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Abstract—A solution for the problem of estimating the PN
(Phase Noise) from the observation of the channel output in
burst communications is to establish a state-model for the PN
and determine the a posteriori probability density function (pdf)
of the state conditioned on all measurement data, thus providing
the means to compute an optimal estimate with respect to
any criterion, e.g., Minimum Mean-Squared Error (MMSE).
However, except in the Gaussian case, it is extremely difficult
to determine and propagate this density function. As a result,
and since the observation model of the PN is non-linear, the a
posteriori pdf becomes non-Gaussian, and a sub-optimal solution
for the problem must be found. In this paper we approximate the
non-Gaussian pdf by a weighted sum of Gaussians. Additionally,
we compare the performance results obtained when modeling
the density function by a weighted sum of Gaussians with those
obtained with a single Gaussian using a SC-FDE (Single Carrier-
Frequency Domain Equalizer) scheme.

Index Terms—Bayesian filtering; Kalman filtering; Gaussian
sum filter; phase noise; carrier frequency offset; single carrier-
frequency domain equalization;

I. INTRODUCTION

Due to an increased demand for wireless services, future
systems are required to support high quality of service at high
data rates. Single Carrier (SC) with Cyclic Prefix (CP) [1]
is seen as an alternative to Orthogonal Frequency Domain
Multiplexing (OFDM) [2] since it can efficiently cope with the
time-dispersion effects associated to the multipath propagation
using Frequency Domain Equalization (FDE). Moreover, SC-
FDE has a simpler transmitter structure which makes it the
natural choice for the uplink, i.e., from the Mobile Terminal
(MT) to the Base Station (BS), and experiences a lower Peak-
to-Average Power Ratio (PAPR), enabling the use of non-
linear power amplifiers [3], [4].

A study on the impact of phase noise on OFDM and SC-
FDE as been conducted in [5]. Zamorano et al. compared
the impact of the Phase Noise (PN) on both schemes. They
concluded that PN causes the same Common Phase Error
(CPE) on both schemes, as well as leading to Inter-Carrier
Interference (ICI) in OFDM and Inter-Symbol Interference
(ISI) in SC-FDE. It was also shown that CPE is the dominant
impairment if the PN cut-off frequency is smaller than the
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subcarrier spacing. In [6], Sabbagian and Falconer proposed
a synchronization method to compensate for the effect of
Carrier Frequency Offset (CFO) and PN for a Turbo Frequency
Domain Equalizer (TFDE). It is a joint turbo equalization and
synchronization method in which the feedback information,
generated iteratively by the decoder, is used for synchro-
nization. The synchronization method is based on Maximum
a Posterior (MAP) criterion which can be considered as a
decision directed phase lock loop. In [7], Stark and Raphaeli
investigated the combination of Decision Feedback Equalizers
(DFE) and Digital Phase Lock Loop (DPLL) for the symbol
detection in channels impaired by ISI and PN. The analysis
of the estimation schemes was conducted in terms of residual
phase jitter, optimal loop gain, and complexity of implemen-
tation. In [8], Petrovic et al. introduced an algorithm for pilot
based CPE estimation using an Extended Kalman Filter (EKF)
for OFDM.

The solution for the problem of estimating the PN (Phase
Noise) from the observation of the channel output in bursts
communications is to define a state model from the PN and
determine the a posteriori probability density function (pdf) of
the state conditioned on all measurement data, thus providing
the means to compute an optimal estimate with respect to
any criterion, e.g., Minimum Mean-Squared Error (MMSE).
However, except in the Gaussian case, it is extremely difficult
to determine this density function. As a result, and since the
observation of the PN is non-linear the resulting a posteriori
pdf is a non-Gaussian function and a sub-optimal solution for
the problem must be found. In this paper we approximate the a
posteriori non-Gaussian pdf by a weighted sum of Gaussians.
Additionally, we compare the performance results obtained
when modeling the pdf by a weighted sum of Gaussians with
those obtained using a single Gaussian. We assume perfect
channel estimation and symbol synchronization. Moreover,
we embed our PN estimator in a iterative FDE equalizer to
produce a joint equalizer and synchronization receiver.

