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The fluorescence decays of a tetrachromophoric calix[4]arene and a heptachromophoric cyclodextrin
with appended pyridin-2¢-yl-1,2,3-triazole groups, and their complexes with the cadmium ion, are
analyzed with a sum of compressed hyperbola. Such functions are shown to be well suited for the
recovery of the underlying distributions of decay times. The heterogeneity of the micro-environments
experienced by the chromophores, and/or their mutual interactions in the excited state can in this way
be displayed graphically. A fit with a sum of four exponentials is also found to be satisfactory, but the
respective parameters lack direct physical meaning.

Introduction

Various multi-chromophoric supramolecular systems have been
conceived for light harvesting,1 for ion and molecule recognition,2

and for performing specific functions in supramolecular devices.3

Most of these systems exhibit complex fluorescence spectra and
decays as a result of the interactions between chromophores in
the excited state at short distances (e.g. excimer formation and
photoinduced electron transfer) or at long distances (Förster
resonance energy transfer (FRET)). Moreover, the chromophores
may experience different micro-environments that affect the rate
of their spontaneous decay.

The fluorescence decays of multi-chromophoric systems are
most often analyzed with a sum of exponentials: the number
of terms is increased until a satisfactory fit is obtained, up to a
practical limit of four exponentials. In most cases, it is difficult to
assign a physical significance to the decay times or rate constants.
In fact, in many cases, the flexibility of the links between the
chromophores and the molecular skeleton or platform leads one
to expect a distribution of rate constants owing to the distribution
of inter-chromophoric distances and angles and/or the micro-
heterogeneity of the chromophore environments.

Recovery of a distribution from an experimental fluorescence
decay is very difficult because this is an ill-conditioned problem.4

In the absence of a physical model, the best approach would
be in principle the use of methods without assumption of the
distribution shape such as the maximum entropy method5 and the
exponential series method.6 However, these methods are extremely
sensitive to data quality and truncation effects. Therefore, it
is preferable to use mathematical functions whose choice is a
posteriori validated by a good fit with a small number of floating
parameters. In this regard, it was shown by two of us4 that two
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functions are very well suited to the analysis of luminescence
decays with underlying distributions: the well-known stretched
exponential (or Kohlrausch) function,4b

I(t) = exp[-(t/t 0)b] (1)

where 0 < b < 1, and the less-known compressed hyperbola (or
Becquerel) function,4c
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+

1

1 0
1t

(2)

where 0 < c < 1. The parameter t 0 has dimensions of time in both
cases.

The aim of this work is to explore the potentialities of com-
pressed hyperbola to recover the underlying distributions of rate
constants from the fluorescence decays of two multi-chromophoric
systems: a tetrachromophoric calix[4]arene (Calix-PT4) and a
heptachromophoric b-cyclodextrin (b-CD-PT7) with appended
pyridin-2¢-yl-1,2,3-triazole groups (Scheme 1). The synthesis and
photophysics of these systems have been previously reported.7 In
the present paper, special attention is paid to the fluorescence
decays of the complexes of these systems with cadmium(II).

Scheme 1 Structures of the tetrachromophoric calix[4]arene (Calix-PT4)
and the heptachromophoric b-cyclodextrin (b-CD-PT7) with appended
pyridin-2¢-yl-1,2,3-triazole groups. Gluco-PT is the model chromophore.
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Results and discussion

Description of complex fluorescence decays with distributions

For completely monotonic decays, the fluorescence intensity I(t)
is given by the integrals:4a

I t f t g k kt k( ) = ( ) -( ) = ( ) -( )
• •

Ú Út t t
0 0

exp expd d (3)

where f (t) and g(k) are the probability density functions (pdf) of
lifetimes and rate constants, respectively.

For the Becquerel decay function, g(k) is the gamma pdf, given
by:4a
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with a = t 0/c. The analogous probability density function of
lifetimes f(t) is easily shown to be given by:
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This function is known as the inverse-gamma pdf. Eqn (4) and
(5) are flexible distribution functions because they can closely
approximate the actual distribution in many situations ranging
from very narrow distributions (c ª 0), where the decay is
essentially exponential, to very broad (c ª 1) distributions, where
the decay is close to hyperbolic, with a power law dependence on
time (for sufficiently long times).

