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OR-Notes

J E Beasley

OR-Notes are a series of introductory notes orctothiat fall under the broad heading of the fidld o
operations research (OR). They were originally useche in an introductory OR course | give at Inmler
College. They are now available for use by anyeisiand teachers interested in OR subject to the
following conditions

A full list of the topics available in OR-Notes cha foundhere

Integer programming for mulation examples
Capital budgeting extension

For theinteger programming problem given before relatedapital budgetinguppose now that we have
the additional condition that either project 1 oojpct 2 must be chosen (i.e. projects 1 and 2rarteially
exclusive). To cope with this condition we enlatige IP given above in the following manner.

This condition is an example of an either/or candit'either project l1or project 2 must be chosen”. In
terms of the variables we have already defineddhislition is "either x= 1 or » = 1". The standard trick
for dealing with either/or conditions relating tea zero-one variables is to add to the IP the camit

e X1+Xx2=1

To verify that thismathematical description is equivalent to theerbal description "either x = 1 or % =
1" we use the fact thatand x are both zero-one variables.

Choose any one of these two variables $ay) and tabulate, for each possible value othusen
variable, the meaning of the corresponding mathiealsind verbal descriptions as below.

Vari abl e val ue Mat hemat i cal description Ver bal description

X1 + X2 = 1 "either x; = 1 or xp, = 1"
x1 =0 x2 =1 Xz = 1
X1 =1 1 +x,=1 X2 =0

i.e. X2 =0

It is clear from this tabulation that the mathemwtand verbal descriptions are equivalent withgiaiso
that we have interpreted the condition "eitheexl or » = 1" as meaning that the cagexland x2 = 1
(both projects 1 and 2 chosen) cannot occur. $fihnot so (i.e. both projects 1 and 2 can beatjabhen
we replace the constraint x x2 = 1 by the constraintix+ x2 >= 1 (i.e. at least one of projects 1 and 2
must be chosen).

Note herethat, in general, we can regard for mulating a pr oblem astrandating a ver bal description
of the problem into an equivalent mathematical description. What we have presented above isa
smilar process- trandating a specific " either ... or ..." verbal description into an equivalent
mathematical description. Whilst it isnot usual to go to the lengths of a complete tabulation (as
shown above) to verify that the ver bal and mathematical descriptions ar e equivalent a complete
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tabulation is helpful in clarifying thought and detecting incor r ect mathematical descriptions.

Other problems

The main areas in which IP is used in practiceuitiel

imposition of logical conditions in LP problems ¢suas the either/or condition dealt with above)
blending with a limited number of ingredients

depot location

job shop scheduling

assembly line balancing

airline crew scheduling

timetabling

Integer programming example

Recall theblending problendealt with before unddinear programmingTo remind you of it we reproduce
it below.

Blending problem

Consider the example of a manufacturer of animed f@ho is producing feed mix for dairy cattle. bro
simple example the feed mix contains two activeadgents and a filler to provide bulk. One kg aédle
mix must contain a minimum quantity of each of foutrients as below:

Nutri ent A B C D
gram 90 50 20 2

The ingredients have the following nutrient valaesl cost

A B C D Cost/ kg
Ingredient 1 (gramikg) 100 80 40 10 40
I ngredient 2 (granmkg) 200 150 20 - 60

What should be the amounts of active ingredientisfélar in one kg of feed mix?

Blending problem solution

Variables

In order to solve this problem it is best to thinkerms of one kilogram of feed mix. That kilogrésymade
up of three parts - ingredient 1, ingredient 2 filiet so: let

x1 = amount (kg) of ingredient 1 in one kg of feec mi

x2 = amount (kg) of ingredient 2 in one kg of feec mi

x3 = amount (kg) of filler in one kg of feed mix

where X >=0, » >=0and 3>= 0.

