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Overview

• Discrete Fourier Transform
• Quantum Fourier Transform
• The QFT Period Algorithm
• Shor’s Algorithm for Factorization
• Kitaev’s Phase Estimation Algorithm
• Quantum Counting



Fourier Analysis

• It is always possible to analyze „complex“ periodic waveforms 
into a set of sinusoidal waveforms
• Any periodic waveform can be approximated by adding together a 

number of sinusoidal waveforms
• Fourier analysis tells us what particular set of sinusoids go 

together to make up a particular complex waveform



• The period is the duration of one cycle of an event and is the 
reciprocal of the frequency f
• For example, if we count 40 events in two seconds, the frequency 

is 

• period is 



• The frequency f is the inverse of the period 

• If something changes rapidly, then we say that it has a high 
frequency. 
• If it does not change rapidly, i.e., it changes smoothly, we say that 

it has a low frequency. 





Discrete Fourier Transform









We generates a list 
with 256 = 28 elements 
containing a periodic 
signal

The discrete Fourier transform ωf 
of the real valued signal αt is 
symmetric. It shows a strong peak 
at 50 + 1 and a symmetric peak at 
256 − 50 + 1 representing the 
frequency component of the 
signal 

The frequency spectrum of a real valued signal is always symmetric



Quantum Fourier Transform

Quantum Fourier transform can be used to determine the period of a periodic function in polynomial time 



Quantum Fourier Transform
• The QFT on a state |x⟩ of m qubits in a n-dimensional Hilbert space 

Hn = H2
m can be represented as

• It is just the discrete inverse Fourier transform of α(t) in the bra-ket 
notation

Conventions for the sign of the phase factor exponent vary; 
here the quantum Fourier transform has the same effect as 
the inverse discrete Fourier transform and follows 
the qiskit notation.

convention choice









QFT Decomposition

• QFT can be factored into the tensor product of m single-qubit 
operations using the binary fractions are represented as

• The representation involves the input in the tensor decomposition
• The product of m single-qubit operations of the QFT allows us to 

define a quantum circuit



Why?



this is little-endian notation as used in qiskit











• Since

• and Binary



• The QFT can be factored into the tensor product of m single-qubit 
operations,





• Qiskit (IBM): little-endian      xmxm-1…x1

• Cirq (Google): big-endian
• Q# (Microsoft): big-endian    x1x2…xm

• PennyLane (Xanadu): big-endian
• Quantum Physics and some Quantum Computing  textbooks

binary fractions

binary fractions



Big-endian convention is used in Quantum Physics and Quantum Computing  textbooks  (reordered)



Little-endian will be used in the following



• The circuit will use a controlled phase gate CPk that performs 
following mapping on two qubits



QFT for two qubits





The arrangement of the bits is not correct.
This is because the last qubit in the result uses the first input qubit and so on…



QFT for two qubits (qiskit)



QFT two qubits

Inverse QFT two qubits



QFT for three qubits



QFT two qubits

QFT three qubits

QFT four qubits



QFT six qubits



QFT costs

• The first term requires one Hadamard gate, the second one 
requires a Hadamard gate and a controlled phase gate
• Each following term requires an additional controlled phase gate

• Summing up

• The cost of a QFT are O(m2) compared to the cost of FFT with   
O(2m ·m) on a conventional computer, so the costs of QFT are 
exponentially less



The QFT Period Algorithm

• In the algorithm based on QFT the function f(x) must be periodic 
• The determined property is the period of the function f(x)

•  We cannot use QFT to determine if a function is periodic or not
• We represent the function f(x) by a quantum Boolean circuit 

represented by a unitary operator Uf that acts on two registers of 
m qubits,

  
   after the application of Uf the two registers are entangled



• We build a superposition of m qubits

• In the second step we apply the Uf operator



• In the third step we measure the “second” register of the 
compound system
• The state of the system is projected to the subspace that 

corresponds to the observed state and the vector representing 
the state is renormalized to the unit length
• Because the function f(x) is periodic, the new amplitude 

distribution is normalized and has the same period as f(x). 



• The measured value γ corresponds to all k xi values for which the 
periodic function is γ = f(xi)
• The function α(x) after the measurement is defined as

• After the measurement the state is represented as

“second” register 



• We apply QFT that computes the discrete Fourier transform
• The discrete Fourier transform of α(x) is ω(x)
• Fm is a linear transform talking the column vector α to a column 

vector ω

• We measure the first register
• The measurement gives us a value v that is close to a multiple value of



Three Cases



Three Cases



Floor always rounds towards negative infinity, floor(2.4)=2 



Three Cases



Factorization

• The widely used RSA-public key cryptography scheme is secure (?)
• Its security corresponds to the difficulty in factoring large numbers 

on conventional computers
• Shor’s algorithm indicated how to do it on a quantum computer in 

polynomial time

Peter Williston Shor developed the Shor’s algorithm, a 
quantum algorithm for factoring exponentially faster than 
the best currently-known algorithm running on a classical 
computer



