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Abstract

The problem of dipole—dipole energy transfer with diffusion on spherical particles is studied theoretically. Simple
approximate expressions that can be used to predict or evaluate the effect of diffusion are obtained from a detailed numerical
analysis of the diffusion equation. The results cover a wide range of situations, from the static limit to the rapid diffusion
limit, and should apply to most energy transfer processes in spherical particles. © 1998 Elsevier Science B.V. All rights

reserved.

1. Introduction

Electronic excitation energy transfer (ET) by the
dipole—dipole or Forster mechanism is a well-estab-
lished tool for the study of nanometer-sized systems
such as supermolecules [1-3], macromolecules [4],
colloids [5,6], biological systems [7] and interfaces
[8]. The probability of ET depends strongly on the
intermolecular distance, relative orientation and rela-
tive motion of donor and acceptor chromophores. In
this way, the kinetics of molecular luminescence in
the presence of ET reflects both structural and dy-
namical aspects and information on these can be
obtained from fluorescence or phosphorescence in-
tensity and anisotropy decays.
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In most cases of interest, the fluorescence decay
and accompanying transfer processes occur on atime
scale much shorter than that of translational diffusion
and the system can be treated as diffusionless. There
are, however, systems where the chromophores,
whether free to move or bound to a mobile structure,
may have fast relative motion. In these cases, diffu-
sion can be significant during the chromophore's
excited state lifetime. One such situation refers to
solute molecules located in the superficial region of
micelles. A semi-quantitative discussion of the prob-
lem, based on experimental diffusion coefficients,
showed that for typical lifetimes and moderate to
large critical radii for transfer, diffusion effects on
ET are negligible [9]. This corresponds to most
experimental cases [9—-12]. However, in the opposite
situation, i.e. long lifetimes and short critical radii,
the situation approaches that of collisional quenching
[5,6,13—15] and the role played by diffusion be-
comes essential.
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Recently, Matzinger et al. [16] considered this
problem in detail from a theoretical point of view.
They have written the diffusion equation for the
relative motion of two particles on the surface of a
sphere. A distance of closest approach was aso
incorporated in the model. The ensemble decay laws,
for both reversible (donor—donor) and irreversible
(donor—acceptor) transfers, based on the indepen-
dent-pair approximation, were then obtained. The
diffusion equation was numerically solved and the
corresponding decay laws compared with the results
of a Monte Carlo ssimulation of the same problem.
Good agreement between the two methods was found.
The general conclusion reached in Ref. [9], namely
that for typical lifetimes and moderate to large criti-
cal radii for transfer diffusion effects on ET are
negligible, was confirmed.

Although quantitative results were obtained, both
numerically and by simulation, no approximate ex-
pressions that can be used to predict or evaluate the
effect of diffusion were given in the paper mentioned
[16].

It is the purpose of the present work to obtain
such relations for the irreversible ET case, from a
detailed numerical analysis of the previously derived
diffusion equation [16]. The results obtained should
apply to other types of spherical particles, provided
the assumptions made are valid.

2. Mod€

We assume that excitation transfer occurs among
non-interacting chromophores lying on the surface of
monodisperse spherica particles of radius R (see
Fig. 1). There are two types of chromophores (donors

D

Fig. 1. Geometry and variables for a donor—acceptor pair located
on the surface of a spherical particle.

and acceptors) which have a smaller size than that of
the particle. At the initial time t = 0 only donors are
excited. ET occursirreversibly from the excited donor
to one of the acceptors. ET and other interactions
between donors are neglected. Donor—acceptor cou-
pling mediated by the particle is also not considered.
The spherical particle concentration is chosen to be
low, so that excitation transfer between different
spherical particles can be excluded. Chromophores
are allowed to diffuse on the surface of the spherica
particle, their relative diffusion constant being D =
Dy + D,, where Dy and D, arethe lateral diffusion
constants of the donor and the acceptor, respectively.
Without loss of generality, the initialy excited donor
can be considered to be immobile and the acceptor to
move with diffusion constant D. This alows the
characterisation of the donor—acceptor distance r by
one polar angle 6 only (see Fig. 1)

r=y2R*(1—cos®) . (1)

The equations describing the relative diffusion of
a par on a spherical surface, with a long-range
interaction term, which is a particular case of the
more general problem of diffusion with reaction [17],
were obtained in Ref. [16]. The donor decay is
determined by the two-particle survival probability
906, t) which satisfies the equation

0
Ss0.0=[DVF-wolsen. @

96,t) is the probability density that the excited
donor and the acceptor are at the distance r at time t
and,

DV} ° 014 0 ’ 3
= —|sno—|.
’ R%’sing 00 30 )
This probability is time-dependent owing to both
molecular diffusion and donor—acceptor ET with rate
w(6). For the dipole—dipole mechanism of ET one
has

Ry

w(e)=w(r)=§o(—)6

1 R s
7o [2R2(1-cos0)]* )
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where 7, isthe lifetime of the excited donor and R,
is the critical (or Forster) radius [18], computed with
an orientational factor of 2/3 (fast and isotropic
rotational motion is assumed).

