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A parallel is presented for the resolution of the LP in the algebraic form versus the tabular
form. The revised (matrix) form is also shown.
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0 The model
Original form of the model (“s.t.”, subject to):

[max]z: 3x, +5X%,

s.t.
{1} X, £4
2x, £12
3x, +2x, £18
andx 3 0.
Augmented form of the model:
[max] z= 3x, +5Xx, +0x; +0x, +0x
s.to
{2} X, +X, -4
2X, + X, =12
33X, +2X, +X% =18
andx3 0(x 23 0,i=1.5). Variablesx;, i = 3..5, arethe “dack variables’. Better,
Maximize Z
subject to
(0) z= 3x, +5x, +0x, +0x, +0x
o) X +%, =4
{3 (2) 2x, +X, =12
(3) 3 +2x, +X =18

1 Algebraic form of the Simplex M ethod

Initialization
Basicvariables {x, x, x}={4 12 1g}
Z= 0
Non-basic variables: {x %}=0
Optimality test

The rates of improvement are positive. Therefore, this solution is not optimal.
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Iteration 1

SteP 1) Determining the direction of movement
The choice of which nonbasic variableisincreased is as follows:

{4} Z =3x, +5X,
Entering: x;

Consequences ?

STEP 2) Determining whereto stop

(Keep nonbasic variables null.) All the variables must be nonnegative.
How far can the entering variable be increased ?

Minimum ratio test.

X, =4-0x,2 0 X, £4/0=¥
{5} X, =12- 2x,% 0 b X, £12/2=6- min
X =18- 2x,3 0 X, £18/2=9
From Eq. (2), %2 has pushed x4 t0 0, so
Leaving: X4
X2 replaces X4
Normalize (to one) the coefficient of the entering variable (x;) initsequation [(2)],
(6) @) Ko+ % =6

and replace x, (the “new” basic variable) in all the other Equations.

SteP 3) Solving for the new BF solution

(0) z=30 +3x, +0x, +0x, -gx4 +0x, > (0)- 5(29

N 40 0)- 09
@ % 22x =6o(2
©) 3% - %, % =6>(3)-2(29
Basicvariabless {x, x, x}={4 6 6
Z= 30
Non-basic variables: {x  x,}=0
Optimality test

Some rates of improvement are positive; therefore, the solution is not optimal.



LP: algebraic vs. tableaux

Iteration 2

SteEP 1) Determining the direction of movement
The choice of which nonbasic variableisincreased is as follows:

{8} Z=30+3x1-gx4

Entering: x;
Consequences ?
STEP 2) Determining whereto stop

(Keep nonbasic variables null.) All the variables must be nonnegative.
How far can the entering variable be increased ?

Minimum ratio test.

X, =4- %30 x £4/1=4
{9} X, =6-0x30 b X £6/0=¥
X =6-3x30 X £6/3=2- min
From Eq. (3), x; has pushed x5 to 0, so
Leaving: Xs
X1 replaces Xs

Normalize (to one) the coefficient of the entering variable (x;) inits equation [(3)],
{10} ®) K+ 5% =2
and replace x; (the “new” basic variable) in al the other Equations.

Step 3) Solving for the new BF solution

(0) z=36 +0x, +0x, +0x, -gx4 - Xq

(1) X +EX4 'Exs =2
{11} 303

2 X +=X =6

@ : “x,

(3) X, -:—:;x4 +=X =2

Basicvariabless {x, x, x}={2 6 2}
Z= 36

Non-basic variables: {X5 x4} =0

Optimality test

The rates of improvement are all negative; therefore, this solution is optimal.
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The optimal solution is thus (the values of the structural variables are
emphasized)

{12} {x x x x x}={2 6 2 0 0

2 Tabular form of the Simplex M ethod

The tabular form of the simplex method records only the essentid
information: (1) the coefficients of the variables, (2) the constants on the right-hand
sides of the equations, and (3) the basic variable appearing in each equation.

Notice that Eq. (0), for Z, in the tableau is written as Z - ¢'x = z.,¢, SO the

coefficients of x have their signs reversed.
Compare the following with Eq. { 3}.

Table 1 Simplex tableaux for the Wyndor Glass Co. problem

Basic variable Eq. Z X1 Xo X3 X4 X5 F;:ggt Ratio
Z 0) 1 -3 -5 0 0 0 0
X3 Q) 0 1 0 1 0 0 4 ¥
X4 (2) 0 0 2 0 1 0 12 6
X5 (3) 0 3 2 0 0 1 18 9
Compare the following with Eq. { 7} .
Table2 Simplex tableaux for the Wyndor Glass Co. problem
Basic variable Eq. Z X1 Xo X3 X4 X5 z;gzt Ratio
z ()] 1 -3 0 0 5/2 0 30
X3 (1) 0 1 0 1 0 0 4 4
X2 2 0 0 1 0 1/2 0 6 ¥
X5 3 0 3 0 0 -1 1 6 2
Compare the following with Eq. {11} .
Table 3 Simplex tableaux for the Wyndor Glass Co. problem
Basic variable Eq. Z X1 Xo X3 X4 X5 F;:ggt Ratio
Z ()] 1 0 0 0 3/2 1 36
X3 Q) 0 0 0 1 Y3 | -3 2
X2 2 0 0 1 0 1/2 0 6
X1 3 0 1 0 0 [-Y3| 13 2

The coefficients [line (0)] of the basic variables —which have their signs
reversed— are all negative; therefore, this solution is optimal.