The distribution function eqn (5) is asymmetric for any c > 0 and
its maximum occurs at t 0/(1 + c), whereas the ensemble average

decay time is t t t t
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2
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A still more general approach is to write a complex decay as a
sum of Becquerel (compressed hyperbola) functions,

I t
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with ai

i

Â = 1 . We assume here that all ai are positive. The

distribution of lifetimes corresponding to eqn (6) is a weighted
sum of Becquerel pdfs:
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and the ensemble average decay time is thus:
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Formation of complexes upon binding of cadmium ion to
Calix-PT4 and b-CD-PT7

We previously showed that the photophysical properties of Calix-
PT4 and b-CD-PT7 were strongly affected by the complexation
with Cd2+ in a very different way.7 For Calix-PT4, the appearance
of a new band at 480 nm led us to conclude that excimer formation
is induced by cadmium binding, whereas no excimer was formed
upon binding of cadmium to b-CD-PT7 (Fig. 1). The absence
of cation-induced excimer formation in b-CD-PT7 is likely to
be due to the poorly flexible link between the pyridinyl triazole
moieties and the rim, and to the rather long distance between the
atoms to which these moieties are bound, so that the required
conformation for excimer formation cannot be reached. In con-
trast, the shorter distances between attach points and the more
flexible link in Calix-PT4 are much more favourable to excimer
formation.

Fig. 1 Evolution of the fluorescence spectra upon addition of cadmium
ion to a solution of Calix-PT4 (a) and b-CD-PT7 (b) in methanol
(concentration: 8.8 mM; lexc = 280 nm) (From ref. 7).

Global analysis of the absorption or fluorescence spectra (by
means of the SPECFIT software) at various concentrations of
cadmium provided the stability constants of the complexes that
are formed (Table 1).
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Table 1 Stability constantsa of the complexes of Calix-PT4 and b-CD-
PT7 with Cd2+ (From ref. 7)

Ligand log b11 log b21 log b31

Calix-PT4 6.0 ± 0.15 8.7 ± 0.15 —
b-CD-PT7 8.8 ± 0.2 13.9 ± 0.3 15.8 ± 0.4

a bi
i
i

M L

M L1=
[ ]

[ ] [ ]

Table 2 Data analysis of the fluorescence decays of Calix-PT4 (4.2 mM)
in methanol in the absence and in the presence of an excess of cadmium
([Cd2+] = 16 mM). Excitation wavelength: 288 nm. The model is a sum of
exponentials with decay times t i, pre-exponential factors a i and fractional

intensities f i defined as: f i
i i

i i

i

=
Â

a t

a t

t i/ns a i f i cR
2

Calix-PT4a 0.033 ± 0.002 0.710 0.34 1.11
0.116 ± 0.005 0.273 0.45

0.54 ± 0.06 0.015 0.12
4.4 ± 1.3 0.002 0.09

2Cd2+ÃCalix-PT4b 0.012 ± 0.001 0.995 0.73 1.32
0.48 ± 0.07 0.004 0.13

4.3 ± 1.3 0.001 0.14
2Cd2+ÃCalix-PT4c 0.050 ± 0.02 0.42 0.01 1.22

0.64 ± 0.12 0.07 0.02
3.88 ± 0.07 0.34 0.49

7.3 ± 0.12 0.17 0.48

a Observation at 330 nm. Channel width: 14.6 ps. b Observation at 330 nm.
Channel width: 7.32 ps. c Observation at 480 nm. Channel width: 39 ps.

Fluorescence decays of Calix-PT4 and its complexes with Cd2+

Analysis of the fluorescence decay of Calix-PT4 with a sum of
exponentials led us to conclude that four exponential terms were
necessary to get a satisfactory fit (see Table 2). Then, we tried
to fit the decay with compressed hyperbola. It turned out that
a sum of two compressed hyperbola gave a very good fit with a
chi-squared value of 1.15.7 However, the relative amplitude of the
second hyperbola was only 3% and the shape of the recovered
distribution was thus only slightly affected when going from one
to two components. This observation showed that there is no
doubt on the existence of a distribution of decay times—or rate
constants—and that the four discrete decay times have no physical
meaning; they are only fitting parameters. Such a distribution can
be accounted for by the heterogeneity of the micro-environments
of the chromophores.