Eg. (2) is solved with the reflecting boundary
condition

0
ZWRZS-nGcDa_BS(O,t)h;:gC:O. (5)

The physical meaning of this condition being that the
donor and acceptor cannot be nearer than the dis-
tance of closest approach

re=y2R?(1—cos¥,) , (6)

which depends on the effective radii of the donor
and acceptor.

At initial time (t = 0) the relative distribution of
excited donors and acceptors is random and homoge-
neous, hence

S(6,0)=1/(1+cos@,). (7)

The denominator of Eqg. (7) ensures the fulfilment of
the normalisation condition

J['s(6,0)snodo—1.
BC

In the general case in which one donor is sur-
rounded by several acceptors positioned at the angu-
lar positions 6, ... 6, the excited donor survival
probability density, P(6, ... 6, 1), is expressed as a
product of independent two-particle probability den-
sities because ET from the donor to one acceptor
does not depend, to a good approximation, on the
presence of other acceptors

P(Ol...()N,t)=_]_E[S(0i,t). (8)

This approach is valid if the size of the spherical
particle is much larger than the size of chro-
mophores. Usually this condition is fulfilled.

To obtain the macroscopic decay one needs to
average the survival probability over all positions of
0, as follows:

Pu(t) = [ [TP(0;...04.1)

Xsinf, df, ---sinfydo,. (9)

As al the acceptors are equivalent one has

PN(t)=[fﬂS(0,t)sin0d0} —[P(D)]", (10)
with
Py(t) = ['S(6, t)sin 0 do.

Taking into account the Poisson distribution of ac-
ceptors over spherical particles one finally obtains
the donor fluorescence decay

oo

N
() =e/e X e [P()]"

N=0 'V*
= exp{—t/7,— N[1-Py(1)]}, (11)

where N is the average number of acceptors per
spherical particle. For long times and because P,(t)
— 0 when t — oo,

I(t)=exp{—7i—ﬁ}, (12)

0

which is simply the intrinsic decay multiplied by the
fraction of spheres without acceptors.

Note that the use of the Poisson distribution is
valid if the size of spherical particles is much larger
the size of chromophores and if N is much smaller
than the maximum allowed number of chromophores
T that can be placed on the spherical particle sur-
face. Otherwise one should use the binomial distribu-
tion [6,19]

— . N T-N

_ T! N N
(0T = s 1) 17
(13)

For small N and T > 20, the Poisson and the bino-
mial (12) distributions give similar results for small
N. Thus, in the usua experimental conditions the
Poisson distribution is valid.

For N = T the binomial distribution must be used,
and qualitatively different results are obtained. In-
deed, in this case all alowed sites are occupied, al
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spherical particles are equivalent and the lumines
cence kinetics become exponential:

t T
l(t)=exp{———tZW(9i)}, (14)
To i

the summation in Eq. (14) being carried over all
allowed positions of the acceptors.

3. Approximate results

For the conditions corresponding to the usual
experimental conditions, one can use Egs. (2), (10)
and (11) to calculate the donor decay. Thus, the
problem reduces to the calculation of the two-par-
ticle probability S(0,t). As above mentioned, this
was previously done both numerically and by Monte
Carlo simulation in Ref. [16].

We tried to solve Eq. (2) with the stated initia
and boundary conditions, Egs. (7) and (5), respec-
tively. For this, the use of the following dimension-
less parameters and variables is convenient:

Ry \° t
= (5n) = (152)
2R) 14
6
D7, ( 2R
ALY =
R? | R,
y=1-cos#, (15c)

where t* isthereduced timeand D* is the reduced
mutual diffusion coefficient.

With these changes, Egs. (2), (5) and (7) respec-
tively become

9 ) 0 9 8
at_*S(y’t )={D @[Y(Z—Y)a—y}—F}S,

(16a)
9
P y=yC=o, (16b)
S(y,0)=1/(2-Y,), (16¢)
with

P1<t*)=[yzs<y,t*)dy (16)

From published experimental data, it can be esti-
mated that the dimensionless diffusion coefficient
D" can take values up to 5000, whereas the parame-
ter y, characterising the distance of closest approach
is typically smaller than 0.03.