Constraints
¢ balancing constraint (amplicit constraint due to the definition of the variables)

X1+Xo+x3=1

2 of 17 15-05-2013 23:4



Integer programming formulation examg http://people.brunel.ac.uk/~mastjjb/jeb/or/moreiiml

e nutrient constraints

100x + 200x% >= 90 (nutrient A)
80x1 + 150x% >= 50 (nutrient B)
40x1 + 20% >= 20 (nutrient C)
10xq >= 2 (nutrient D)

Note the use of an inequality rather than an etyualithese constraints, following the rule we farivard
in the Two Mines example, where we assume thantitkeent levels we want are lower limits on the
amount of nutrient in one kg of feed mix.

Objective
Presumably to minimise cost, i.e.
minimise 404 + 60x%

which gives us our complete LP model for the blaggiroblem.

Suppose now we have the additional conditions:

e if we use any of ingredient 2 we incur a fixed cofs15

e we need not satisfy all four nutrient constrainis fieed only satisfy three of them (i.e. whereas
before the optimal solution required all four neitti constraints to be satisfied now the optimal
solution could (if it is worthwhile to do so) onhave three (any three) of these nutrient constaint
satisfied and the fourth violated.

Give the complete MIP formulation of the problenthwihese two new conditions added.

Solution

To cope with the condition that ibxX=0 we have a fixed cost of 15 incurred we havesthedard trick of
introducing a zero-one variable y defined by

1if X2>=0
0 ot herw se

y

and

e add a term +15y to the objective function
and add the additional constraint

e X2 <= [largest value xcan takely

In this case it is easy to see thaican never be greater than one and hence our@uditionstraint is
Xo<= V.

To cope with condition that need only satisfy thoé¢he four nutrient constraints we introduce four
zero-one variables %=1,2,3,4) where

zi =1 if nutrient constraint i (i=1,2,3,4) is satisfied
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= 0 otherwi se
and add the constraint

o 71+7p+73+274 >= 3 (at least 3 constraints satisfied)
and alter the nutrient constraints to be

e 100x + 200% >= 902
e 80x1 + 150% >= 502
o 40x1 + 20% >= 20z

e 10Xy >=27

The logic behind this change is that ifialzthen the constraint becomes the original nutgenstraint
which needs to be satisfied. However ifialzthen the original nutrient constraint becomes

e same left-hand side >= zero

which (for the four left-hand sides dealt with abpis always true and so can be neglected - me#ming
original nutrient constraint need not be satisflddnce the complete (MIP) formulation of the problis
given by

m ni m se 40x; + 60xp, + 15y
subject to

X1 + X2 + X3 =1

100x; + 200x, >= 90z;

80x1 + 150x, >= 50z,

40x1 + 20xp, >= 20z3

10x1 >= 2z4

21 + 22 + 23 + 24 >= 3

X2 <= y

zZi =0or 1 i=1,2,3,4
y =0o0r 1

Xi >= 0 i=1,2,3

Integer programming example

In the planning of the monthly production for thexhsix months a company must, in each month, ¢pera
either a normal shift or an extended shift (ifrbguces at all). A normal shift costs £100,000menth

and can produce up to 5,000 units per month. Aareddd shift costs £180,000 per month and can
produce up to 7,500 units per month. Note herg thaeither type of shift, the cost incurred isfil by a
union guarantee agreement and so is independémé amount produced.

It is estimated that changing from a normal shifbme month to an extended shift in the next mopsts
an extra £15,000. No extra cost is incurred in givnfrom an extended shift in one month to a ndrma
shift in the next month.

The cost of holding stock is estimated to be £2ypérper month (based on the stock held at theoénd
each month) and the initial stock is 3,000 unite@oced by a normal shift). The amount in stocthat
end of month 6 should be at least 2,000 units.démand for the company's product in each of thé nex
six months is estimated to be as shown below:

Mont h 1 2 3 4 5 6
Demand 6,000 6,500 7,500 7,000 6,000 6,000
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Production constraints are such that if the comgaoguces anything in a particular month it must
produce at least 2,000 units. If the company wamgsoduction plan for the next six months that dsoi
stockouts, formulate their problem as an integeg@m.