3 Revised (matrix form) Simplex M ethod

The “revised simplex method” —a matrix form of the simplex method that is
totally equivalent to the previous two— records only the necessary information:
(1) the coefficients of the variables, (2) the constants on the right-hand sides of the
equations, and (3) the basic variable appearing in each equation. (Notation is partly
atered for coherence of some available software: zfor Z, p for c, etc..) Vectors are
systematically considered here column matrices. For minimization, the changes are
obvious.
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[max|z= pTx
s.to Ax £Db

13 with x 30
The augmented form (to be used, as always), keeping the nonnegativity, is
maxlz= [po 1p, 520
b
sto  [A, :A']gx]?, =b

The basic variables will be here called dependent variables (which they are), hence
subscript “D”; and the non-basic variables will be called independent variables

(“independently” made zero), hence subscript “1”. As the non-basic variables, x,, are
set equal to O, it is, successively:
{15} ApXy =D
Therefore, it is
Xpo =Apb
{16} and
Z,  =PpXopo

To express the objective function in terms of the non-basic variables [Tavares, 1996,
p 53] and, thus, to annul the coefficients of the basic variables, we have to

premultiply the constraint (following 2." equation) by - pLA:! and add it to the
objective function, that is, successively:

Z= ppXp *+PiX
{17} . :
b= ADXD +A|X| (' pTDADl)

Z- pTDAblb :{pTDXD - pTDAblADXD}+{p|TX| - pTDAblA|X|}:
{18} =0+p/X, - PrALA X, :(p|T ; pTDAblAl)Xl =

) T
:[p| - (ADlA|) pD]TX|
The following vector, d, is usually called the reduced cost vector
{19} d=p, - (AblA|)TpD
or, introducing K and p (asin some software),

K =ALA,
{20) d=p, -
p=KTpp

ol

! See Bibliography on the course website.
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It represents the constrained derivatives 12/, , the nonbasic (independent) variables
being now the decision variables. The ratios, as a criterion for the leaving variable,
will be called g, with the (nonnegative) minimum ratio giving the leaving variable:

Xp
K.

e

{21} Q=

Following are copies of the resolution of the prototype example: (a) with one
of the course website resolutions; and (b) of an Excel resolution (just for this
illustrative purpose).

BASIS : O
o 3 4.00000 AD inv = 1.000 0.000 0.000
4 12.0000 0.000 1.000 0.000
5 18.0000 0.000 0O.000 1.000
z = 0.000000
K = 1.000 0.000
0O.000 2.000
3.000 2.000
P bar = 0.000 0O.000
Delta = 3.000 5.000
EntVa = 2 (rank) Del = 5.0000
4.000 12.00 18.00
iblal el e s s s s s e S e e e s
0O.000 2.000 2.000
i. ., -1.000 6,000 S.000
LeaVa = 2 Thet® = &.0000 Hext =z = 30.0000
BASTS @ 1
¥ 3 4.00000 AD inv = 1.000 0.000 0.000
2 &.00000 0.000 0.5000 0.000
5 6.00000 0.000 -1.000 1.000
z = 30.00000
K= 1.000 0.000
0.000 0.5000
3.000 -1.000
P bar = 0.000 2.500
Delta = 3.000 —2.500
EntVa = al {rank) Del = 3.0000
4,000 6.000 6.000
e e e
1.000 0O.000 3.000
p ST G 4.000 -1.000 2.000

LeaVa = 3 Thet” = 2.0000 Next z = 36.0000
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BASIS : 2
X 3 2.00000 AD inwv = 1.000 0.3333 -0.3333
2 6.00000 0.000 0.5000 0.000
1 2.00000 0.000 ~0.3333 0.3333
z = 36.00000
K = 0.3333 -0.3333
0.5000 0.000
-0.3333 0.3333
P bar = 1.500 1.000
Delta = -1.500 -1.000
EntVa = 2 (rank) Del = -1.0000
Oatpabt @Aty tibhoozepsd i a¥ ity oy pr bbb ripb bbb aiopb bbbl aiopb bbbk n gy
Optimal objective funct. 36.0000 (MAN TMUM) Last basis: 2
Var. # Value
1 2.00000
2 6.00000
3 2.00000
4 0.00000
5 0.0000D

End of LINEAR FROGERAM.
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Feb-2007 The revised simplex {matrix farm)
Wyrdor Glass Co.

Imax] z =
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K=Ap'A,5 0 L R 0 3
05 0 0§ -
-1

Flw o =

0‘1—
K=Ay"a,={0323333 -0,332332 K'=| 03333 05 0332333
05 0 0333333 0 0,333333
-0,333233 0,233333
+

Poo= 'l',:n= 15 P,:H A:P'~P-= 15 OPTIMUM
1 -1

4

4