The paper is organized in the following manner: Sec. II
establishes the models of the channel output and of the PN
and also presents the Bayesian equations. Sec. III defines the
Gaussian sum filter, with subsections dedicated to the Gaussian
sum approximation, the Gaussian fitting of the likelihood,
and the solution of the Bayesian equations. Sec. IV concerns



implementation aspects of the algorithm. Sec. V is dedicated
to the presentation of the Iterative FDE receiver, while Sec.
VI presents the performance results and Sec. VII concludes
this paper.

II. SYSTEM MODEL

Consider the transmission of the Binary Phase Shift-Keying
(BPSK)1 symbol {sn = ejφn ;n = 0, . . . , N−1}, where φn ∈
{0, π}, over an Additive White Gaussian (AWGN) channel in
the presence of PN,

yn = ej(φn+θn) + vn; n = 0, . . . , N − 1. (1)

In (1), {vn;n = 0, . . . , N − 1} is a sequence of complex
zero-mean white Gaussian noise with variance of the real
or imaginary components σ2

v = N0/Tb, where N0/2 is the
AWGN power spectral density and Tb is the bit duration, and
{θn;n = 0, . . . , N − 1} is a Wiener process described by the
linear stochastic difference equation

θn = θn−1 + wn; n = 0, . . . , N − 1, (2)

modeling the PN. In (2), {wn;n = 0, . . . , N−1} is a sequence
of real zero-mean white Gaussian noise with variance σ2

w.
The noise sequences {vn;n = 0, . . . , N − 1} and {wn;n =

0, . . . , N − 1} are assumed to be mutually independent and
independent of the initial state θ−1. The pdfs of {vn;n =
0, . . . , N −1} and {wn;n = 0, . . . , N −1} are denoted by pv
and pw, respectively.

A. Bayesian Filtering

The conditional density function, p(θn|Yn =
y0, y1, . . . , yn), contains all required statistics to derive
the MMSE estimate of the PN θ̂ = E[θn|Yn]. Although, in
general, p(θn|Yn) is not easy to obtain, it can be determined
recursively by the following equations [9]:
Prediction step

p(θn|Yn−1) =

∫
p(θn|θn−1)p(θn−1|Yn−1)dθn−1; (3)

Filtering step

p(θn|Yn) =
p(yn|θn)p(θn|Yn−1)∫
p(yn|θn)p(θn|Yn−1)dθn

. (4)

Since the transition pdf is

p(θn|θn−1) = pw(θn − θn−1) (5)

the operation in (3) is a convolution of pdfs pw(θn−1) and
p(θn−1|Yn−1).

The initial conditional density function p(θ−1|Y−1) is given
by

p(θ−1|Y−1) = p(θ−1) (6)

where we assume p(θ−1) to be Gaussian. The integral in (4)
is just a normalizing factor and, in certain cases, may not be
evaluated.

1Our derivations are presented using the BPSK constellation due to its
simplicity. This is done with no loss of generalization to other M-PSK con-
stellations, for which the extension of the proposed solution is straightforward.

The function p(yn|θn) is non-Gaussian, rendering the inte-
gration indicated in (4) impossible to accomplish in closed
form. Since the computation of the exact solution is too
demanding, an adequate approximation of p(θn|Yn) must be
found. The choice of what approximation to use to propagate
the a posterior pdf depends on the problem in hand, existing
no general solution.

There are two main approaches for the non-linear problem:
one consists of linearizing the observation and the dynamics
equations about the best estimate of the state vector by
retaining the linear term of the Taylor series expansion; the
other, consists of finding a function that models conveniently
the pdf p(θn|Yn), but with parameters easy enough to compute
on each iteration. The former corresponds to the approach
applied in the Extended Kalman Filter (EKF). The latter is
the approach implemented in this work, since we approximate
the non-Gaussian function p(yn|θn) by a weighted sum of
Gaussians such that (3)-(4) can be computed analytically by
resorting to a Gaussian Sum Filter (GSF). This approach was
considered, for instance, in [10], [11], [12].