Hint: first formulate the problem allowing non-limeconstraints and then attempt to make all the
constraints linear.

Solution
Variables

The decisions that have to be made relate to:

¢ whether to operate a normal shift or an extendétisteach month; and
¢ how much to produce each month.

Hence let:

Xt =1 if we operate a normal shift in month t (t=1,2,..., 6)
= 0 otherwi se

yt =1 if we operate an extended shift in nonth t (t=1,2,..., 6)
= 0 ot herwi se

P (>= 0) be the anpbunt produced in nmonth t (t=1,2,...,6)

In fact, for this problem, we can ease the formoaby defining three additional variables - namely

zt =1 if we switch froma normal shift in nonth t-1 to an extended
shift innmonth t (t=1,2,...,6)
= 0 ot herw se

I; be the closing inventory (ambunt of stock left) at the end
of month t (t=1,2,..., 6)

w =1 if we produce in nonth t, and hence fromthe production

constraints Py >= 2000 (t=1,2,..., 6)
= 0 otherwise (i.e. P = 0)

The motivation behind introducing the first twotbese variables {+) is that in the objective function we
will need terms relating to shift change cost anekntory holding cost. The motivation behind introthg
the third of these variables {ws the production constraint "eithey#0 or R >= 2000", which needs a
zero-one variable so that it can be dealt withgitie standard trick for "either/or" constraints.

In any event formulating an IP tends to be an iteegrocess and if we have made a mistake in ithgfin

variables we will encounter difficulties in formtilzg the constraints/objective. At that point wenca
redefine our variables and reformulate.

Constraints

We first express each constraint in words and thearms of the variables defined above.

¢ only operate (at most) one shift each month

Xt +yr <=1 t=1,2,...,6
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Note here that we could not have made do withgustvariable (xsay) and defined that variable to be
one for a normal shift and zero for an extendefi &ince in that case what if we decide not todoiee in
a particular month?).

Although we could have introduced a variable intigano shift (normal or extended) operated in a
particular month this is not necessary as suclriabla is equivalent to 1py:.

e production limits not exceeded
Py <= 5000x; + 7500y, t=1,2,..., 6

Note here the use of addition in the right-haneé siithe above equation where we are making uieeof
fact that at most one of and y can be one and the other must be zero.

¢ no stockouts
l¢ >= 0 t=1,2,...,6
e we have an inventory continuity equation of therfor
closing stock = opening stock + production - demand
where b = 3000. Hence letting{> demand in month t (t=1,2,...,6) (a known congtand assuming

¢ that opening stock in period t = closing stock a@mipd t-1 and
¢ that production in period t is available to meetdad in period t

we have that
lt =11 + Pt - D t=1,2,..., 6

As noted above this equation assumes that we cahdeenand in the current month from goods produced
that month. Any time lag between goods being preduend becoming available to meet demand is easily
incorporated into the above equation. For exampi@f2 month time lag we replaceifPthe above

equation by B2 and interpretilas the number of goods in stock at the end of mbwhich are available

to meet demand i.e. goods are not regarded as inesthgck until they are available to meet demand.
Inventory continuity equations of the type showa aommon in production planning problems.

e the amount in stock at the end of month 6 shouldtdeast 2000 units
¢ >= 2000
e production constraints of the form "either#0 or R >= 2,000".

Here we make use of the standard trick we presdotée@ither/or" constraints. We have already dedin
appropriate zero-one variables(iv1,2,...,6) and so we merely need the consgaint

P <= Mu t=1,2,...,6

P >= 2000w  t=1,2,...,6

Here M is a positive constant and represents the we can produce in any period t (t=1,2,...,6). A
convenient value for M for this example is M = 758fe most we can produce irrespective of the shift
operated).

