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= 0 otherwi se
and add the constraint

o 71+7p+73+274 >= 3 (at least 3 constraints satisfied)
and alter the nutrient constraints to be

e 100x + 200% >= 902
e 80x1 + 150% >= 502
o 40x1 + 20% >= 20z

e 10Xy >=27

The logic behind this change is that ifialzthen the constraint becomes the original nutgenstraint
which needs to be satisfied. However ifialzthen the original nutrient constraint becomes

e same left-hand side >= zero

which (for the four left-hand sides dealt with abpis always true and so can be neglected - me#ming
original nutrient constraint need not be satisflddnce the complete (MIP) formulation of the problis
given by

m ni m se 40x; + 60xp, + 15y
subject to

X1 + X2 + X3 =1

100x; + 200x, >= 90z;

80x1 + 150x, >= 50z,

40x1 + 20xp, >= 20z3

10x1 >= 2z4

21 + 22 + 23 + 24 >= 3

X2 <= y

zZi =0or 1 i=1,2,3,4
y =0o0r 1

Xi >= 0 i=1,2,3

Integer programming example

In the planning of the monthly production for thexhsix months a company must, in each month, ¢pera
either a normal shift or an extended shift (ifrbguces at all). A normal shift costs £100,000menth

and can produce up to 5,000 units per month. Aareddd shift costs £180,000 per month and can
produce up to 7,500 units per month. Note herg thaeither type of shift, the cost incurred isfil by a
union guarantee agreement and so is independémé amount produced.

It is estimated that changing from a normal shifbme month to an extended shift in the next mopsts
an extra £15,000. No extra cost is incurred in givnfrom an extended shift in one month to a ndrma
shift in the next month.

The cost of holding stock is estimated to be £2ypérper month (based on the stock held at theoénd
each month) and the initial stock is 3,000 unite@oced by a normal shift). The amount in stocthat
end of month 6 should be at least 2,000 units.démand for the company's product in each of thé nex
six months is estimated to be as shown below:

Mont h 1 2 3 4 5 6
Demand 6,000 6,500 7,500 7,000 6,000 6,000
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Production constraints are such that if the comgaoguces anything in a particular month it must
produce at least 2,000 units. If the company wamgsoduction plan for the next six months that dsoi
stockouts, formulate their problem as an integeg@m.

Hint: first formulate the problem allowing non-limeconstraints and then attempt to make all the
constraints linear.

Solution
Variables

The decisions that have to be made relate to:

¢ whether to operate a normal shift or an extendétisteach month; and
¢ how much to produce each month.

Hence let:

Xt =1 if we operate a normal shift in month t (t=1,2,..., 6)
= 0 otherwi se

yt =1 if we operate an extended shift in nonth t (t=1,2,..., 6)
= 0 ot herwi se

P (>= 0) be the anpbunt produced in nmonth t (t=1,2,...,6)

In fact, for this problem, we can ease the formoaby defining three additional variables - namely

zt =1 if we switch froma normal shift in nonth t-1 to an extended
shift innmonth t (t=1,2,...,6)
= 0 ot herw se

I; be the closing inventory (ambunt of stock left) at the end
of month t (t=1,2,..., 6)

w =1 if we produce in nonth t, and hence fromthe production

constraints Py >= 2000 (t=1,2,..., 6)
= 0 otherwise (i.e. P = 0)

The motivation behind introducing the first twotbese variables {+) is that in the objective function we
will need terms relating to shift change cost anekntory holding cost. The motivation behind introthg
the third of these variables {ws the production constraint "eithey#0 or R >= 2000", which needs a
zero-one variable so that it can be dealt withgitie standard trick for "either/or" constraints.

In any event formulating an IP tends to be an iteegrocess and if we have made a mistake in ithgfin

variables we will encounter difficulties in formtilzg the constraints/objective. At that point wenca
redefine our variables and reformulate.

Constraints

We first express each constraint in words and thearms of the variables defined above.

¢ only operate (at most) one shift each month

Xt +yr <=1 t=1,2,...,6

5o0f17 13-05-2013 0:2



Integer programming formulation examg http://people.brunel.ac.uk/~mastjjb/jeb/or/moreiiml

6 of 17

Note here that we could not have made do withgustvariable (xsay) and defined that variable to be
one for a normal shift and zero for an extendefi &ince in that case what if we decide not todoiee in
a particular month?).

Although we could have introduced a variable intigano shift (normal or extended) operated in a
particular month this is not necessary as suclriabla is equivalent to 1py:.

e production limits not exceeded
Py <= 5000x; + 7500y, t=1,2,..., 6

Note here the use of addition in the right-haneé siithe above equation where we are making uieeof
fact that at most one of and y can be one and the other must be zero.

