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Abstract Use of a compact form of the general solution of the first-order linear
differential equation allows establishing a direct connection with the Green’s function
method, providing an interesting interpretation of the result. This interpretation is valid
for a wide range of physical and chemical problems.
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1 Introduction

The general solution of the first-order linear differential equation is well-known, how-
ever, it is given in textbooks in an unnecessarily complicated and physically opaque
form. A small change leading to a more compact form allows establishing a direct
connection with the Green’s function method, providing an interesting interpretation
of the result that is relevant for many scientific and technological areas.

The general solution of the first-order linear differential equation

y′ + P(x)y = Q(x), (1)
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first obtained by Leibniz [1], is usually given in textbooks [1–3] as

f (x) = f (a) exp

⎛
⎝−

x∫

a

P(u)du

⎞
⎠

+ exp
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Q(t) exp

⎛
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t∫

a

P(u)du

⎞
⎠dt, (2)

where the first term is the general solution of the homogeneous equation and the second
term is a particular solution to the inhomogeneous equation.

It is nevertheless possible to rewrite the solution in a more compact form where
both P(x) and Q(x) appear only once [4],

f (x) =
x∫

a

[ f (a)δ(t − a) + Q(t)] exp

⎛
⎝−

x∫

t

P(u)du

⎞
⎠dt. (3)

2 Connection with the Green’s function method

Equation (3) admits a physically interesting interpretation within the linear response
formalism, in which both P(x) and Q(x) are always non-negative functions, and the
independent variable x is the time. In fact, Eq. (1) can be rewritten as

y′ = −P(x)y + Q(x), (4)

and defines the rate of change of a physical quantity y as a linear function of y, whose
coefficients are two functions P(x) and Q(x). This equation applies to many physical
situations. Within this linear response formalism, Q(x) is called the impulse function.
The magnitude of Q(x) defines the degree of response of the system to a given external
stimulus, whereas the functional (time) dependence of Q(x) is externally controlled,
sometimes at will. The stimulus can take place at a “single instant” (delta impulse)
or may occur during an extended period, in a periodic (e.g. sinusoidal) or aperiodic
way. The function P(x) is on the other hand an intrinsic characteristic of the system
defining its response to the external impulses. If P(x) is non-negative, this response
takes the form of a relaxation, i.e., a return to the initial state.

The solution of the associated differential equation

y′ + P(x)y = δ(x − x0), (5)

satisfying the condition y(x) = 0 for x < x0, is the so-called Green’s function [5] that
can be interpreted as the response of the physical system to an impulse taking place
at x0,
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G(x, x0) = H(x − x0) exp

⎛
⎝−

x∫

x0

P(u)du

⎞
⎠ , (6)

where H(x) is Heaviside’s function (unit step function). The fact that P(x) is non-
negative ensures that the impulse has a transient effect only: The Green’s function
represents a monotonically decaying response to a delta impulse that occurs at time
x0. The form of P(x) defines the exact shape of the time response. In the simplest
case this function reduces to a positive constant k, and the decay is exponential.

If the impulse function (which is non-negative) has the general form Q(x), then
the system’s response is given by Eq. (3) that can be rewritten as

f (x) =
x∫

x0

[ f (x0)δ(t − x0) + Q(t)] G(x, t)dt (x ≥ x0), (7)

or as

f (x) = f (x0)G(x, x0) +
x∫

x0

Q(t)G(x, t)dt (x ≥ x0). (8)

The full response at time x is thus the sum of two positive terms. The first term results
from the state of the system at time x0, before any impulse (as contained in Q(x))
has had the time to act. Even if no impulse is generated, the system fades away from
the initial value f (x0) by internal relaxation processes. This initial value may have
resulted from impulses acting before x0, but the knowledge of their detailed form is
not necessary. All that is required is the value of f (x) for x0, and not how it was arrived
at. As a particular case, the system’s initial value f (x0) may even result from a delta
impulse f (x0)δ(t − x0), as follows from Eq. (7). Finally, the second term of Eq. (8)
accounts for all subsequent delta impulse responses, each generated at a different time
x0 < t ≤ x , and each with initial value Q(t).

3 Concluding remarks

The Green’s function method as applied to the first-order linear differential equation
differs from its usual application to second-order differential equations. In fact, a sin-
gle condition needs to be specified, and the problem is not a boundary value one as
usual, e.g. in Sturm-Liouville type equations [5]. This one-sidedness creates an essen-
tial asymmetry with respect to the independent variable (time) allowing causality to
be respected, provided the proper choice of signs in P(x) and Q(x) and of the initial
condition in the Green’s function derivation is made.

In conclusion, use of a compact form of the general solution of the first-order linear
differential equation allowed establishing a direct connection with the Green’s func-
tion method, providing an interesting interpretation of the result. This interpretation
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is valid for a wide range of physical and chemical problems, e.g. in chemical kinetics
[4,6] and in time-resolved spectroscopy [7].
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