¢ we also need to relate the shift change varialite the shifts being operated
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The obvious constraint is

Zy = Xt-1Yt t=1,2,..., 6

since as bothtx and y are zero-one variables@an only take the value one if botfyw»and y are one (i.e.
we operate a normal shift in period t-1 and anrmdeel shift in period t). Looking back to the verbal
description of git is clear that the mathematical description giedove is equivalent to that verbal
description. (Note here that we defirg=x1 (y = 0)).

This constraint is non-linear. However we are tblat we can first formulate the problem with namelar
constraints and so we proceed. We shall see latetd linearise (generate equivalent linear coirgisa
for) this equation.

Objective

We wish to minimise total cost and this is given by
SUM{t=1,...,6}(100000x + 180000y + 15000z+ 2k)
Hence our formulation is complete.

Note that, in practise, we would probably regam@hid R as taking fractional values and round to get
integer values (since they are both large this Ishioei acceptable). Note too here that this is alimear
integer program.

Comments

In practice a model of this kind would be used dnadling horizon" basis whereby every month oritso
would be updated and resolved to give a new praatugian.

The inventory continuity equation presented isejtléxible, being able to accommodate both tims (@g
discussed previously) and wastage. For exampRibPthe stock is wasted each month due to
deterioration/pilfering etc then the inventory dooity equation becomes+ 0.98}.1 + R - Dt. Note that,

if necessary, the objective function can includeran related to 0.02k to account for the loss in financial
terms.

In order to linearise (generate equivalent linearstraints) for our non-linear constraint we agea a
standard trick. Note that that equation is of tbwerf

e A=BC

where A, B and C are zero-one variables. The standiak is that a non-linear constraint of thip#ycan
be replaced by the two linear constraints

e A<= (B+C)/2 and

e A>=B+C-1
To see this we use the fact that as B and C takezero-one values there are only four possibles4s
consider:
B C A=BC A <= (B+Q)/2 A >= B+C 1
becones becores becones
0 0 A=0 A<=0 A >= -1
0 1 A=0 A<=0.5 A>=0
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1 0
1 1

0 A <= 0.5 A>=0

A
A 1 A<=1 A>=1

Then, recalling that A can also only take zero-ealees, it is clear that in each of the four pdssiases
the two linear constraints (A <= (B+C)/2 and A >=®-1) are equivalent to the single non-linear
constraint (A=BC).

Returning now to our original non-linear constraint
® 7t = Xt-1Yt

this involves the three zero-one variablgsz and y and so we can use our general rule and replase thi
non-linear constraint by the two linear constraints

Zy <= (Xt-1 + yt)/2
and z¢{ >= Xt.1 + vyt - 1

Making this change transforms the non-linear intgggegram given before into an equivalent lineéeger
program.

Integer programming example 1996 M BA exam

A toy manufacturer is planning to produce new tdyse setup cost of the production facilities anel ait
profit for each toy are given below. :

Toy Setup cost (£) Profit (£)
12

1 45000
2 76000 16

The company has two factories that are capablecofyzing these toys. In order to avoid doubling the
setup cost onlpne factory could be used.

The production rates of each toy are given belowits/hour):
Toy 1 Toy 2

Factory 1 52 38

Factory 2 42 23

Factories 1 and 2, respectively, have 480 and @R@shof production time available for the productad
these toys. The manufacturer wants to kmdwch of the new toys to producehere andhow many of
each (if any) should be produced so as to maxitheseotal profit.

o Introdgcing 0-1 decision variablégrmulate the above problem as an integer program.ri@dry to
o SECQgEliI;).brieﬂy how the above mathematical model ba used in production planning.