III. GAUSSIAN SUM FILTER

A. Gaussian Sum Approximation

Following the Gaussian sum approximation, any pdf p can
be approximated as closely as desired by a density function
pA of the form [10]

pA(x) =

m∑
i=1

α(i)N (x− µ(i), σ2(i)), (7)

for some sufficiently large integer m, where

N (x− µ, σ2) =
1√

2πσ2
exp

(
−(x− µ)2

2σ2

)
(8)

is the normal density function with mean µ and variance σ2.
Weights α(i) are non-negative and sum to one. Representation
(7) can be used to approximate the non-Gaussian multi-modal
densities in a problem.

B. Gaussian Fitting of the Likelihood

From (1) and the statistics of vn we have [13]

p(yn|θn, φn) = pv

(
yn − ej(φn+θn)

)
=

=
1

2πσ2
v

e
−
|yn−ej(θn+φn)|2

2σ2v ,

(9)

which is a non-Gaussian function of θn.
Expanding the squared modulus of (9) results in∣∣∣yn − ej(θn+φn)∣∣∣2 =

= 1 + |yn|2 − 2|yn| cos(θn + φn − ηn),
(10)

where
ηn = arg{yn}, (11)

with arg{·} being the complex argument.



Considering (10) we can write (9) as

p(yn|θn, φn) =
1

2πσ2
v

e−γneβn cos(θn+φn−ηn), (12)

where
γn =

1 + |yn|2

2σ2
v

(13)

and
βn =

|yn|
2σ2

v

. (14)

Marginalizing p(yn|θn, φn) with respect to φn we are able
to write p(yn|θn) in (4) as a sum of exponentials,

p(yn|θn) =

=
1

2

∫ +∞

−∞
p(yn|θn, φn)[δ(φn) + δ(φn − π)]dφn =

=
1

4πσ2
v

e−γn
(
eβn cos(ηn−θn) + e−βn cos(ηn−θn)

)
,

(15)

where the transmitted symbols are assumed to be equiprobable,
i.e., Prob(φ = 0) = Prob(φ = π) = 1/2.

From the observation of (15) it is clear that the observation
mechanism p(yn|θn) is π-periodic. Resorting to the Gaussian
sum approximation, (7), we can write (15) as

p(yn|θn) ≈
p∑
j=1

κN
(
θn − (η′n + a(j)), Rn

)
(16)

where a(j) ∈ {. . . ,−2π,−π, 0, π, 2π, . . .}, κ = 1/p, and

η′n = ηn − g(θ̂n−1)π. (17)

In (17), we get rid of the digital modulation by resorting to
the decision-directed hard-decision criterion

g(θ̂n−1) =

{
1, |ηn − θ̂n−1| > π

2

0, |ηn − θ̂n−1| ≤ π
2

, n = 1, . . . , N.

(18)
With this decision criterion we implement a very simple bit
detection scheme. The rationale behind the choice of g(·)
consists of assuming that ηn−θn ≈ ηn−θ̂n−1 ≈ φn, according
to (11). This assumption is supported by our experimental
results.

C. Solution of the Bayesian Equations

The idea of the GSF is that both the prediction density
function (3) and the filtering density function (4) are weighted
sums of Gaussians, i.e.,

p(θn|Yn−1) =

m∑
i=1

α(i)
n N

(
θn − θ̂(i)n|n−1, Pn|n−1

)
. (19)

Replacing (16) and (19) in (4) we obtain the filtering density

p(θn|Yn) =

m∑
i=1

p∑
j=1

γ(i,j)n N
(
θn − θ̂(i,j)n|n , Pn|n

)
. (20)

Taking into account that

N (x−a, σ2
a)·N (x−b, σ2

b ) = N (x−µ, σ2)·N (a−b, σ2
a+σ2

b )
(21)

with

µ =
aσ2

b + bσ2
a

σ2
a + σ2

b

(22)