¢ no stockouts
l¢ >= 0 t=1,2,...,6
e we have an inventory continuity equation of therfor
closing stock = opening stock + production - demand
where b = 3000. Hence letting{> demand in month t (t=1,2,...,6) (a known congtand assuming

¢ that opening stock in period t = closing stock a@mipd t-1 and
¢ that production in period t is available to meetdad in period t

we have that
lt =11 + Pt - D t=1,2,..., 6

As noted above this equation assumes that we cahdeenand in the current month from goods produced
that month. Any time lag between goods being preduend becoming available to meet demand is easily
incorporated into the above equation. For exampi@f2 month time lag we replaceifPthe above

equation by B2 and interpretilas the number of goods in stock at the end of mbwhich are available

to meet demand i.e. goods are not regarded as inesthgck until they are available to meet demand.
Inventory continuity equations of the type showa aommon in production planning problems.

e the amount in stock at the end of month 6 shouldtdeast 2000 units
¢ >= 2000
e production constraints of the form "either#0 or R >= 2,000".

Here we make use of the standard trick we presdotée@ither/or" constraints. We have already dedin
appropriate zero-one variables(iv1,2,...,6) and so we merely need the consgaint

P <= Mu t=1,2,...,6

P >= 2000w  t=1,2,...,6

Here M is a positive constant and represents the we can produce in any period t (t=1,2,...,6). A
convenient value for M for this example is M = 758fe most we can produce irrespective of the shift
operated).

¢ we also need to relate the shift change varialite the shifts being operated
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The obvious constraint is

Zy = Xt-1Yt t=1,2,..., 6

since as bothtx and y are zero-one variables@an only take the value one if botfyw»and y are one (i.e.
we operate a normal shift in period t-1 and anrmdeel shift in period t). Looking back to the verbal
description of git is clear that the mathematical description giedove is equivalent to that verbal
description. (Note here that we defirg=x1 (y = 0)).

This constraint is non-linear. However we are tblat we can first formulate the problem with namelar
constraints and so we proceed. We shall see latetd linearise (generate equivalent linear coirgisa
for) this equation.

Objective

We wish to minimise total cost and this is given by
SUM{t=1,...,6}(100000x + 180000y + 15000z+ 2k)
Hence our formulation is complete.

Note that, in practise, we would probably regam@hid R as taking fractional values and round to get
integer values (since they are both large this Ishioei acceptable). Note too here that this is alimear
integer program.

Comments

In practice a model of this kind would be used dnadling horizon" basis whereby every month oritso
would be updated and resolved to give a new praatugian.

The inventory continuity equation presented isejtléxible, being able to accommodate both tims (@g
discussed previously) and wastage. For exampRibPthe stock is wasted each month due to
deterioration/pilfering etc then the inventory dooity equation becomes+ 0.98}.1 + R - Dt. Note that,

if necessary, the objective function can includeran related to 0.02k to account for the loss in financial
terms.

In order to linearise (generate equivalent linearstraints) for our non-linear constraint we agea a
standard trick. Note that that equation is of tbwerf

e A=BC

where A, B and C are zero-one variables. The standiak is that a non-linear constraint of thip#ycan
be replaced by the two linear constraints

e A<= (B+C)/2 and

e A>=B+C-1
To see this we use the fact that as B and C takezero-one values there are only four possibles4s
consider:
B C A=BC A <= (B+Q)/2 A >= B+C 1
becones becores becones
0 0 A=0 A<=0 A >= -1
0 1 A=0 A<=0.5 A>=0
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1 0
1 1

0 A <= 0.5 A>=0

A
A 1 A<=1 A>=1

Then, recalling that A can also only take zero-ealees, it is clear that in each of the four pdssiases
the two linear constraints (A <= (B+C)/2 and A >=®-1) are equivalent to the single non-linear
constraint (A=BC).

Returning now to our original non-linear constraint
® 7t = Xt-1Yt

this involves the three zero-one variablgsz and y and so we can use our general rule and replase thi
non-linear constraint by the two linear constraints

Zy <= (Xt-1 + yt)/2
and z¢{ >= Xt.1 + vyt - 1

Making this change transforms the non-linear intgggegram given before into an equivalent lineéeger
program.

Integer programming example 1996 M BA exam

A toy manufacturer is planning to produce new tdyse setup cost of the production facilities anel ait
profit for each toy are given below. :

Toy Setup cost (£) Profit (£)
12

1 45000
2 76000 16

The company has two factories that are capablecofyzing these toys. In order to avoid doubling the
setup cost onlpne factory could be used.

The production rates of each toy are given belowits/hour):
Toy 1 Toy 2

Factory 1 52 38

Factory 2 42 23

Factories 1 and 2, respectively, have 480 and @R@shof production time available for the productad
these toys. The manufacturer wants to kmdwch of the new toys to producehere andhow many of
each (if any) should be produced so as to maxitheseotal profit.

o Introdgcing 0-1 decision variablégrmulate the above problem as an integer program.ri@dry to
o SECQgEliI;).brieﬂy how the above mathematical model ba used in production planning.

Solution

Variables

We need to decide whether to setup a factory tduywe a toy or not so lej 1 if factory i (i=1,2) is
setup to produce toys of type j (j=1,2), O otheewis

We need to decide how many of each toy should beyzed in each factory so lgf ke the number of
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