Solution

Variables

We need to decide whether to setup a factory tduywe a toy or not so lej 1 if factory i (i=1,2) is
setup to produce toys of type j (j=1,2), O otheewis

We need to decide how many of each toy should beyzed in each factory so lgf ke the number of
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toys of type j (j=1,2) produced in factory i (i=}®here x >=0 and integer.
Constraints

e at each factory cannot exceed the production twadable

X11/52 + x12/38 <= 480
X21/42 + %2/23 <= 720

e cannot produce a toy unless we are setup to do so

X11 <= 52(480)i1
X12 <= 38(480)i2
X21 <= 42(720)$1
x22 <= 23(720)$2

Objective
The objective is to maximise total profit, i.e.
maximise 12(x1+ x21) + 16(x2+ x22) - 45000(fi1 + f21) - 76000(fi2 + f22)

Note here that the question says that in ordeveadadoubling the setup costs only one factory ddad
used. This is not a constraint. We can argue fthiaisionly cost considerations that prevent usgisnore
than one factory these cost considerations haea@drbeen incorporated into the model given aboge a
the model can decide for us how many factoriesty tather than we artificially imposing a limivan
explicit constraint on the number of factories tbah be used.

The above mathematical model could be used in ptaduplanning in the following way:

¢ enables us to maximise profit, rather than relypingn ad-hoc judgemental approach

e can be used for sensitivity analysis - for exaniplsee how sensitive our production planning
decision is to changes in the production rates

¢ enables us to see the effect upon production g} (sareasing the profit per unit on toy 1

¢ enables us to easily replan production in the egéatchange in the system (e.g. a reduction in the
available production hours at factory one due toaased work from other products made at that
factory)

e can use on a rolling horizon basis to plan producsis time passes (in which case we perhaps need
to introduce a time subscript into the above model)

Integer programming example 1995 M BA exam

A project manager in a company is considering &f@ia of 10 large project investments. These
investments differ in the estimated long-run pr@iet present value) they will generate as weihdake
amount of capital required.

Let B and G denote the estimated profit and capital requibedi( given in units of millions of £) for
investment opportunity j (j=1,...,10) respectivélire total amount of capital available for these

investments is Q (in units of millions of £)
Investment opportunities 3 and 4 are mutually esiekiand so are 5 and 6. Furthermore, neither ®nor
can be undertaken unless either 3 or 4 is undertadeast two and at most four investment
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opportunities have to be undertaken from the sg,718,9,10}.

The project manager wishes to select the combimati@apital investments that will maximise theaiot
estimated long-run profit subject to the restricti@escribed above.

Formulate this problem using amteger programming model and comment on the difficulties of solving
this model. (Do not actually solve it).

What are the advantages and disadvantages ofth&ngodel for portfolio selection?
Solution
Variables

We need to decide whether to use an investmentrappty or not so let x= 1 if we use investment
opportunity j (j=1,...,10), O otherwise

Constraints

¢ total amount of capital available for these investis is Q
SUM{j=1,...,10}Cjxj <= Q
¢ investment opportunities 3 and 4 are mutually estckiand so are 5 and 6

X3+xu<=1
Xs+XxXg<=1

e neither 5 nor 6 can be undertaken unless eithed3undertaken

X5 <= X3+ X4
X6 <= X3+ X4

e at least two and at most four investment opporieshave to be undertaken from the set
{1,2,7,8,9,10}

X1+ X2+ X7+ Xg + X9 + X10>= 2
X1+ X2+ X7+Xg+Xg+ X10<=4

Objective
The objective is to maximise the total estimatedjoun profit i.e.
maximise SUM{j=1,...,10}fX;

The model given above is a very small zero-onegent@rogramming problem with just 10 variables @&nd
constraints and should be very easy to solve. kamele even by complete (total) enumeration thege a

just 20= 1024 possible solutions to be examined.
The advantages and disadvantages of using thislfavdeortfolio selection are:

e enables us to maximise profit, rather than relyingn ad-hoc judgemental approach
e can be easily extended to deal with a larger nurabpotential investment opportunities
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e can be used for sensitivity analysis, for examplsee how sensitive our portfolio selection deaisio
is to changes in the data