σ2 =
σ2
aσ

2
b

σ2
a + σ2

b

(23)

and replacing (16) and (19) in (4) we obtain the filtering
density

p(θn|Yn) =

m∑
i=1

p∑
j=1

γ(i,j)N (θn − θ̂(i)n|n−1, Pn|n) (24)

where

Pn|n = (R−1n + P−1n|n−1)−1; (25)

θ̂
(i,j)
n|n =

1

Rn + Pn|n−1
[(η′n − a(j))Pn|n−1 + θ̂

(i)
n|n−1Rn];

(26)

γ(i,j)n = α(i)N (η′n − a(j) − θ̂
(i)
n|n−1, Rn + Pn|n−1). (27)

If the filtering density p(θn−1|Yn−1) is a Gaussian sum
then the prediction density p(θn|Yn−1) resulting from the
convolution of Gaussian functions, is also a Gaussian sum
with means

θ̂
(l)
n|n−1 = θ̂

(l)
n−1|n−1 (28)

and variance

Pn|n−1 = Pn−1|n−1 +Qn−1 (29)

where Qn = σ2
w.

The Gaussian sum approximation method is used to approx-
imate p(yn|θn) in order that the convolution and products in
(3)-(4) are accomplished in a simple manner, also allowing the
MMSE estimate to be computed analytically and efficiently as

θ̂n =

∫ +∞

−∞
θnp(θn|Yn)dθn =

=

∫ +∞

−∞
θn

m∑
i=1

γ(i)n N (θn − θ̂(i)n|n, Pn|n)dθn =

=

∑m
i=1 γ

(i)
n θ̂

(i)
n|n∑m

i=1 γ
(i)
n

(30)

IV. IMPLEMENTATION ASPECTS

A. Variance of the Observations

The observation factor (9) is not a density function. So,
before we can use approximation (16) we must proceed to the
normalization of (9), i.e.,

q(yn|θn) =
p(yn|θn)∫
p(yn|θn)dθn

. (31)

According to (15) we may write (31) as

q(yn|θn) =
eβn cos(ηn−θn) + eβn cos(ηn+π−θn)∫
eβn cos(ηn−θn) + eβn cos(ηn+π−θn)dθn

. (32)

which is a function of βn. Consequently, the variance of (16)
is also a function of βn. Since βn = 2|yn|

σ2
v

, results that to a



large variance of the observation noise σ2
v corresponds a small

value of βn.
In order to lighten our algorithm, we compute off-line the

variance of the observation, given by

σ2
y =

∫ θn+
π
2

θn−π2
(ηn − θn)2q(yn|θn)dθn, (33)

for several values of βn and then interpolate the variance of
the observation for any given βn.

B. Growing Memory Problem

The operation of multiplication in (4) entails the growth of
the number of Gaussian modes, as shown in (25)-(27). In order
to keep the GSF efficient one must keep the number of modes
as small as possible without losing significant information.
A number of techniques have been developed to restrain the
number of terms in a Gaussian mixture to a finite number or
below a maximum number of terms (see [14], [15], [11]).

For its simplicity, our preferred component reduction proce-
dure is to preserve m elemental distributions with the largest
weights and discard the remaining (pruning procedure). Thus,
if we initialize the algorithm with m = 3 Gaussian modes and
assuming p = 3, the filtering density will have always mp = 9
Gaussian modes which are reduced again to m = 3 modes by
the pruning procedure.

V. ITERATIVE FDE RECEIVER

Based on a previously developed receiver structure, for
the joint equalization and carrier synchronization [16], we
present a joint equalization and PN compensation for SC-FDE
schemes. The estimator presented in section III can be used
in this structure (see Fig. 1) since we assume the time-domain
the equalizer output, {s̃(i)n ; n = 0, . . . , N − 1} (i = 1, 2, . . .),
to have a Gaussian distribution despite the presence of residual
ISI [17].