• Given an integer number M to be factored, a function f(x)M is 
defined

• a is a randomly chosen coprime to M, means the greatest 
common divisor of a and M is 1
• f(x)M is periodic

• For a value a the period of a modulo M is r



• if r is an even number 
• (r is dependent on a, if r is not even, chose different a)



Example





• We measure the “second” register of the compound system
• In our experiment the function α(x) of the first register after the 

measurement is defined as





• We apply QFT that computes the discrete Fourier transform in the 
first register





• The measurement gives us a value v that is close to a multiple 
value of  

• We measure the first period register
• The measurement gives us a value 64+1 that is close to a multiple 

value of



• In our experiment the period r happens to be power of 2
• The zero frequency term represents the DC average and appears 

at position 1 instead at the position 0, so v = 64
• It follows for the period = 4





Kitaev’s Phase Estimation Algorithm

• Given a unitary operator U on m qubits with an eigenvector |u⟩ with 
an unknown eigenvalue e2·π·i·θ we want to determine the phase θ

eigenvector eigenvalue eigenvector

Alexei Yurievich Kitaev (Russian: Алексей Юрьевич Китаев; 
born August 26, 1963) is a Russian–American professor of 
physics at the California Institute of Technology



Idea

• We will not gain any information
• |u⟩ and e2·π·i·θ·w ·|u⟩ are equivalent states, they represent the same 

state when a measurement is preformed.



Controlled Uw operator CUw

• Instead of the unitary operator Uw we use the controlled Uw 
operator CUw

• If the control qubit is set then Uw is applied to the target qubits, 
otherwise not. 
• The operator CUw is unitary and defines an injective mapping on two 

qubits that is reversible



QFT and Cj+1U2j 

• The QFT can be factored into the tensor product of m single-qubit 
operations

• For m control qubits we define Cj+1U2j in the following way:
• For j ∈ {0,1,2,··· ,m− 1} the control qubit j + 1 of the m qubits is set 

then Cj+1U2j  is applied to the target |u⟩, otherwise not. 



The Algorithm

• The initial state of the algorithm is            

• In the first step we build a superposition of m control qubits
u being the eigenvector of U



• In the second step we apply m Cj+1U2j operators to the target |u⟩



• In the third step we apply inverse QFT to the m control qubit

• In the fourth step we measure the first register composed of m 
control qubits and estimate θ



Example with T Gate



• The phase estimation algorithm will write the phase of T to the m 
qubits in the control register
• The value of m determines the precision of the result
• In our simple case m = 3

• The phase θ estimate should be 1/8



• The controlled T gate is represented by the controlled phase gate 
CP(λ) with λ = π/4
• Qubits 0, 1, 2 represent the 3 qubits in the control register. 

• The qubit 3 represents the eigenvector |1⟩. 
•  The control register controls the unitary operations T applied to 

the target eigenvector |1⟩ resulting in the Fourier basis 
representation of the three control qubits. 
• To estimate the phase θ we perform the inverse QFT and measure the 

three qubits and estimate θ

eigenvector

control qubits in 
superposition

controlled T gate inverse QFT 



• To estimate the phase θ we perform the inverse QFT and measure 
the three qubits and estimate θ

• The measured value corresponds to the binary value 001 equal to 
one indicating phase θ = 0.125 = 1/23



Quantum Counting

• In Grover’s amplification the number of iterations r is the largest 
integer not greater than t∗

• The value of r depends on the relation of n versus k, with k being 
the number of solutions
• We can estimate k by quantum counting

• we use the quantum phase estimation algorithm to find an eigenvalue of 
a Grover search iteration



The values are n = 256, k = 1 and 1 ≤ t ≤ 200



• After  amplification we get





• The eigenvectors u1 and u2 are represented in the |τsolution⟩ and 
|τnon⟩ basis as



Superposition of Eigenvectors





control register 

computational 
basis

Control Grover operator inverse QFT 

The controlled Grover operator is implemented using use the circuit library 
with an oracle that marks four solutions (k = 4) out of 16 state

We use the .control() method to create a controlled gate 
from from the Grover operator



The maximal measured value corresponds to the binary value 0011 (3 decimal) 
or 1101 (13 decimal) indicating phase θ1 = π · 3/16 or θ2 = π · 13/16.

In our example four control qubits lead only to an approximate estimation of the phase θ. 



• The more control qubits (m) we use, the higher precision we get
• In our example four control qubits lead only to an approximate 

estimation of the phase θ

• More control qubits would be required for less approximate result



• Chapter 19
• Chapter 20

Quantum Artificial Intelligence with Qiskit, A. Wichert, Chapman and Hall/CRC, 2024



Principles of Quantum Artificial Intelligence: Quantum Problem Solving and 
Machine Learning, 2nd Edition, A. Wichert, World Scientific, 2020

• Chapter 9