3.1. Sow diffusion

To obtain approximate analytical results when
diffusion is slow (smal D*) Eq. (16a) is rewritten
as follows:

a A A

- S=(A+B)s, (17)
where A and I§ are operators (B = D(d /dy)[ y(2 —
y)/0y] and A= —8/y*). The formal solution of
Eq. (17) is

S(y,t") =e"'S(y,0)
+ [ At -uBefig(y,0)du,  (18)
0

where S(y,0) is the initia distribution. Considering
that the operator B is small in comparison with A,
and using Eg. (18), one can obtain the solution,
Sy, t*), in iterative form

S(y, t") =8Oy, t*) +SV(y,t")

+SP(y, t*)+ - (19)
The zeroth-order approximation is
SO(y,t*) =e"'S(y,0). (20)

The first-order correction is

SP(y,t*) =/Ot*e’i“x‘“)l§5<°)( y,u)du. (21)
The second-order correction is

S2(y,t") =/Ot*e/f<t*-U>é§l>( yuydu,  (22)
and so on. In accordance with Egs. (16') and (19) we

obtain the iteration row for two-particle lumines-
cence kinetics

Pi(t7) =PP(L) + PO(t) + PR ) + -
(23)
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If the diffusion coefficient is equal to zero (static
limit) then SOy, t*)=exp(—8t*/y®) and the
zero-order kinetics are [6,9,16]

PO(t) =exp(—t") — (t)° T (3,t),  (29)

where I'(a,t*) is the incomplete gamma function

F(a,t*)=f e ’z* tdz, (25)
.
Eq. (24) is valid when y,=0 (or r,=0). In real
situations, although nonzero, y, <1 and one can
check that if y,=0.02 Eq. (24) differs from the
exact solution by less than 1%. Similar conclusions
were reached by Pilling and Rice [20] for the infinite
three-dimensional case. Using the zero approxima
tions S9(y,t*), the first two corrections to the
two-particle kinetics were calculated. The first oneis

Pt ) = - (U [3(L1) 2 (2 t)]

+2(t*)4/3[r(§,t*)—F(%,t*)]}.
(26)

The second one has the order P{&(t*) =
O[(D*)?(t*)*3]. Comparing the first and the sec-
ond approximations one can see that the small pa
rameter is D*(t*)%3.

Using Egs. (24) and (26), we tried to construct the
approximate kinetics which would be valid up to a
dimensionless diffusion coefficient D* = 1.

Firstly, we obtained a simple function describing
the zero-order result, Eq. (24), with high accuracy, in
the domain t* < [0, 2]. This empirical function is

* +\1/3
PO(t*) = exp| —1.2541(t")
~1.13(t")** - 0.37t"| . (27)

The coefficient of (t*)2 is obtained by expand-
ing Eq. (24) into a power seriesin t*. The other two
coefficients were obtained using a least-squares cri-
terion. In the interval t* € [0, 2], functions (27) and
(24) are practically indistinguishable.

Secondly, Egs. (16a), (16b) and (16¢) were solved
numericaly for D* < [0,20]. Note that chro-
mophore diffusion begins to affect the luminescence
kinetics noticeably when D* > 0.2. Using Egs. (26)

1

01 |

Pi(t)

0.01 ; - . S . :
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
"
Fig. 2. Function P,(t*) in the slow and intermediate diffusion
cases. Comparison of the approximate solution (solid line), Eq.
(28), with the exact solution obtained by numerical resolution of
the diffusion equation (dashed line), for reduced diffusion coeffi-
cients D* varying from O (static limit) to 100. The value of D *
is shown next to each pair of curves.

and (27) and the numerical solution of Egs. (16a),
(16b) and (16c) we constructed the approximate
function

Py ap(t") = exp{—1.2541(t*)"* - 1.13(t")*®
~0.37t"(1+1.35D")
—0.61(t*)”°D*(1-0.05D")}.

(28)

The coefficients 0.61 and 0.05 in Eq. (28) were
obtained using a least-squares criterion. If D* < 20
then Eq. (28) coincides (with a precision better than
5%) with the exact result obtained by the numerical
resolution of Eg. (16a) in the time domain, for
P, (t") > 0.05 (see Fig. 2).

Our calculations show that one can aso use Eq.
(28) for values 20 < D* < 100 (see Fig. 2) if one
equates the last term in Eq. (28) to zero.

3.2. Fast diffusion

As noted above, the dimensionless diffusion coef-
ficient D* can reach values of the order of 10%. It is
therefore interesting to investigate the case of a high
diffusion coefficient also.