Let us assume that our transmission is impaired with PN,
(2). In this case, the received time-domain block is {y′n;n =
0, 1, . . . , N − 1} and the corresponding frequency-domain
block is {Y ′k; k = 0, 1, . . . , N − 1}, with

Y ′k = S′kHk +Nk (34)

where the block of frequency-domain symbols {S′k; k =
0, 1, . . . , N−1} is the DFT of the effectively transmitted block
of time-domain data symbols, {s′n;n = 0, 1, . . . , N−1}, with

s′n = sn exp (jθn) , (35)

With {sn;n = 0, 1, . . . , N − 1} denoting the nth data symbol
to be transmitted, selected from a given constellation (e.g.,
a QAM or a M-PSK constellation). And where {Hk; k =
0, 1, . . . , N − 1} and {Nk; k = 0, 1, . . . , N − 1} denote the
channel transfer function and the channel noise, respectively,
for the kth subchannel.

For the sake of simplicity, it is assumed that the PN and the
CFO results exclusively from the transmitter (i.e. the Mobile
Terminal (MT), since we are considering the uplink); we also
assume that the phase rotation is 0 for n = 0.

For a given iteration i, the frequency-domain samples at the
output of the FDE are given by

S̃′k
(i) = F

(i)
k Y ′k −B

(i)
k Ŝ′k

(i−1) (36)

where {F (i)
k ; k = 0, 1, . . . , N − 1} are the feedforward coeffi-

cients and {B(i)
k ; k = 0, 1, . . . , N − 1} are the feedback coef-

ficients. {Ŝ′k(i−1); k = 0, 1, . . . , N−1} denotes the DFT of the
block of time-domain data estimates associated to the previous
iteration, {ŝ′n(i−1);n = 0, 1, . . . , N−1}, i.e., the phase rotated
version of the hard-decisions associated to the time-domain
block at the output of the FDE, {s̃(i)n ;n = 0, 1, . . . , N − 1} =
IDFT {S̃(i)

k ; k = 0, 1, . . . , N − 1}.
It can be shown that the optimum feedback coefficients are

B
(i)
k = F

(i)
k H

(l)
k − 1 (37)

and the feedforward coefficients given by

F
(i)
k =

F̆
(i)
k

γ(i)
, (38)

with

F̆
(i)
k =

H∗k
α+ (1− (ρ(i−1))2)|Hk|2

, (39)

where α = E[|Nk|2]/E[|Sk|2],

γ(i) =
1

N

N−1∑
k=0

F̆
(i)
k Hk (40)

and the correlation factor ρ(i−1) is defined as

ρ(i−1) =
E[ŝ

(i−1)
n s∗n]

E[|sn|2]
. (41)

VI. PERFORMANCE RESULTS

In this section we display some experimental results. The
"useful" block size is N = 512 symbols, corresponding to a
duration of 4µs, plus an appropriate cyclic prefix. The channel
is a highly frequency-selective channel. More specifically, the
propagation channel is characterized by the power delay profile
type C for HIPERLAN/2 (HIgh PERformance Local Area
Networks) [18], with uncorrelated Rayleigh fading on different
paths (similar results could be obtained for other severely time-
dispersive channel models with rich multipath propagation).

In Fig. 2 we plot the BER versus the standard deviation
of the noise (Wiener process), σw, for Eb/N0 = 10 and
BPSK constellation when using joint equalization and carrier
synchronization. Additionally, we include the curves for the
case for which no compensation is performed. It is evident
from the figure that the phase estimation and compensation
process produces outstanding results, achieving a significant
reduction on the BER for the lower values of σw. Additionally,
as expected, our filter performs better with p = 3 Gaussian
modes than with p = 1, particularly for values of σw > 0.1.
For values of σw < 0.1 one should consider using p = 1, since
the algorithm is computationally lighter. Also notable is that
increasing the iteration order corresponds to an improvement
in the quality of the data reception.
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VII. CONCLUSIONS

We proposed a solution for the problem of estimating the
PN by approximating the non-Gaussian probability density
function by a weighted sum of Gaussians. Additionally, we
compare the performance results obtained when modeling the
density function by a weighted sum of Gaussians with those
obtained using a single Gaussian. We observed that for practi-
cal applications of the algorithm, the use of a single Gaussian
suffices. Moreover, through experimental results we observed
that the algorithm introduced presents outstanding results for
the case in which we have perfect channel estimation and
symbol synchronization.
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