¢ the model fails to take into account any statisuceertainly (risk) in the data, it is a complgtel
deterministic model, for example project | might/éa (known or estimated) statistical distribution
for its profit B and so we might need a model that takes thidllision into account

Integer programming example 1994 MBA exam

A food is manufactured by refining raw oils andraag them together. The raw oils come in two
categories:

¢ \kegetable oil:
o VEG1
o VEG2
¢ Non-vegetable oil:
o OIL1
o OIL2
o OIL3

The prices for buying each oil are given belowf(fitonne)

VEGL VE&R OL1 dL2 aL3
115 128 132 109 114

The final product sells at £180 per tonne. \egetails and non-vegetable oils require differentpiction
lines for refining. It is not possible to refine redhan 210 tonnes of vegetable oils and more 2/68n
tonnes of non-vegetable oils. There is no lossaigt in the refining process and the cost of refjrmay
be ignored.

There is a technical restriction relating to thedin@ss of the final product. In the units in whidrdness is
measured this must lie between 3.5 and 6.2. ksaraed that hardness blends linearly and that the
hardness of the raw oils is:

VEGL VE&R OL1 dL2 aL3
8.8 6.2 1.9 4.3 5.1

It is required to determine what to buy and howlend the raw oils so that the company maximises it
profit.

e Formulate the above problem adiaear program. (Do not actually solve it).
¢ What assumptions do you make in solving this prolidy linear programming?

The following extra conditions are imposed on thed manufacture problem stated above as a result of
the production process involved:

¢ the food may never be made up of more than 3 rksw oi
e if an oil (vegetable or non-vegetable) is usedeast 30 tonnes of that oil must be used
o if either of VEG1 or VEG2 are used then OIL2 musbée used

Introducing 0-1 integer variables extend the lingagramming model you have developed to encompass
these new extra conditions.

Solution
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Variables

We need to decide how much of each oil to usetsq ke the number of tonnes of oil of type i used
(i=1,...,5) where i=1 corresponds to VEG1, i=2 esponds to VEG2, i=3 corresponds to OIL1, i=4
corresponds to OIL2 and i=5 corresponds to OlIL3whdre x >=0i=1,...,5

Constraints

e cannot refine more than a certain amount of oil

X1+ X2 <= 210
X3+ X4 + X5 <= 260

¢ hardness of the final product must lie betweeraBd 6.2

(8.8x1 + 6.2 + 1.9 + 4.3 + 5.1%)/(X1 + X2+ X3+ X4 + x5) >= 3.5
(8.8x1+ 6.2+ 1.9 + 4.3 + 5.1%)/(X1 + X2+ X3+ X4 + X5) <= 6.2

Objective

The objective is to maximise total profit, i.e.

maximise 180(x + X2 + X3 + X4 + X5) - 115x - 128% - 132)3 - 109% - 114x%
The assumptions we make in solving this problerin@ar programming are:

all data/numbers are accurate
hardness does indeed blend linearly
no loss of weight in refining

can sell all we produce

Integer program
Variables

In order to deal with the extra conditions we needecide whether to use an oil or not so jet { if we
use any of oil i (i=1,...,5), O otherwise

Constraints

e must relate the amount used (x variables) to tteger variables (y) that specify whether any igluse
or not

X1 <= 210y
X2 <= 210y
X3 <= 260y
X4 <= 260y
X5 <= 260y

¢ the food may never be made up of more than 3 rksw oi
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yit+y2+ys+ys+tys<=3

e if an oil (vegetable or non-vegetable) is usedeast 30 tonnes of that oil must be used
Xj >= 30y i=1,...,5

o if either of VEGL1 or VEG2 are used then OIL2 musbé&e used

ya>=y1
y4>=y2

Objective

The objective is unchanged by the addition of theedea constraints and variables.