From a physical point of view, if D* — « (the
so-called rapid-diffusion limit [21]), then the survival
probability S(y,t*) cannot depend on variable y
(the position of the acceptor on the spherical parti-
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cle) because diffusion is so fast that the decrease of
the function S(y,t*) at smal y (see Eq. (16a) is
immediately compensated by the acceptor diffusion
from large distances (y < 2). Only for finite diffu-
sion coefficients is the survival probability S a func-
tion of y. This function, although time-dependent for
short times, rapidly attains a stationary distribution,
S,(y). Therefore it is natural to look for the solution
of Eg. (16a) as a product of two functions (one
dependent only on the space coordinate, the other
dependent on the time coordinate).

S(y,t7) =S (y)F(t"). (29)

Insertion of Eq. (29) into Eq. (16a) and integrating
over Yy, one obtains (taking into account the bound-
ary condition)

d
dt”

F(t*)/yzsg(y)dy

- F) [P 2 s(y)ay. (30)
fyc %

Introducing the quantity
28 2
) Fsg(y)dy/fy S(y)dy, (31)

we obtain the solution
F(t")=exp(—Bt"). (32)

Note that, according to Eq. (31), the parameter B
depends only on the shape of the function S,(y) but
not on S,(0).

Introducing the solutions (32) and (29) into Eq.
(16a) we get

d d
[d—yy(2—y)d—y}%(y)

8
B—F)%(Y)ﬂ)- (33)

We will look for the solution of this equation in the
form of a power seriesin1/D ",

S(y) =S0(y) +SP(y) +SL(y) + -+,
(34)

where SP(t*)=0(1/D*), SP(t*)=0(1/D*?),
and so on. Asit was noted, for a very large diffusion
coefficient (D * — ) the function is not dependent
on y and therefore, in the zeroth-order approxima-
tion, it follows from Eq. (33) that

L(y)=1/(2-Ye).- (35)
Introducing this value into Eq. (31) we have
BO = (2+Y,)/¥e. (36)

Inserting the power series, Eq. (34), into Eq. (33)
we obtain the equation for the first-order approxima
tion

d d ]
[d—yy(Z—y)d—y}S‘a (y)

+

8
= B”—F)Sé)(y)=0 (3)

with

=0.
Y=Yc

d
—gb
dy% (y)
The solution of this equation is

101
(y) =

—| =+
D"(Z—yc)[y2 y

In y—CZ}, (38)

and

3 C -1
C,=—-+
4 2
Inserting the function S,(y), Eq. (38), obtained
with precision up to the first order, into Eq. (31), and
taking into account the condition y, <1, a more
exact value of B is obtained:

2 (1_ 2|n(1/yc))_

In2.

= (39)

D*y?
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So, as the minimum distance r, between donors and
acceptors is connected with the parameter y, by the
equation r2 = 2R?y,,

8D, r;‘
We see from Eq. (40) that the small parameter in the
case of fast diffusion is RSIN(2R?/r2)/(Dryrd).
The rapid-diffusion limit (results independent of D *)
is attained when the second term is negligible.
Knowing parameter B, we can calculate the two-
particle function from Eq. (16')

(40)

P(t") =exp(—A—-Bt"), (41)
where
ep(~A) = [S(y)dy=1- == (42)
Ye Ye
and
2
A:D*—ycz<<1. (43)

Using the Poisson distribution of acceptors, one ob-
tains for the decay

I(t) =exp(—t/7o)exp{—N(1—e*")}.  (44)
Thus, the average decay takes aform identical to that

0.00 0.01 0.02 0.03 0.04 0.05
t*

Fig. 3. Function Py(t*) in the fast diffusion case. Comparison of
the approximate solution (solid line), Eq. (46), with the exact
solution obtained by numerical solution of the diffusion equation
(dashed line), for reduced diffusion coefficients D * varying from
100 to 1000. The value of D* is shown next to each pair of
curves.