Let us examine now the fluorescence decay in the presence of an
excess of Cd2+ (Fig. 2). Since the evolution of the fluorescence
spectra can be interpreted by cation-induced formation of ex-
cimers, we looked for a rise time decay recorded at 480 nm, i.e.
at the wavelength corresponding to the intensity maximum of the
excimer band. However, an analysis with a sum of exponentials did
not reveal any rise time (Table 2). Considering that the shortest
decay time that can be measured with our instrument is about
10 ps, the absence of detected rise time means that the excimers
are preformed.

In Table 3 are reported the results of the analysis of the
fluorescence decays with a sum of two compressed hyperbola.

Fig. 2 Fluorescence decays of Calix-PT4 (4.2 mM) in methanol in
the presence of an excess of cadmium ([Cd2+] = 16 mM). Excitation
wavelength: 288 nm. Observation wavelength: (a) 330 nm; (b) 480 nm.
Channel width: 7.32 ps. The solid line represents the best fit with a sum of
four exponentials.

Table 3 Data analysis of the fluorescence decays of Calix-PT4 (4.2 mM)
in methanol in the absence and in the presence of an excess of cadmium
([Cd2+] = 16 mM). Excitation wavelength: 288 nm. The model is a sum of
compressed hyperbola according to eqn (3). xi are the fractional intensities

defined as: x
a c
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i i i
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1

t i/ns ci ai xi cR
2

Calix-PT4a 0.042 0.34 0.97 0.49 1.16
0.097 0.96 0.03 0.51

2Cd2+ÃCalix-PT4b 0.008 0.12 0.995 0.72 1.89
0.36 0.60 0.005 0.28

2Cd2+ÃCalix-PT4c 0.19 0.60 0.56 0.07 1.02
4.57 0.091 0.44 0.93

a Observation at 330 nm. Channel width: 14.6 ps. b Observation at 330 nm.
Channel width: 7.32 ps. c Observation at 480 nm. Channel width: 39 ps.

The recovered distributions of decay times are given in Fig. 3.
In the absence of cadmium, the average decay time is 0.13 ns,
which is close to the lifetime of 0.11 ns measured for the model
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Fig. 3 Recovered distributions of decay times for Calix-PT4 (4.2 mM) in
methanol in the absence of cadmium (a) and in the presence of an excess of
cadmium ([Cd2+] = 16 mM) for an emission wavelength of 330 nm (b) and
480 nm (c). For displaying purposes, each distribution was normalized at
the respective maximum.

chromophore (Gluco-PT) in methanol.7 In the presence of an
excess of cadmium, the lifetime of the complex of Gluco-PT
with Cd2+ is 0.55 ns. The average decay time of the Calix-PT4
complex upon observation at 330 nm is 13 ps, i.e. much shorter
than 0.55 ns. In contrast, upon observation at 480 nm the Calix-
PT4 complex shows longer decay times: the average decay time is
3.0 ns. These results are consistent with excimer formation induced
by complexation with Cd2+. There is indeed an overall quenching
of the monomer band (around 300 nm) accompanied by a decrease
of decay time, while an excimer band appears together with longer
decay times.

The distributions shown in Fig. 3 provide a direct visualization
of the heterogeneity of the micro-environments experienced by
the chromophores, together with their mutual interactions in
the excited state, i.e. excimer formation in the present case. The
distributions are almost unimodal, except in the presence of
cadmium when observing the fluorescence in the excimer band.

Fluorescence decays of b-CD-PT7 and its complexes with Cd2+

As in the case of Calix-PT4, a sum of four exponentials gave a
satisfactory fit for the decay of b-CD-PT7 in the presence and in
the absence of cadmium (Table 4). The fluorescence decay in the
presence of one equivalent of cadmium is shown in Fig. 4.

Table 4 Data analysis of the fluorescence decays of b-CD-PT7 (1.7 mM) in
methanol in the absence and in the presence of one equivalent of cadmium
or in the presence of an excess of cadmium ([Cd2+] = 0.32 mM). Excitation
wavelength: 288 nm. The model is a sum of exponentials with decay times
t i, pre-exponential factors a i and fractional intensities f i

t i/ns a i f i cR
2

b-CD-PT7a 0.034 ± 0.004 0.496 0.17 1.04
0.134 ± 0.005 0.489 0.65

0.66 ± 0.12 0.013 0.08
6.0 ± 1.2 0.002 0.10

Cd2+Ãb-CD-PT7b 0.037 ± 0.010 0.32 0.004 1.05
1.51 ± 0.17 0.19 0.09

5.1 ± 0.1 0.41 0.63
11.7 ± 0.3 0.08 0.28

a Observation at 330 nm. Channel width: 14.6 ps. b Observation at 400 nm.
Channel width: 24.4 ps.