Integer programming example 1985 UG exam

A factory works a 24 hour day, 7 day week in pradgdour products. Since only one product can be
produced at a time the factory operates a systeenayihroughout one day, the same product is pextluc
(and then the next day either the same producbiyced or the factory produces a different product
The rate of production is:

Pr oduct 1 2 3 4
No. of units produced per hour worked 100 250 190 150

The only complication is that in changing from puoghg product 1 one day to producing product 2 the
next day five working hours are lost (from the 24uis available to produce product 2 that day) dué
necessity of cleaning certain oil tanks.

To assist in planning the production for the negewthe following data is available:

Current Demand (units) for each day of the week

Product stock 1 2 3 4 5 6 7
(units)

1 5000 1500 1700 1900 1000 2000 500 500

2 7000 4000 500 1000 3000 500 1000 2000

3 9000 2000 2000 3000 2000 2000 2000 500

4 8000 3000 2000 2000 1000 1000 500 500

Product 3 was produced on day 0. The factory isflotved to be idle (i.e. one of the four producisst
be produced each day). Stockouts are not allowethedend of day 7 there must be (for each prodatct)
least 1750 units in stock.

If the cost of holding stock is £1.50 per unit pyoducts 1 and 2 but £2.50 per unit for producas@ 4
(based on the stock held at the end of each daylulate the problem of planning the productiontfoe
next week as an integer program in which all thest@ints are linear.

Solution
Variables

The decisions that have to be made relate to e @y product to produce each day. Hence let:
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¢ Xjt = 1 if produce producti (i=1,2,3,4) on day t (12,B,4,5,6,7) = O otherwise
In fact, for this problem, we can ease the formaitaby defining two additional variables - namedy. |

¢ lit be the closing inventory (amount of stock leftpobduct i (i=1,2,3,4) on day t (t=1,2,...,7)
¢ Pit be the number of units of product i (i=1,2,3,40¢wced on day t (t=1,2,...,7)

Constraints

¢ only produce one product per day
X1t + Xot + X3t +* Xgt = 1 t=1,2,..., 7
¢ no stockouts
lir >= 0 i=1,..., 4t=1,..., 7
e We have an inventory continuity equation of therfor
closing stock = opening stock + production - demand
Letting Dt represent the demand for product i (i=1,2,3,4dant (t=1,2,...,7) we have
5000
7000

9000
8000

I 10
I 20
I 30
I 40

representing the initial stock situation and
lit = lit-1 + Pit - D¢ i=1,..., 4 t=1,..., 7
for the inventory continuity equation.

Note here that we assume that we can meet demamanth t from goods produced in month t and also
that the opening stock in month t = the closinglsto montht.1.

e production constraint
Let R represent the work rate (units/hour) for produetl,2,3,4) then the production constraint is
Pit = Xit[24R ] i=1,3,4t=1,..., 7
which covers the production for all except prod2ieind
Pot = [24Ry] X2t - [5Ry] X2t X1t-1 t=1,..., 7

i.e. for product 2 we lose 5 hours production ifave producing product 2 in period t and we produce
product 1 the previous period. Note here that w@lise by

xlo:O

since we know we were not producing product 1 on@aPlainly the constraint involvingpPis non-linear
as it involves a term which is the product of tvariables. However we can linearise it by usingttio
that given three zero-one variables (A,B,C say)nbwe-linear constraint
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e A=BC
can be replaced by the two linear constraints

e A<=(B+ C)/2and
e A>=B+C-1

Hence introduce a new variabledefined by the verbal description

Z: = 1 if produce product 2 on day t and product 1 on day t-1
= 0 ot herw se

Then

Zi = XotX1t-1 t=1,...,7

and our non-linear equation becomes
Pat = [24R] X2t - [5R.] Z t=1,..., 7
and applying our trick the non-linear equationZgcan be replaced by the two linear equations
Zi <= (Xt + Xgt-1)/2 t=1,..., 7
Zi >= Xt + X1t-1 - 1 t=1,...,7
e closing stock
liz >= 1750 i=1,...,4
¢ all variables >= 0 and integer,ifjxand (4) zero-one variables

Note that, in practise, we would probably regandl &nd (R) as taking fractional values and round to get
integer values (since they are both quite largegshould be acceptable).

