
“∗” (see Appendix).

obtained through Monte Carlo trials, with those obtained us-
ing the algorithm presented in Sec. 2.3. We can see that the
predicted values for the BER have some differences in rela-
tion with the simulated ones, with differences around 2.5dB
for the 2nd iteration. Therefore, the prediction is considered
optimistic. These differences in the BER curves can be jus-
tified due to the diferences found between the true value of
the bias of the CFO estimates and the analytical value found
using (9). Additionally, as the iteration order increases, the
difference between the theoretical and the true value of the
bias of the CFO estimates also increases, this being due to
the propagation of the difference between the true bias and
the analytical one. On the other side, as the iteration order
increases, the estimates of the CFO became less biased.

4. CONCLUSION

We considered an IB-DFE with joint detection and carrier fre-
quency synchronization for SC-FDE block transmission in
the presence of residual frequency errors. We described the
output of the frequency-domain equalizer by a Gaussian dis-
tribution and defined an equivalent AWGN channel which al-
lowed us to propose a model for the carrier frequency syn-
chronization procedure. By using the Gaussian approxima-
tion for the equalizer and by modeling the bias as a function
of both the CFO and the SNR we built a model for the IB-DFE
with joint carrier frequency synchronization. This model can
be used for predicting the behavior of the true system and was
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Fig. 4. BER performance for the IB-DFE receiver with
∆f (1)T = 0.1. Additionally, we also included the MFB as a
benchmark (see Appendix).

extended for the use as a graphical tool.

5. APPENDIX

Assuming QPSK signalling and Gray mapping, the Matched
Filter Bound (MFB) is given by [14]

Pb,MFB = Q


√√√√2Eb
N0

1

N

N−1∑
k=0

|Hk|2
 , (12)

which, for frequency selective channels, is the best perfor-
mance that we can have if no ISI exists.

6. REFERENCES

[1] L. Cimini Jr., “Analysis and simulation of a digital mo-
bile channel using orthogonal frequency division multi-
plexing,” IEEE Trans. Commun., vol. 33, pp. 400–411,
July 1985.

[2] H. Sari, G. Karam, and I. Jeanclaude, “An analysis of
orthogonal frequency-division multiplexing for mobile
radio applications,” in Proc. IEEE Vehicular Technol-
ogy Conference, (VTC’94), Stockholm, June 1994, pp.
1635–1639.

[3] N. Benvenuto, R. Dinis, D. Falconer, and S. Tomasin,
“Single carrier modulation with nonlinear frequency do-
main equalization: An idea whose time has come–
again,” Proceedings of the IEEE, vol. 98, no. 1, pp.
69–96, Jan. 2010.

[4] N. Benvenuto and S. Tomasin, “Block iterative DFE for
single carrier modulation,” IEEE Electronic Letters, vol.
39, no. 19, pp. 1144–1145, Sep. 2002.
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