Fig. 4 Fluorescence decays of b-CD-PT7 (1.7 mM) in methanol in
the presence of one equivalent of Cd2+ Excitation wavelength: 288 nm.
Observation wavelength: 400 nm. Channel width: 24.4 ps.

The results of the analysis with a sum of compressed hyperbola
are reported in Table 5. It is remarkable that a single compressed
hyperbola is sufficient to obtain a satisfactory fit of the decay
in the absence of cadmium, whereas a sum of four exponential
terms is necessary to get the same goodness of fit. The recovered
distributions of decay times are shown in Fig. 5. The distribution
is bimodal in the presence of cadmium. This could mean that there
are two different populations of chromophores, but considering
the complexity of the system and in the absence of evidence for
excimer formation (in contrast to Calix-PT4), it is difficult to give
an unambiguous interpretation. Nevertheless, it is worth noting
that for both Calix-PT4 and b-CD-PT7, the long time distributions
are characterized by an almost identical time constant t (about
4.6 ns), which however correspond to different average lifetimes
(5.0 ns and 5.5 ns, respectively) as the corresponding c parameters
are not identical.

Conclusion

The use of compressed hyperbola for recovering the underlying
distributions in fluorescence decays was shown to be an efficient
and reliable method. The small number of floating parameters used
in the analysis makes us confident in the distributions recovered
in the present study of multi-chromophoric systems. For instance,

Table 5 Data analysis of the fluorescence decays of b-CD-PT7 (1,7 mM) in
methanol in the absence and in the presence of one equivalent of cadmium.
Excitation wavelength: 288 nm. The model is a sum of compressed
hyperbola according to eqn (3). xi are the fractional intensities defined

as: x
a c

a c
i

i i i

i i i

i

=
-

-Â
t

t

/( )

/( )

1

1

t i/ns ci ai xi cR
2

b-CD-PT7a 0.077 0.26 — — 1.09
Cd2+Ãb-CD-PT7b 4.59 0.17 0.76 0.93 1.09

0.52 0.60 0.24 0.07

a Observation at 330 nm. Channel width : 14.6 ps. b Observation at 400 nm.
Channel width : 24.4 ps.
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Fig. 5 Recovered distributions of decay times for CD-PT7 (1.7 mM) in
methanol in the absence (a) and in the presence of one equivalent of
cadmium (b). For displaying purposes, each distribution was normalized
at the respective maximum.

a single compressed hyperbola (i.e. with two floating parameters)
was found to be sufficient to get a satisfactory fit of the fluorescence
decay of an heptachromophoric cyclodextrin, whereas using the
classical sum of exponentials, four terms were necessary (i.e. with
seven floating parameters), and no physical significance can be
assigned to the pre-exponential factors and time constants. The
recovered distributions provide information on the heterogeneity
of the micro-environments experienced by the chromophores,
and/or on their mutual interactions in the excited state.

Experimental

Materials

The synthesis of Calix-PT47 and b-CD-PT78 were previously
reported. Methanol from Aldrich (spectrometric grade) was
employed as solvent. Cadmium perchlorate was purchased from
Aldrich or Alfa Aesar and vacuum dried over P2O5 prior to use.

Methods

Fluorescence intensity decays were obtained by the single-photon
timing method with picosecond laser excitation by use of a
Spectra-Physics setup composed of a titanium sapphire Tsunami
laser pumped by an argon ion laser, a pulse detector, and doubling
(LBO) and tripling (BBO) crystals. Light pulses were selected by
optoacoustic crystals at a repetition rate of 4 MHz. Fluorescence

photons were detected through a monochromator by means of
a Hamamatsu MCP R3809U photomultiplier, connected to a
constant-fraction discriminator. The time-to-amplitude converter
was purchased from Tennelec. Data analysis with a sum of
exponentials was performed by a nonlinear least-squares method
with the aid of Globals software (Globals Unlimited, University of
Illinois at Urbana-Champaign, Laboratory of Fluorescence Dy-
namics). Data analysis with compressed hyperbola was achieved
by means of a Microsoft Excel spread sheet specially designed
for lifetime and anisotropy analysis (M. N. Berberan-Santos,
unpublished).
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