0.24 557

0.02
A 0.05

0.14 L L

0 200 400 600 800 1000
D*

Fig. 4. Fast diffusion case. Dependence of parameter A appearing
in Eq. (46) on D* and on y,. The vaue of Yy, is shown next to
each curve.

of a quenching process with a time-independent rate
constant [5,6]. The rate constant is in this case,

t* RS
k=B— 0

=— 45
t 81'0rC4R2 (45)

Egs. (16a), (16b) and (16c) were solved numeri-
caly for D* > 100. Indeed, if D* > 100 the two-
particle decay can be written with good accuracy as

Pi(t") =exp(—A—-Bt"), (46)

where A and B are numerical parameters, see Fig. 3.
These parameters depend on D* and y, (see Figs. 4
and 5). If y, increases (r  increases) then the param-
eter A decreases and the parameter B increases.
Parameter B was obtained with a numerical preci-
sion +1, and the precision of parameter A was
+0.01. The dependence of parameters A and B on

350

250 -

150 -

50

0 200 400 600 800 1000
D*
Fig. 5. Fast diffusion case. Dependence of parameter B appearing
in Eq. (46) on D* and on y,. The value of Y, is shown next to
each curve.
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Table 1

Numerical parameters by, by, b,, and a

Ye by b, b, a
0.01 192 0.322 59x107° 9.7
0.02 191.5 0.320 6.1x10°° 8.7
0.03 190 0.310 8.0%x107° 7.8

the dimensionless diffusion coefficient D* were
approximated by the functions (100 < D * < 1000)

B=b,+b,(D* —500) —b,(D* —500)%, (47a)

A=0.143
a

+107%(D* /100)°
(47b)

0.45

+
100( D * /100)

The parameter A (in the limit of the attained numeri-
cal precision, +0.01) does not practically depend on
D *. Obvioudly, the value of parameter A depends on
the time needed to reach the stationary distribution
S,(y). The greater the diffusion coefficient, the
smaller this time and the parameter A (see Fig. 3).
Numerical parameters a, by, b;, and b, depend on
Yy, and are given in Table 1.

4. Large particle limit: contact with two-dimen-
sional ET

If the radius of the spherical particlesis increased,
while keeping the surface concentration N /(4 R?)
=n constant, one can use in Eq. (11) the two-par-
ticle function P(t*) calculated only for the short-
time domain. Using Egs. (24) and (26) we obtain, in
the slow diffusion limit and leaving only the leading
terms in the power series,

; 2 «\1/3 1 .
Pa(t )1—F(§)(t ) +Et*(1—D*) (48)

and finally obtain

I(t 12541t1/3 L(Ro)"
- sl )53 5

D7y t W}
+2—— 1|}, (49)

2
Rs 7o

where ¢ = wR3n is the average number of acceptors
in acircle of radius R,,.

In Eq. (49), the first term in the square brackets
(o t¥3) is recognised as the static ET on a plane.
The second one is a correction to the first (R, < R)
due to the fact that ET takes place on a sphere and
not in a plane. Naturally, this term disappears when
R— . The third term is the correction due to
molecular diffusion on the plane. Note that the sec-
ond and third terms have the same time dependence
(o t) but opposite sign. Thus, these terms can com-
pensate each other in certain conditions. Eq. (49) can
be used, for example, in ET kinetics in vesicles.

Concerning the rapid-diffusion limit (D — «), we
note that Egs. (40) and (44) are valid if the second
term in Eq. (40) is smaller than unity (or
RS IN(2R?/r2) < 8D1,rd). If Rincreases, this con-
dition becomes more and more stringent. In the limit
R— o, it cannot be satisfied for any reasonable
diffusion constant. This stems from the fact that the
solution of the stationary diffusion eguation in two-
dimensional space is proportiona to In R and tends
to infinity when R— oo, Thus, the rapid-diffusion
limit cannot exist for an infinite plane, as opposed to
the situation in an infinite volume [21]. However, as
discussed above (Eq. (45)), the rapid-diffusion limit
can be realised in a finite two-dimensional system.

5. Conclusions

In most nanometer-sized systems, the fluores-
cence decay and accompanying transfer processes
occur on a time scale much shorter than that of
trandlational diffusion and a static picture is appro-
priate. There are, however, systems where diffusion
can be significant during the chromophore's excited
state lifetime. One such situation refers to solute
molecules located in the superficial region of mi-
celles, for which diffusion coefficients of 1-10 A% /ns
apply. With long lifetimes (tens of nanoseconds) and
short critica radii (<20 A), the role played by
diffusion becomes essential.

Recently, Matzinger et al. [16] considered in de-
tail the problem of dipole—dipole energy transfer in
micelles with diffusion. Although quantitative results
were obtained, both by the numerical resolution of
the diffusion equation and by Monte Carlo simula
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tion, no simple approximate expressions that can be
used to easily predict or evaluate the effect of diffu-
sion were given. It was the purpose of the present
work to obtain such relations for the irreversible ET
case. From a detailed numerical analysis of the
diffusion equation, an approximate form of the donor
decay law (Egs. (11), (28) and (46)) was obtained.
These results cover a wide range of reduced diffu-
sion coefficients (D * < [0, 1000]), and should apply
to most ET processes in spherical particles.
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