Objective
We wish to minimise total cost and this is given by
SUMt=1,...,7}(1.501 31 + 1.5015 + 2.50;3; + 2.50I4)

Note here that this program may not have a feastilgion, i.e. it may simply not be possible tasg all
the constraints. This is irrelevant to the proagssonstructing the model however. Indeed one atgen
of the model may be that it will tell us (once armputational solution technique is applied) that the
problem is infeasible.

Integer programming example 1987 UG exam

A company is attempting to decide the mix of pradwehich it should produce next week. It has seven
products, each with a profit (£) per unit and adoiction time (man-hours) per unit as shown below:

Pr oduct Profit (£ per unit) Production tinme (nan-hours per unit)
1 10 1.0
2 22 2.0
3 35 3.7
4 19 2.4
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5 55 4.5
6 10 0.7
7 115 9.5

The company has 720 man-hours available next week.

e Formulate the problem of how many units (if anyeath product to produce next week as an
integer program in which all the constraints amedir.

Incorporate the following additional restrictioméa your integer program (retaining linear constisand
a linear objective):

e If any of product 7 are produced an additionaldix®st of £2000 is incurred.

e Each unit of product 2 that is produced over 10@suequires a production time of 3.0 man-hours
instead of 2.0 man-hours (e.g. producing 101 wiifgoduct 2 requires 100(2.0) + 1(3.0)
man-hours).

¢ If both product 3 and product 4 are produced 75-hmaurs are needed for production line set-up
and hence the (effective) number of man-hours abilfalls to 720 - 75 = 645.

Solution

Let x (integer >=0) be the number of units of prodyataduced then the integer program is
maximise

10x7 + 22x2 + 35x3 + 19x4 + 55x5 + 10xg + 115x7

subject to

1.0x1 + 2.0X2 + 3.7X3 + 2.4X4 + 4.5X5 + 0.7Xg + 9.5x7 <= 720

Xj >= 0 integer i=1,2,..., 7
Let
i f produce product 7 (x7 >= 1)

z7 =1
= 0 ot herw se

then

¢ subtract 2000zfrom the objective function and
¢ add the constraintp<= [most we can make of product 7]z

Hence

X7 <= (720/9.5) z;
i.e. X7 <= 75.8z7
SO X7 <= 75z7 (since x7 is integer)

Let y2 = number of units of product 2 produced in exadsk00 units then add the constraints

e X2<=100

e y2>= 0 integer

e and amend the work-time constraint to be 1.0%2.0x% + 3.0y] + 3.7x3 + 2.4x% + 4.5% + 0.7% +
9.5x7 <=720
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e and add +22yto the objective function.

http://people.brunel.ac.uk/~mastjjb/jeb/or/moreiiml

This will work becausexand y have the same objective function coefficient butgquires longer to
produce so will always get more flexibility by prozing » first (up to the 100 limit) before producing.y

Introduce

z

0 ot herw se

zz3 = 1 if produce product 3 (x3 >= 1)
= 0 ot herw se

z4 =1 if produce product 4 (x4 >= 1)
= 0 ot herw se

and

e subtract from the rhs of the work-time constralBf 7

and add the two constraints

¢ X3 <= [most we can make of product 3]z
e X4 <= [most we can make of product 4]z

ie.
X3 <= 194z3 and x4 <= 300z4

and relate Z tozand z with the non-linear constraint

o Z=1234

1 if produce both product 3 and product 4 (x3 >= 1 and x4 >= 1)

which we linearise by replacing the non-linear ¢aaist by the two linear constraints

o />=R+7-1
° Z<=(B+z)/2
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